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ANALYTIC GEOMETEY. 



CHAPTER I. 




1, The following method of determining tlio position of sny 
point on a plane was introduced by Des Cartes in his G&omStne, 
1637, and has been generally used by succeeding geometers. 

We are supposed to be given the position of two fixed 
i-igbt lines XX\ YY' intersecting in the point 0. Now, it' 
through any point P we 
draw I'M, FN parallel to 
YY' and XX', it is plain 
that, if we knew the position 
of the point P, we should 
know the lengths of the pa- 
rallels FM, FN; or, vice versa, . -^ ...... .- 

that if we knew the lengtbs /''* ^ 

of FM) FN, we should know / 

the position of the point F. / 

Suppose, for example, that y/ 

we are given PN=a, FM=^ b, I 

we need only measure OM=a and ON=h, and draw the 
parallels FM, FN, which will intersect in the point required. 

It is usual to denote FM paraiie! to F by t!ie letter y, 
and PiV parallel to OX by the letter x, and the point Pis said 
to be determined by the two equations x = a,y — h. 

2, The parallels FM, FN are called the coordinates of the 
point P. FM is often called the ordinate of the point P; while 
PN, which is equal to OJ/the intercept cut of by the ordinate, 
is called tlie abscissa. 
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signs of the coordinates, we 
I on either aide of the origin, 



2 THE POINT. 

The fixed hncs XX' and YY' are termed the axes of oo- 
ordinates, and the point 0, in which they intersect, is called the 
origin. The axes are said to be rectangular or oblique, 
according as the angle at which they intersect is a right angle 
or oblique. 

It will readily be seen that the coordinates of the point M 
on the preceding figure are x = a,y = 0; that those of the point 
N are a; = 0, y = & ; and of the origin itself are x = 0,t/~0. 

3. In order that the equations x = a, ^ = 5 should only 
be satisfied by one point, it is necessary to pay attention, not 
only to the magnitudes, but also to the signs of the co- 
ordinates. 

If we paid no attention to the 
might measure 0M= a and ON— b 
and any of the four points 
P, Pj, P„ 1\ would satisfy 
the equations x = a, y = h. 
It is possible, however, to 
distinguish algebraically 
between the linos OM, 
OM' (which are equal in 
magnitude, but opposite in 
direction) by giving theui 
different signs. We lay 
down a rule that, if lines 
measured in one direction 
be considered as positive, 
lines measured in the oppo- 
site direction must be con- 
sidered as negative. It Is, of course, arbitrary in which 
direction we measure positive lines, but it is customary to 
consider OM (measured to the right hand} and ON (measured 
upwards) as positive, and 021', ON' (measured in the opposite 
directions) as negative lines. 

Introducing these conventions, the four points P, P^, P, P 
are easily distinguished. Their co-ordinates are, respectively, 




y = + bj 






a: = + «) 
y = -b\ 



y = 



yGoosle 



THE POINT. 3 

These distinctions of sign can present no difficulty to tlio 
learner, wbo is supposed to be already acquainted with 
trigonometry. 

W.B. — The points wliose coordinates are x = a, y = h, or 
X =x', 2/ = y, are generally briefly designated as the point {a, &), 
or the point w'l/'. 

It appears from what has been said, that the points (+ a, + h), 
(—a, —b) lie on a right line passing through the origin; that 
they are equidistant from the origin, and on opposite sides of it. 



4. To ea^press tie distance between two points xy\ x"y'\ the 
axes of coordinates being supposed rectangular. 

By Euclid I. 47, 

PQ" = FS'' + 8Q% but PS= PM- QM' - y - y'\ 
and Q8= OM- OM' = x--x"; 

hence P 

To express the distance of 
any point from the origin, M'O 

must make x" = 0, y" =^0 in __^_ 

the above, and we find 

s- =«■■+/■• 

5. In the following pages 
we shall hut seldom have occa- 
sion to make use of oblique coordinates, since formulae are, in 
general, much simplified by the use of i-ectangular axes; as 
however, oblique coordinates may sometimes be employed with 
advantage, we shall give the principal formulte in their most 
general form, 

Suppose, in the last figure, the angle YOX obhque and 
= lu, then 

P8Q=m°-m, 
and PQ' = PS'-\- QS'-aPS.QS.cosFSQ, 

or, PQ' = {y'-fT+{x'-xy-\-2{y'-f){x'-x") cos<». 

Similarly, the square of the distance of a point, x'y', from 
the origin = x'" + y" + ^x'y" cos &>■ 
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4 THE POINT. 

In applying these formultB, attention must be paid to the 
signs of the coordinates. If the point Q, for example, were 
in the angle XOY', the sign of ?/" would he changed, and tlie 
line PS would he the sum and not the difference of i/' and ?/". 
The learner will find no difficulty, if, having written the 
coordinates with their proper signs, he is careful to take for P3 
and QS the aljebraic difference of the corresponding pair of 
coordinates. 

Ex. I. Find the leogtha of the sides of a triangle, ths coordinates of whoae 
vertices aro a' -2,^" = S; a" = 4, jr" = — 6 j a"' = — 3, y'" = — 6, the axes being 
rectangular. Am. J68, J50, JlOa. 

2. Finfl tlia lengths of the sides of a triangle, the coordinates of whose 
I are the same as in the last eianiplo, the aies being iaolined at an angle 
Ans. 452, J57, J151. 



6. rind the point eqnii 



hare two eguatioria to detei'm 

Am. a = y, y := f , and the common distance is ''W^ 

6. The distance between two points, being expressed in 
the form of a square root, is necessarily susceptible of a double 
sign. If the distance FQ, measured from P to $, be considered 
positive, then the distance QP, measured from Q to P, 
is considered negative. If indeed we are only concerned 
with the single distance between two points, it would be 
unmeaning to affix any sign to it, since by prefixing a sign we 
in fact direct that this distance shall be added to, or subtracted 
from, some other distance. But suppose we are given three 
points P, Q, M in A right line, and know the distances PQ, 
Qli, we may infer PR = PQ-\- QR. And with the explanation 
now given, this equation remains true, even though the 
point It lie between P and Q. For, in that case, PQ and 
QR are measured in opposite directions, and PR, which is their 
arithmetical difference, is still their algebraical sum. Except 
in the case of lines parallel to one of the axes, no convention 
has been established as to which shall be considered the positive 
direction. 
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7. To find the cordinateb of the point cutting in a given 
ratio m: n,tfte line Joining two gwen points x'y\ x"y". 

Let a-, y be the coordinates of the point B, wliicli we seek 
to determine, then 

: PR : RQ :: MS X SN, 

i:n:\x—x:x-x 
r inx — mxd'=nx —n. 




In like manner 
_my" -^ ng' 



If tte line were to be cut externally in the given ratio we 
should have 



-X : x~x , 



_my —ny 



and therefore x = — 

It will be observed that the formulfe for external section 
are obtained from those for internal section by changing the 
sign of the ratio ; that is, by changing m'.-Vn into m i— n. 
In fact, in the case of internal section, Pfl and MQ are 
measured in the same direction, and their ratio (Art. 6) is to 
be counted as positive. But in the case of external section 
PB and MQ are measured in opposite directions, and their 
ratio is negative. 

Ex. 1. To find the coordinates of the middle point of the lino joining tlie points 



of the middle points of the sides o 
i:e(2,3),(4,-5),(-8,-G). 






Ex. 3. The line joining the point 

Ei.4. The coordinates of the vi 
find the ooDidinntes of the point of tiisection (remote from the 
joinine any veites to the roiddla point of the opposite aids. 

Ana. a! = J[j/ + a/' + s"'), 'J 



find the co- 
r = |, y = J. 

»y, •'y, »"y", to 



.1)0 
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6 TRANSFOEMATION OF COORDINATES. 

Ei. 5. To find the coordlnatea of the intersection of the biMOtora of aides of the 
triangle, the coordinates of whose vertices are given in Bi. 2, Am. x — \,y = -%. 

V.T , e. Anj side of a triangle ia cut in the ratio m ! n, and the line joining this to 
the opposite vei'tei is cat in the ratio m + n-.l; to find the coordinates of the point 
of section, , _ ?»' 4- m^' + «fc"' _ ly' + vij/' -f- n^" 



TKAKSFOEMATION OF COORDINATES* 

8. Wlien we know the coordinates of a point referred to 
one pair of axes, it is frequently necessary to find its co- 
ordinates referred to another pair of axes. This operation ia 
called the tratufforination of coordinates. 

We shall consider three cases separately; first, we shall 
suppose the origin changed, but the new axes parallel to the 
old; secondly, we shall suppose the directions of the axes 
changed, but the origin to remain unaltered; and thirdly, we 
shall suppose both origin and directions of axes to be altered. 



axes be parallel to the old- 



First. Let the 

Let Ox, Oy be 
the old axes, O'X, 
O'Y the new axes. 
Let the coordinates 
of the new origin 
referred to the old be 
x\ y\ or 0'S=x\ 
aR = y'. Let the 
old coordinates be 
a>,y,i\m new X, F, 
then we have 

OM=OR->rBM, mS PM = rN+NJ\I, 
that 18 x = x'-i-X, and y = y'-\-Y. 

These formulEe are, evidently, equally true, whether the axes 
be oblique or rectangular. 

9. Secondly, let the directions of the axes b 
the origin is unaltered, 




: changed, while 



IS read to tbe end 
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TFANSFOKMATION OP COORDINATES. 



) that we havo 0Q = 




Let the original axes be Ca-, Oy.^ 
PQ = y. Let the new axes 
be OX, or, so that we have 
ON=X, PN=Y. Let OX, 
OY make angles respectively 
a, ;9, with the old axis of x^ 
and angles «', yS' with the old 
axis of y; and if the angle 
xOy between the old axes be 
(o, we have obviously a+ a' = w, 
since XOx + XOy = xOy\ and in like manner ,3 + /3' = w, 

The formulae of transformation are moat easily obtained by 
expressing the perpendiculars from P on the original axes, itt 
terms of the new coordinates and tbe old. Since 

FM=PQ smPQM, we have PM=y sinw. 
But also PM=NB + PS=0N^\nN0Ii-^PNsmPN8. 

Hence y sin£u = Xsina+ Fsin^. 

In like manner 

X sinw = Jf sina'+ Fsin^S'; 
or a:sin» = Xsin(<u-a)l Ysm{o}-^]. 

In the figure the angles a, 0, <u arc all measured on the 
same side of Ox; and a, 0, a all on the same side of Oy. 
If any of these angles lie on the opposite side it must be given 
a negative sign. Thus, if OY lie to the left of Oy, the angle 
is greater than, m, and 0' {=ra- /3) is negative, and therefore 
the coefficient of Y in the expression for a; sin to is negative. 
This occurs in the following special case, to which, as the 
one which most frequently occurs in practice, we give a separate 
figure. 

To transform from a system of rectanyuhr axes to a new 
rectangular system making an angh with the old. 

Here wc have 
a = e, = 90 + 0, 



and the genera! formulte become 
», = Xsin^ + rco9^, 
x = X cosd~Y sm&: 
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8 TEANSfORMATIOS OF COORDINA.TES. 

the truth of which may also he seen directly, since y=-PS+NR, 

x= OB- SN, while 

FS^PNmad, NB^ONsmd; OE^ONcosO, SN^PNsmB. 

There Is only one other case of transformation which often 
occurs in practice. 

To transform from oblique coordinates to rectangular, retaining 
the old axis of x. 

"We may use the general for- 
muife making 
a = 0, /3 = 90, a' = (B, ^' = w-90. 

But it is more simple to inves- 
tigate the formulaj directly. We 
have OQ and PQ for the old x and 
^, OMani PM (or the new; and, sic 

Y=y sinm, X=x+y costu; 
while from these equations we get the expressions for the old 
coordinates in terms of the new 

yaiaw=F, a; sinw = XBm(U-3'cosw. 

10. Thirdly, by combining the transformations of the two 
preceding articles, we can find the coordinates of a point re- 
ferred to two new axes in any position whatever. We first find 
the coordinates (by Art. 8) referred to a pair of axes through 
the new origin parallel to the old axes, and then (by Art. 9) 
we can find the coordinates referred to the required axes. 

The genera! expressions are obviously obtained by adding x' 
and y' to the values for x and y given in the last article. 
Ei. 1. The coordinates of a point satisfy tlie relation 

wliat will this become if the origin lie transformed to the point (2, B) ? 



3 PQM= ro, we have 



Bi. a. The cootainates of a point ■ 
atlon s*-=;' = 6; what will this bea 
gles botweea the giv<m asea ? 


to a set ff reotangiiar axes sat ■if y the 

ime if transforn ed lo axes Inaecl ng the 
An, AI=3. 


Ek, 8. Tran^orm the equation at' - 
ler at an angle of 60= to the right h 


hxy + 2j" = 4 fmm axfa nohncd to each 

ues which bisect the angles between tlie 

i»i X'-iii +12 = 0. 


Ex. 4. Transform tlie same equation t. 


3 rectangular asea, retaining the oM asig 
Ans. 3X= + 10r'-7Xrj3 = 6. 
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POLAE COORDINATES. 9 

Ex. 6. It is erident that wfiea we change from one set ot rectangnlar aSea to 
anotlier, x' + y' must =:X' + y, since both eipreaa the square of the distance of 
a point froxn the origin. Terify this by squaring and adding the espiessioaa for 
A' and Tin Art. 9. 

Bi. 6. Verify in like manner in general that 

a' + s' + Sa^i QosxOs = X' + 1"' + 2X7 easXOY. 

If we write Xfliua + Yiiaj} = L, Xwaa + Ycoa^ = M, the eipteasiona ia Art, 9 
may be written ffeinu = £, arsinin^jlfsinup — ZcoBioi whence 
Bin'n. (i» + j(' + 2j:y cos lu) = (t' + Jf 1^ Bia'iu. 
But L'' + M' = X'+ Y' + 2XYcoa{a-l3}, and a-p = XOr. 

11. The degree of any equation between the coordinates is not 
altered hy iransformation of coordinates. 

Trausformation cannot increase the degree of the equation; 
for if the highest terms in the given equation be a*", j", &c., 
those in the transformed equation will be 

(a;'einQ>+3!sin(oi— a)-l-2/sin(o>— (S)}"", {/ sin(o+a;sma+ysin|S)'", 
&c., which evidently cannot contain powers of a; or y above the 
m" degree. Neither can transformation diminish the degree of 
an equation, since by transforming the transformed equation 
back again to the old axes, we must fall back on the original 
equation, and If the fii^st transformation had diminished the 
degree of the equation, the second should increase it, contrary 
to what has juat been proved. 

POLAR COOKDINATES. 

12. Another method of expressing the position of a point 
is often employed. 

If we were given a fixed point 0, and a fixed Kne through it 
OB, it is evident that we should p 

know the position of any point ^^ 

P, if we knew the length OFy ^^ 

and also the angle FOB. The ^^..^ 

line OP is called the radius ^-^ ^ 

vector i the fixed point is called ^ -fi 

the -pole; and this method is called the method of jio^ac co- 
ordinates. 

It is very easy, being given the x and y coordinates of a 
point, to find its polar ones, or vice versd. 
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rOLAR COORDINATES, 





Firet, let the fixed line 
coincide with tbe axis of x, 
then we have 

■ OP:PM:ismPMO:sli>POM; 

denoting OP by p, POM by 
0, and YOX by to, then 



and similarly, OM=x = ''-^V 

For the more ordinary case of rectangular coorJi nates, 
ft) = 90°, and we have simply 

x = p cos^ and i/ — p s\n0. 

Secondly, let the fixed 
Ijae OB not coincide with tbe 
axis of a:, but make with it an 
angle = a, then 

POB=0 and POM=0-a, 
and we have only to substitute — a for in the preceding 
formulEe. 

For rectangular coordinates we have 

x = p cos (^ - a) and i/ = p sin (^ - a). 

Ex. 1. ChangB to polar coordinates the following equations in rectangular oo- 
OtdinatfiS! ai* + ja' = 5ina Ans -5mcos9 

b' — S" = hS Am. p'ao&2S = a?. 

. Change to rectangular coordinates the following equations in [lolar co- 

p= = o'cos2fl. Am. (3^ + jfl' = oMa;''-s'}- 

P*eo3je:^u* Am. I' + 2,'=. (2a -a)'. 

pi = ak C03 je. Ans. (Sa;' + 2y'- - axf = if (a;' + <f). 

13. 7b express the distance between two joints, tn terms of 
■ • - . Q 

Let P and Q he the two points, 
OP=p; POP=0'; 
OQ = p", QOB=0"; 
then PQ'=0P'+0g'-20P.0Q.co&P0Q, 

or S' = p"-i- p"^-2p'p" cos(^"-fi'). 
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CHAPTER ir. 



THE EIGHT UNS. 

14. Any two equations between the coordinates represent 
geometrically one or more points. 

I£ the equations be both of the first degree (see Ex. S, p. 4) 
they denote a single point. For solving the equattona for 
so and y, wo obtain a result of the form x = a, y = ii which, 
as was proved in the last chapter, represents a point. 

If the equations be of higher degree, they represent more 
points than one. I"or, eliminating y between the equations, 
we obtain an equation containing x only ; let its roots be O,, 
a,, Oj, &c. Now, if we substitute any of these values (aj for 
X in the original equations, we get two equations in y, which 
must have a common root (since the result of elimination be- 
tween the equations is rendered =0 by the supposition a; = a,). 
Let this common root be y = ff^. Then the values a! = a„ j = /S,, 
at once satisfy both the given equations, and denote a point 
which is represented by these equations. So, in like manner, 
is the point whose coordinates are x = a^, y = ^j, &g. 

Ex. 1. What point is denoted by the equations 3s + 5j = 13, i.x-y = i1 

Ex. 2. What pointa are repteaented by the two enuationa k* + y' = 6, aj/ = 2 f 
BliminalJng y between the equations, we get si' — 5i' + 4 = 0. The roota of thia 
equation area' = I aiids'= 1, and, therefore, the fonrTaineaof x are 



The two giyen equations, therefore, tepreesnt the four points 

[+ 1, + 2), (- 1, - 3), (+ 2, + 5), (- 2, - 1>. 
Ex. 3. What points are deuotea hy the equationa 

E-jl=l, a= + ff' = 26? Arm. (4,3), (-3, - 4>. 

Ei, 4. What points aco denoted by the eq.uation3 

Am. (1, 1), (2, B), (3, 3), (4, t). 
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M THE RIGHT LIKE. 

15. A single equation helween the coordinates denotes a 
geometrical locus. 

One equation evidently does not afford us conditions enough 
to determine tlie two unknown quantities x, y\ and an inde- 
finite number of systems of values of a; and y can be found which 
win satisfy the gtven equation. And yet the coordinates of 
any point talzen at random wilt not satisfy it. The assemblage 
then of points, whose coordinates do satisfy the equation, forms 
a locus, which is considered the geometrical signification of 
the given equation. 

Thus, for example, we saw (Ex. 3, p. 4) that the equation 

{x-2r+(y-3r=I6 

expresses that the distance of the point xij from the point 
(2, 3) = 4. This equation then is > ati slied by the coordinates of 
any point on the circle whose centre is the point (2, 3), and 
whose radius is 4; and by the coordinates of no other point. 
This circle then la the locus which the equation is said to 
represent. 

We can illustrate by a still simpler example, that a single 
equation between the coordinates signifies a locus. Let us 
recall the construction by which (p. 1) wc determined the 
position of a point from -y- j^ 

the two equations x = a, 
y = h. We took OM=a; 
we drew MK parallel to 
OY', and then, measuring 
MP=h, we found P, the 
point required. Had we 
been given a different value 
oi y,x = a,y = b\ we should 
proceed as before, and we 
should find a point F' still situated on the line MK, but at 
a different distance from M. Lastly, If the value of y were 
left wholly Indeterminate, and we were merely given the 
single equation x = a, we should know that the point P 
was situated somewhere on the line MK, but its position in 
that line would not be determined. Hence the line MK is 
the locus of all the points represented by the equation x = a, 
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I MK, the X of that 



since, whatever point wo take on the lin 
point will always = a. 

16. In general, if we are given an equation of any degree 
between the coordinates, let us assunia for x any value we 
please [x=a\ and the equation will enable us to determine 
a finite nnmber of values of y answering to this particular 
value of X ; and, consequently, the equation will be satisfied for 
each of the points [p, q, r, &c.), whose x is the assumed value, 
and whoso y is that found fr' 
for X any other value 
[x = a'), and we find, 
in like manner, ano- 
ther series of points, 
y, g', r', whose co- 
ordinates satisfy the 
equation. So again, 
if we assume x = a" 
or a! = a'", &c. Now, 
if X be supposed to 
take sncceesively all 
possible values, the assemblage of points found as above will 
form a locus, every point of which satisfies the conditions of the 
equation, and which Is, therefore, Its geometrical signification. 

We can find in the manner just explained as many points 
of this locus as we please, until we have enough to represent 
its figure to the eye. 

Ei. I. Represent in a figure* a seriea of points which. satL^tj' tlie equation 
S = 2x + S. 

Am. Giving e the values — 3,-1, 0, 1, 9, Ac, we find for y, — 1, 1, 3, 5, 7, Sm , 
aJid the corresponding points will be seen all to lie on a tight line. 

Ei. 2. Represent the locus denoted bj the equation y =: x'' -~ Ss ^ % 

Am. To tte values for a;, — !, — J, 0, J, 1, J, 2, J, 8, J, 4; correspond for 
y, 2, - i, - 2, - Vi - *i - V. - *i - V. - 2. - i, 2. If ito points thus denoted 
bs Imd down on paper, they will BnfSoiently exhibit the fotm oi the curve, which may 
be oonfinned indefinitely by giving x greater positive or negative values. 

Ei. a. Represent the curve y = 8 ± J(20 - a; - a'). 

Here to each value of i correspond two values of y. No part of the curve lies to 




^ebyg 



Lg greater 



naginary. 



paper ruled into HtUe equai'ea, wlii 
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17, The wbole ecience of Analytic Geometry is founded 
on the connexion which has been thus proved to exist between 
an equation and a locus. If a curve be defined by any 
geometrical property, it will be our business to deduce from that 
property an equation which must be satisfied by the coordinates 
of every point on the curve. Thus, if a circle be defined as 
the locus of a point [x, y), whose distance from a fixed point 
(a, h) ia constant, and equal to r, then the equation of the circle 
in rectangular coordinates is (Art. 4), 

On the other hand, it will be our bminesa when an equation is 
given, to find the figure of the curve represented, and to deduce 
its geometrical properties. In order to do this systematically, 
we make a classification of equations according to their degrees, 
and beginning with the simplest, examine the form and pro- 
perties of the locus represented by the equation. The degree 
of an equation is estimated by the highest value of the sum 
of the indices of x and y in any term. Thus the equation 
ay + 23; + 3«/ = 4 is of the second degree, because it contains 
the term xy. If this term were absent, it would be of the 
first degree. A curve is said to be of the n*-^ degree when the 
equation which represents it is of that degree. 

We commence with the equation of the first degree, and we 
shall prove that this always represents a right line, and, 
conversely, that the equation of a right line is always of the 
first degree. 

18, We have already (Art, 15) interpreted the simplest case 
of an equation of the first degree, namely, the equation a; = n. 
In like manner, the equation y = i represents a line FN parallel 
to the axis OX, and meeting the axis OTat a distance from 
the origin ON^i. If we suppose b to be equal to nothing, 
we see that the equation y = <i denotes the axis OX; and in 
like manner that a; = denotes the axis Y. 

Let us now proceed to the case next in order of simplicity, 
and let us examine what relation subsists between the co- 
ordinates of points situated on a right line passing through 
the origin. 
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If we take any point P 
on such a line, we aee that 
hoth the coordinates PM, 
OM, will vary in length, 
but that the rath PM: OM 
will be constant, being = 
to the ratio 

AaPOM : fi\nMPO. 
Hence we see that the 
equation 

_ sin POM 

^"sinJ/PO^ 

will be satisfied for every 

point of the line OP, and 

therefore this equation is said to be the equation of the line OP- 

Conversely, if we were asked what locus was represented 
by the equation 




write the equation in the form ■- = m, and the question is : " To 

find the locus of a point P, such that, if. Tve draw PM, PN 
parallel to two fixed lines, the ratio PM: PN may be constant." 
Now this locns evidently is a right lino OP, passing through 
0, the point of intersection of the two fixed lines, and dividing 
the angle between them in such a manner that 
sinPOJf-msinPOJV. 
If the axes be rectangular, sinP(3^=cosP(?Jf; therefore, 
in = i&aPOM, and the equation y = 'mx represents a right line 
passing through the origin, and making an angle with the 
axis of X, wh 



19. An equation of the fonn y^-^mx will denote a line 
OP, situated in the angles YOX, J' OX'. For it appears, 
from the equation y = -\-mx, that whenever x is positive y 
will be positive, and whenever x is negative y will be negative. 
Points, therefore, represented by this equation must have their 
coordinates either both positive or both negative, and such 
points we saw (Art. 3] lie only in the angles YOX, Y'OX'. 
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On tte contrary, in order to satisfy the equation y = --mx^ 
if X be positive y must be negative, and if x be negative y 
must be positive. Points, therefore, satisfying this equation 
will have their coordinates of different signs; and the hno 
represented by the equation, must, therefore (Art, 3), lie In the 
angles Y'OX, YOX'. 

20. Let us now examiue how to represent a right line PQ, 
situated in any manner 
with regard to the axes. 

Draw OR through 
the origin parallel to FQ^ 
and let the ordinate PM 
meet OR in R. Now it 
is plain (as in Art. 18), 
that the ratio RM : OM 
will be always constant 
[RM always equal, sup- 
pose, to m.OM); but the ordinate PM differs from RM by 
the constant length PR^OQ, which we shall call h. Hence 
. we may write down the equation 

PM=RM+PR, or PM^^m.OM+PR, 
that is y = rax + h. 

The equation, therefore, y = mx-\-h^ being satisfied by every 
point of the line PQ, is said to be the equation of that line. 

It appears from the last Article, that m will be positive or 
negative according as OR, parallel to the right llpe PQ, lies In 
the angle YOX^ or Y'OX. And, again, h will be positive 
or negative according as the point (?, in which the line meets 
OY, lies above or ielow the origin. 

Conversely, the equation y = mx + h will always denote a 
right line; for the equation can be put into the form 
y-'b ^^^ 

Now, since if we draw the line QT parallel to OM, TM will 
be =ft, and PT therefore ^y-h, the question becomes: "To 
find the locus of a point, such that, If we draw PT parallel 
to OF to meet the fi.^ed line QT^ PT may be to ^2" in a 
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constant ratio ;" and this locus evidently is the right line FQ 
passing through Q. 

The most genera! equation of the first degree, Ax-\- By-k-C=0, 
can obviously be reduced to the form y = mx + i^ since it ia 
equivalent to 

A G 

this equation therefore always represents a right line. 

21. From the last Articles we are able to ascertain the 
geometrical meaning of the constants in the equation of a 
right line. If the right line represented hy the equation 
y = inx-^i make an angle =a with the axis of a;, and =,3 
with the axis of 3^, then (Art. 18} 



and if the axes be rectangular, m = tana. 

We saw (Art. 20) that b Is the Intercept which the line cuts 
off on the axis of ^. 

If the equation be given in the general form Ax+ By -\- C =0, 
we can reduce it, as in the last Article, to the form ^ = w^ -|r &, 
and we find that 

A _ slna 
iJ-sin;3' 
or if the axes be rectangular =tana; and that —77 is tbo 
length of the Intercept made by tbe line on the axis oiy. 

Cor. The lines y = mx + h, y = m'x + h' will be parallel to 

each other if m = Mi", since then fbcy will both make the same 

angle with the axis. Similarly the lines Ax-\-By+G—Oy 

A'x-i-B'y-]-C' = 0, will be parallel if 

A _A^ 

B^ B" 

Beside the forms Ax-^ By-\-C = and y="mx-\-h, there 
are two other forms in which the equation of a right lino 
is frequently used; these we next proceed to lay before the 
reader. 
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22. To express the equation of a line MN in terms of the 
intercuts 0M= a, 01^= h which it cuts off on tha axes. 
We caQ derive tbis from the form alreaily considered 



This equation must be satisfied by tbe coordinates of everi/ 
point on MN, and there- 
fore by those of-S/,whiLh 
(see Art. 2) are a: = c, 
y = 0. Hence we have 

^a+l=0, -^ = --. 

In like manner, slneo 

the equation is satisfied 

by the coordinates of N, 

(a; = 0, y = b), we have 

B__l 

Substituting which values in the general form. It Leeomea 




bo oblique or rect- 



Thls equation holds whether tlie f 
angular. 

It is plain that the position of the lino will vary with tho 
signs of the quantities a and h For example, the equation 

- + ^ = 1, which cuts ofiT positive intercepts on both axes, re- 
ft , o 

presents the line 1/iV on the preceding figure; | = I, cutting 

off a positive intercept on the axis of x, and a negative in- 
tercept on the axis of ^, represents MN'. 

Similarly, - - 4 | = 1 represents AW ; 



,id h^^ represents M'N', 

By dividing by tbe constant term, any equation of the first 
Egi-ee can evidently be reduced to some one of these four forma. 



y Google 



RIGHT LINE. 




ly 


he foliowiiig lilies, a 


d find thB 


nttTcefta they 


7; 3=; + 4£,+ D = 0! 







:. IhesideB of a 



is parallel to the baai 



angle being taken for axes, foi™ the equation of the line 
off the m'" part of each, n«d sliew, by Art. 21, that it 



23. To express the equation of a -right line in terms of tie 
length of the perpendicular on it from the origin, and of the 
angles which this per-pendicular makes with the axes. 

Let the length of the perpendicular OP=p, the angle POM 
which it makes with the axis of ic = a, 
PON=^, OM=a, ON^b. 

We saw (Art. 22) that the equa- 
tion of the right line ilOTwaa 



Multiply this equation by p^ 
have 



iy=p- 




But - =cost(j T =cos/3; therefore the equation of the line is 
X ama+y coa0=p. 
In rectangular coordinates, which we shall generally use, we 
have /3 = 9l)° — a; and the equation becomes x cosra-t- j sina=p. 
This equation will include the four cases of Art. 22, if we 
suppose that a may take any value from to 360°. Thus, for 
the position N2f', a is between 90° and 180°, and the coefficient 
of a! is negative. For the position M'lsf', a. ia between 180° and 
270°, and has both sine and cosine negative. For UN', a is 
between 270° and 360°, and has a negative sine and positive 
cosine. In the last two cases, however, it is more convenient 
to write the formula a; cosa + ^ 8ina = — p, and consider a to 
denote the angle, ranging between and 180°, made with the 
positive direction of the axis of x, by the perpendicular pro- 
duced. In using, then, tho formula x cosa-\- y fi\na—p, we 
suppose^ to be capable of a double sign, and a to denote tho 
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angle, not exceeding 180°, made with tbe axis of x either by 
the perpendicular or its production. 

The general form Ax-i- Bi/ + G=^0, can easily be reduced 
to the form x cos a 4 s/ sina=^; for, dividing it by '^[A'' + J?], 
■we have 

A B C 

But we may take 

B 
<!' + 

since the sum of squares of these two quantities = 1. 
A B 

Hence we learn that ,, .„ — ^hs ^'^^ ;, .o — i^ are re- 

spectively the cosine and sine of the angle which the per- 
pendicular from the origin on the line [Ax-\-By-\- (7=0) makes 

with the axis of x, and that ■ ,. ■ .^ ■■■■ ^ j. is the length of this 
perpendicular. 

•24. To reduce the equation Ax-\-By-\- C=0 {re,erred to 
oblique coordmates) to the form x cosa + i/ coS|8=^, 

Let us suppose that the given equation when multiplied 
by a certain factor E is reduced to the required form, then 
i?^ = cosa, EB=:cos^. But it can easily be proved that, if a 
and yS be any two angles whose sum is w, we shall have 

cos'a + cos^iS — 2 cos a cosj3 cos(a = siu''Qi. 
Hence M' [A^ -^B'~ 2AB cos ») = sin'a., 

and the equation reduced to the required form is 
j4 sin u , B sin w 



^(A'+ B' - 2AB cos w) "^ -/{A' + B'- 2AB c 
sin w 



"^ ^{A^ + B'- 2AB COS a>) 
And we learn that 



= 0. 



^/{A'' + B''~2ABcosto)^ ^{A%B'-2ABcoso,}^ 



* Articles and CliaptciB mnrked with an aal^riafc may bu omitted on a fiist reading. 
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are respectively tlie cosines of the angles that the perpendieuhir 
from the origin on the line Ax-t-Bi/+ 0=0 makes with the 

axea of x and y ; and that 77-j^ — ^55 — „ . „ — — r- is the length 
^' -/{A' + B'- 2 AB cos w) ^ 

of this perpendicular. This length may be also easily cal- 
culated by dividing the double area of the triangle NOM, 
{ON. OM sin to} by the length of MN, expressions for which 
are easily found. 

The square root in the denominators is, of course, susceptible 
of a double sign, since the equation may be reduced to either 
of the forms 
cccosa + 2/co9j3— p = 0, a!co3{a+180°) ■l-s'cos(^ + 180') + p = 0. 

25. To find tlie angle hetweeii two lines whose equations with 
regard to rectangular axes are given. 

The angle between the lines is manifestly equal to the angle 
between tho perpendiculars on the lines from the origin ; if 
therefore these perpendiculars make with the axis of x the 
angles a, a', we have (Art. 23) 

A . B 



' ^{A" + B') » " ^[A"' + B'-') • 

B A'-AB' 

* "J ^i[A'+B') ^/(A■■'^■B'■y 

_A^'J:BB_ 
' + ~B') ^f^A" + 

, , . » , -, BA'-AB' 

and therefore tan [a - a 1 = ■ . .~~ r. -a, • 

Cor. 1. The two lines are parallel to each other when 
BA'-AB' = (Art 21), 
since then the angle between them vanishes. 

Cor, 2. The two lines are perpendicular to each other when 
AA' + BB' = 0, since then the tangent of the angle between 
them becomes Infinite. 
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If tte equations of the lines had been given In the form 

since the angle between the lines is the difference of the angles 
they make with the axis of x, and since {Art. 21) the tangents 
of these angles are m and m\ it follows that the tangent of the 

reqnired angle is , ; that the lines are parallel H m = m ; 

and perpendicular to each other if iniri + 1=0. 

*26. To find ike angle h&timen two lines, the coordinates being 

We proceed as In the last article, using the expressions of 
Art. 24, 



consequently. 



Hence 



^{A' + B''-2ABcoso>) ' 

A- sin m 

" ^{A' + B^- 2^'B' cos w) ' 

B — A coso)^ 

" ^{A'-^B"~'iAB cos w) ' 

B' - A' cos w 
" V(2r"+"£''- 2^'B' cos J) ' 

A'-AB') s 



BB' + AA-{Aff + A'B)c 



.s(a-«') = 



tan(( 



Vt^' + B''~ 2AB cos «) Vt^'" + -fi" - 2A'B' cos oi) ' 
(BA'-AB) E 



^^' + 5B' - [AB + £4') cos Q) • 
COE. 1. The lines are parallel if BA' = AB'. 
Cur. 2. The lines are perpendicular to each other if 
AA' + BB = {AB- + BA') cos «. 

27. A right line can be found to satisfy any two conditions. 

Each of the forms that we have given of tiie general equa- 
tion of a right line includes two constants. Thus the forma 
y — ^jj + J^ a; cosa + !/ 3ina=^, involve the constants m and 5, 
p and «. The only form which appears to contain more con- 
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stanla Is Ax + B^+ (7= ; but In tliU case we are concerned not 
with the absolute magnitudes, but only with the mutual ratios 
of the quantities A, B, G. For if we multiply or divide the 
equation by any constant it will atill represent the same line: 
we may divide therefore by G, when the equation will only 

A B 

contain the two constants -?j , -=^ . Choosing, then, any of these 

forma, such as y = mx 4- &, to represent a line in general, we 
may consider m and b as two unknown quantities to be deter- 
mined. And when any two conditions are given we are able 
to find the values of m and h, corresponding to the particular 
line which satisfies these conditions. This ia sufficiently illna- 
trated by the esamples in Arts. 28, 29, 32, 33. 

28. To find the equation of a right line •parallel to a given 
one, and passing through a given point x'y'. 

If the line y = iiix-\'h be parallel to a given one, the con- 
stant m is known (Cor., Art. 21). And if it pass through h 
fixed point, the equation, being true for every point on tbe line, 
is true for the point x'y', and therefore we have y' = mx'-\-b, 
which determines h. The required equation then la 
y = mx + y' — mx', oi y — y' =m{x — x'). 

If in this equation we consider m as indeterminate, we 
have the general equation of a right line passing through the 
point x'y'. 

29. To find ike equation of a right line passing through two 
fixed points x'y', x"y". 

We fonnd, in the last article, that the general equation of 
a right line passing through x'y' ia one which may be wiitteo 
in the form 

x — x ' 
wliere m is indeterminate. But since the line must also pass 
through the point x"i;", this equation must be satistiod when 
the coordinates x", y", are substituted for x and y ; hence 
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Substituting this value of m, tbe equation of tbe line 

y-y' ^ y" - y ' _ 

x—x' x" — x' ' 
In this form the equation can be easily remembered, but, 
clearing it of fractions, we obtain it in a form which la some- 
timea more convenient, 

{^•-f)x-{a>'-x")i/ + xy-i/'x" = (}. 
The equation may also be written in the form 
(x - x) {y - y") = {x- x') (y - y']. 
For thia is the equation of a right line, since the terms xy, 
which appear on both sides, destroy each other; and it is 
satisfied either by making x = x\ y = y', ox x= x'\ y = y". 
Expanding it, we lind the same result as before, 

Cur. The equation of the line joining the point x'y' to the 
origin is y'x = x'y. 

Bi. I . rotm the equaliona of tlie sides of » triangle, tho coordinates of whose 

verljceattre(2, 1), (3,-2), (-4,-1). Ans.s + 7ij+ 11 = 0, % - a = I, 3a; + j = 7, 

Ei. 2. Form Sie equatioos of the sides of the triangle formed by (2, 3), (4, - fl), 

Ex. 3. Eorm the equation of the line joining the points 

Ek. 4. Form the equation of tbe line joining 

Ans. (j/- + y"' - 2jr-) x - {x" + s"' - 23^) y + T^'y' - j"i' + x'Y - f'm' = 0. 
Ex. 5. Form the equations of the bisectors of the sides of the triangle described 
in Es. 2. Ana. nx~5y= 25, 7a + flj 4- 17 = 0, 5a; - Cj = 21. 

Ei. 6. Form the equation of the line joining 

ly — mx" ly' — Ills'' fee' - wj;"' l;/' — m j" 

I — St ' l-m i — B ' l — n 

,4nj.ii{i(m-n) ./+«>(»-() >r+'»(i-»')s"l-yI'(™-«)^+«'C''-^^'+'' ('-'")»:"} 

= Im tyx" - xY') + BIB (yV - x"s'") + nl [j," V - /»/") . 

30. To find the condition that three points shall He on one 
right line. 

We found (in Art. 99) the equation of tbe line joining two 
of them, and we have only to see if the coordinates of the 
third will satisfy tbia equation. The condition, therefore, is 

(y, " yJ ^3 - (a;. - ^J 'A + (^ J. - ^^^i) = 0, 
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which can he pat Into the more ajmmetrical form 

y, {x^ — icj + jj (atj — X,) + ^3 (a;, — x^ = 0.* 

31. To find the coordmales of the ^oint of intersection of two 
ri^ht lines whose equations are given. 

Each eqnatioB expresses a relation wliich must be satisfied by 
the coordinates of the point required ; we find its coordinates, 
therefore, by solving for the two unknown quantities x and y, 
from the two given equations. 

We said (Art. 14) that the position of a point was deter- 
mined, being given two equations between its coordinates. The 
reader will now perceive that each equation represents a locus on 
which the point must lie, and that the point is the intersection of 
the two loci represented by the equations. Even the simplest 
equations to represent a point, viz, x=a, y = ^j ^^ ^^^ equa- 
tions of two parallels to the axes of coordinates, the intersection 
of which is the required point. When the equations are both 
of the first degree they denote but one point ; for each equation 
represents a right lino, and two right lines can only intersect m 
one point. In the more general case, the loci represented by 
the equations are curves of higher dinienslonsj which will inter- 
sect each other in more points than one. 

Es. 1, To End tlie coordinates of the vertices of the triangle tlie eqnations ot 
who8esideaareB + y = 2i s — % = lj 3a + 6t/ + 7 = 0. 

Am. (- -A, - H), ('/, - V), (^> - i)- 
Ei. 2, To find the coordinates of the intersectiona of 

3)! + y-2 = 0i a; + 2y = 6; 21-8^ + 7 = 0. 

•i™. H, V),(--A,?S), (-3, V)- 
Ex. 3. Find the coordinates of the intersections of 

2j; + 3^ = 13; 6j!-j = Ti a; -4;/ + 10 = 0. 













Arrs. They meet in 


the point (9, 3). 


Ex. 4. Find the coordinates of tie vertices, 
of the quadrilateral the equations of whose sides 
By -3. 
A 


and the equations oJ 

33, lZa + Hs + 39; 
3,J)i 6i,-x^% ( 


E the diagonals, 
= 0. 


* In using this 










1 we ehall afterwart 

he second member 
S„ iTj of Ka and X, 
from I/, to .Vj, from 
E in the oi-der just 


Is have occasion 


to employ, the le 
ill a filed order (sei 
of the formula jus 
of X,. Then, in t! 

indicated. 


w ad 






y Google 



26 THE RIGHT LINE. 

Ei. 5. Find the Intersections of opposite Bides of tLe Game qoadrilatfira!, and tha 
equation of the line joining them. Am. (83, -aja), (- V. W). >-^^S - 199*= 44G2- 
Ei. 6. Find the diagonals of the parallelogram formed by 

.4ns. {i-lTix- (a-oT3( = o'i-ii4'; (i - S") a:+ (« - hT j = n5 - oT- 

Ei. 7. The ases of coordinates being the base of a triangle and the hiseolur of 
the base, form the equations of ths two bisectais of sides, and find the coordiDntes 
of their intereeclion. Let the coordinates of the vertex be 0, g", those of the base 
anglesa'.Oi and-^,0. ^^_ Sx'y s'^-'^y' -=0; S^s + ^'-'^s' = 0i (c |) . 

Ei. 8. Two opposite sides of a quadrilateral me fafcen for axes, and the other 



find the coordinates of the middle points of diagonals. Am. [a, J^, (a', b), 

Ei. 9. In the same case find the coordinates of the middle point of the line 

joining the inteffioctions of opposite ^des. 

^nj. -—'^,—— ij~ I ■ — Ti IT— i and the form of the result shows (Art. 7) 

that this point divides esternallj, in the ratio a'b : oh', the line joining the two middle 

pointB (a, *0, (a', i). 

32. To find ike equation to rectangular oices of a right line 
passing through a given, point, and perpendicular to a given line, 
y = mx + h. 

The condition that two lines should be perpendicular, being 
mm' = - I (Art. 25), we have at once for the equation of the 
required perpendicular 

It 13 easy, from the above, to see that the equation of the per- 
pendicular from tho point x'l/' on the line Ax-\- By-i- C= is 

that is to say, we interchange the coefficients of x and y, and alter 
ike sign of one of them. 

Bs. 1. To iind Uie equations of the perpendicnlars from each rertes on the 
opposite Bido of the triangle (2, 1), (3, - 2), (- 4, - 1). 
The equations of the sides aia (Art. 29, Es. 1) 

ir + 7!/+ll = p, 3s-a = l, e3; + (/ = 7j 
and the equations of the perpendiculais 

7ic-y = 13, 3ic + y = 7, %-B = l. 
The triangle is consequently right-angled. 

El. 2. To find the equations of the perpondioulai-s at the middle points of the 
Bide of the same triangle, The coordinates of the middle points being 
(- I, - 5), (- 1, 0), {h - i)- 
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1-4 = 0, iateseoting in (- j, - I). 
Ei, a. Find the equations of the perpendionlaia from the veitioes of the triangle 
(3. 3), (4, - 5), (- 3, - 6) (see Art, 28, Ex. 2). 

Am. 7i + s = 17, 6x + % + 25 = 0, i - 4sr = 21 ; interaedang in <5J, - ^). 
Es, 4. FiDfl the equations of the perpendiculars at the middle points of tbe eidea 
of the same triangle. 

Ans. 73! + y + 2-0, Sa: + Si/ + 16 = 0, j!-4y = 7; intersecting in (- A. ~ SJ)* 
Es. 5. To find in general the equations of the perpendiculara from the vertices on 
the opposite sides of a triangle, the coordinates of whose vertices are giTen, 

Am. i^" - E"V + (y - !/") 3 + ('s'^" + !/r ) - (*■<=" +•/•/') = 0, 
(a/" - a/ } I + (5-"' - y' ) J + (:B"a' + y"y' ) - (a" V" + y-'j"') = 0, 
(it- -ic")a!+(j' -ff")j/+{a:"V' + s'V')-(ar'V +y'V) = 0. 
Ek, 6. Find the eqnaljons of the perpendiculars at the middle points of the Bide* 

Am. {=^' - X'") ;. + (/- - s-") s = J (^" - x-"^ + i (;,"= - ;,'"=), 
(x"' - a;' ) a! + (/" - y ) J = 1 {^^'^ _ ar" ) + H!/'"' - »^ ), 

Bi. 7. Taking for ayes tlie base of a triangle and the perpendiciJar on It from 
the vertex, find the equationa of the other two perpendiculara, and the coordinates 
of their interaeotion. The coordinatea of the fertei: are now (0, i/), and o£ the 
b^e angles (»", 0), (— e"', 0). 

Ans. a"' (a - a") + yy = 0, a/' (a + it-") - j'S' = 0, f 0, ^] . 



Ex. 9. FormtheeqnationoftheperpendicnlarfromayonthBlineaOOaa+ysina^^; 
and find the coordinates of the intai-Bcntion of this perpendicular with the given line. 
J«s. K + coB«(p-»;'cosa-y'Ein^), S' + ain« (?-».■ coEa-y'sm^)}. 
Ex. 10. Find the distance between the latter point and st'j/'. 

33. To find the equation of a line passing through a given 
point and 7nahing a given angle <p, with a given line y = mx + h 
[the axes of coordinates being rectangular). 

Let the equation of the required line be 
y^i/' = 7n'{x-X% 
and the formula of Art, 25, 

tan^ = ■— , , 

1+mm 

enables us to determine 

" l-\- m tan ' 
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34. To find the length of the perpsnitcular from any point 
sey on the line iBhose equation is x eosa+y co3;3-j? = 0. 

We have already indicated (Ex. 9 and 10, Art. 32) one way 
of solving tLi3 question, and 
■we wisli now to shew how the 
eame result may be obtained 
geometrically. From the given 
point Q draw QR parallel to 
the given line, and QS perpen- 
dicular. Then OK=x\ and 
OT will be = x' cosa. Again, 
since 8QK = ^, and QK=^i/, 

RT^Q8 = y' cos^; 
hence x' cosa + y' C03;9 = OR. 

Subtract OP, the perpendicular from the origin, and 

a;' coaa + / cos;3 -^ = PiJ =. the perpendicular QV. 

But if in the figure the point Q liad been taken on the side 
of the line nest the origin, OR would have been less than OP, 
and we should have obtained for the perpendicular the expression 
p — x' COS o — y co3 ^ ; and we see that the perpendicular changes 
sign as we pass from one side of the line to the other. If we 
■were only concerned with one perpendicular, we should only 
look to its absolute magnitude, and it would be unmeaning to 
prefix any sign. But if we were comparing the perpendiculars 
from two points, such as Q and 8, it is evident (Art. 6) that the 
distances QV, BV, being measured in opposite directions, must 
bo taken with opposite signs. We may then at pleasure choose 
for the expression for the length of the perpendicular either 
±{p — x' cosa— y' cos;S). If we choose that form in which the 
absolute term is positive, this is equivalent to saying that the 
perpendiculars which fail on the side of the line next the origin 
are to be regarded as positive, and those on the other side as 
negative ; and vice versa if we choose the other form. 

If the equation of the line had been given in the form 
Ax + By+ C= 0, we have only (Art. 24) to reduce it to the 



y cos a 4 y cos yS — j> = 0, 
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and the Icngtli of the perpendicular from any point a!'ij' 
Ax'+Si/'+G (Ax' + By'+C) i ima 

" '^{A' + B') ^^' 'J{A' + B'-2ABcoam)' 
according as the axes are rectangular or oblique. By comparing 
the expression for the perpendicular from x'l/' with that for the 
perpendicular from the origin, we see that x'l/' lies on the same 
Bide of the line as the origin when Ax' + Sy' -f G has the same 
Kgn aa 0, and vict versd. 

The condition that any point x'y' should be on the right line 
Ax 4 5y + 0= 0, is, of course, that the coordinates x'l/' should 
satisfy the given equation, or 

Ax' + By' + (7= 0. 
And the present Article shows that this condition is merely the 
algebraical statement of the fact, that the perpendicular from 
the point (ey on the given line is = 0. 

Ex. 1. Find the length of the perpendicular from the Origin on the line 
63 + 4j + 20 = 0, 
the axes being rectangular. Ans. 4. 

Ei, 2. Find the length ot the perpendioulai from the point (2, 8) on Si + j - 4 =; 0. 
Arts, rj , and the giyen point \s on the side remofa from the origjn, 

I3x, 3. Fmdthe lengths ot the perpendionkrB from each varteKon the opposite 
Hide of the triangle (2, 1), (3, - 5), (-4, - 1). 

Arts, a J(2), J(10), 2 J(IO), and the origin is irithin the triangle. 
Ei. 4. Find the length of the perpendicular from (8, - 4) on 4i + 2j = 7, tha 
angle between the anes being 60°, 

Ans. \ , and the point is on the side neit the origin, 
T.i 5. Find the length of the perpendiculai from tlie origin on 

(it - a) + S (S - i) = 0. An,. J{™= + *»). 

35. To find the equation of a line hissoting the angle between 
two lines, (C cosa + y sina— ^ = 0, x co3/3+y sin^-y = 0. 

We find the equation of this line most simply by expressing 
algebraically the property that the perpendiculars let fall from 
any point xy of the bisector on the two lines are equal. This 
immediately gives us the equation 

X cosa + y sina:-^ = ±(3; co3 0-i-y sin^-p'), 
since each side of this equation denotes the length of one of 
those perpendiculars (Art. 34), 
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If the equations bad been given in tbe form Ax + ^ + C= 0, 
A'x H- B'y + C = 0, the equation of a bisector would be 
Ax + B y+ C _ A'x-i By^-C 

It 19 evident from tiie double sign that there are two biaeetors : 
one such that the perpendicular on what we agree to consider 
the positive side of one line is equal to tbe perpendicular on 
the negative side of the other ; the other auch that the equal 
perpendiculars are either both positive or both negative. 

If we choose that sign which will make tbe two constant 
terms of the same sign, it follows, from Art. 34, that we shall 
have the bisector of that angle iu which the origin lies ; and if 
we give tbe constant terms opposite signs, we shall have the 
equation of the bisector of the supplemental angle. 

Bk. 1. Eeduce the equations of the bisectors of the angles between two Unea to 
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36, To find the area of the triangle formed In) three points. 

If we multiply the length of the line joining two of the 
points, by the perpendicular on that line from the third point, 
we shall have double tbe area. Now tbe length of the perpen- 
dicular from x^y^ on the line joining a!,j„ a;^^, the axes being 
rectangular, is (Arts. 29, 34) 

{y, - y,) ^, - (^1 - ^,) y^ + x,y^ - x^f, 

and the denominator of thla fraction is the length of the line 
joining x,y,^ x^^^, hence 

y, (x^ ~ x^) + y^ (ar, - x,) + y^ {x, ~ x^) 
represents double the area formed by the three points. 

If the ases be oblique, it will be found, on repeating the 
investigation with the formulae for oblique axes, that the only 
change that will occur is that the expression just given is to be 
multiplied by sin w. Strictly speaking, we ought to prefix to 
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these expressions the double sign implicitly involved in the 
Bquave root used in finding them. If we are concerned with 
a single area we look only to its absolute magnitude without 
regard to sign. But if, for example, we are comparing two 
triangles whose vertices x^y^i ^^,j are on opposite sides of the 
line joining the base angles a:,^„ x^^, we must give their areas 
different signs; and the quadrilateral space included by the four 
points is the sum instead of the difference of the two triangles. 

Cor. I, Double the area of the triangle formed by the lines 
joining the points a!,?/,, x^^ to the origin is t/^x^ — y^cc,, as appears 
by making x^ = 0, y, = 0, in the preceding formula. 

CoE. 2. The condition that three points should be on one 
right line, when interpreted geometrically, asserts that the area 
of the triangle formed by the three points becomes = (Art. 30). 

37. To express the area of a polygon in terms of the co- 
ordinates of its angular points. 

Take any point xy within the polygon, and connect it with 
all the vertices tc^j,, x.0y^„y„ ; then evidently the area of the 
polygon is the sum of the areas of all the triangles into which 
the figure is thus divided. But hy the last Article double these 
areas are respectively 

^(^3 -y,)'-y{^<, -^^-^^jh -^^^a) 



^ {y«-i - y,) ~ y i^«-i - ^J + '^n-^,. - ^«2'~-l) 
^(y» -2/i)-3'K -^,)-^^.y> -^x- 

When we add these together, the parts which multiply x and y 
vanish, as they evidently ought to do, since the value of the total 
area must be independent of the manner in which we divide it 
into triangles; and we have for double the area 

{^.y^ - ^■^V,) + (^^s - ^=2/ J + (^e?* - ^4^3) +■■■ iPuVi - »^ Jn) ■ 
This may be otherwise written, 

or else 

2/, (^>. - ^J + y. (^1 - ^3) + y. (^. - 3^,) +. ■ -.'/„ (^„-, - ^1)- 
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Bi. !. Find tlie area of the triangle (2, 1), (3, - 21 (- 4, - 1). Am. 10. 

Es. 2. Find the tava of the triangle (2, B), (4, - 6), ( - 3, - 6}. Ans. 29. 

Bi. 0. Find the area o£ the quadrilateral (1, 1), (2, 3), (3, S), (i, I). Am, 4. 

38. To find the condition that three right lines shall meet in 
a point. 

Let their equations be 

Ax-\-By+ G==(3^ A'x-hB'i/+G' = 0, A"x -\- By + 0" ^ 0. 

If they intersect, the coordinates of the intersection of two of 

them must satisfy the third equation. But the coordinates of 

. ■ . .■ r.i. c * . BC'-BG GA'-G'A 

the intersection oi tte tirat two are -j p, - — -■ ,,„ , ■ .„,_ .,„ . 

Substituting in the tbird, we get, for the required condition, 
A" {BG ~B'C) + B" {GA - GA) + G" {AB' - A'B] =^ 0, 

which may be also written in either of the forms 
A {B C" ~ B" G') + B{ G'A" - G"A'] -i-G{A-B"- A"B') = 0, 
A{BG"-B"G')+A-{B"C-BG")-i-A"{BG'~B'G) = 0. 

*39. To find the area of the triangle formed hy the three lines 
AX'\-By+C=(i, A-x + B-i/+G = 0, A"x + B"y-\- G" = 0. 

By solving for x and y from each pair of equations in tarn 
we obtain the coordinates of the vertices, and substituting 
them in the formula of Art. 36 we obtain for the double area 
the expression 

BG-^B'C \ A'G-'-C 'A" _ A"G- G'A ) 

AB" - BA' \BA" - A'B'' B"A - A"b] 

BG"-B"G' \A;^G-GA _ AG'-GA' \ 

■"" A'B- - BA" \B"A -'A"B BA' ~ AB'\ 

'^A"B-B"A XBA'-AB- BA''-A'B'}' 
But if wo reduce to a common denominator, and observe that 
the numerator of the fraction between the first brackets is 

[A"{BG'-B'G) + A{B'G"-B"G')-\-A'{B"G-C"B]] 
multiplied by A", and that the numerators of the fractions 
between the second and third brackets are the same quantity 
multiplied respectively by A and A', we get for the double area 
the expression 

[A jB'G" - B"G) + A- {B"C- BC") + A" [BC - FG)Y 
[AB - BA] [A'B' - BA") [A"B - B'A) 
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If the three lines meet in a polat, this expression for the 
area vanishes (Art. 38] ; if any two of them are parallel, it 
becomes infinite (Art, 25). 

40. Given the equations of two right lines, to find the equation 
of a third through their point of intersection. 

The method of solving thia question, which will first occur 
to the reader, is to obtain the coordinates of the point of inter- 
section by Art 31, and then to substitute these values for x'^' iu 
the equation of Art. 28, viz., j— ^ =m(a; — a;'). The question, 
however, admits of an easier solntion by the help of the following 
important principle : If 8=0, S' = 0,ie the equations of any two 
loci, then the locus represented hy the equation S+kS'=0 (where 
k is any constant) passes through every point common to the two 
given loci. For it is plain that any coordinates which satisfy 
the equation S= 0, and also satisfy the equation S' = 0, must 
likewise satisfy the equation 8+hS' = 0. 

Thus, then, the equation 

(Ax-i-Byi-G} + k{A'x + B'y+O')=0, 
which Is obviously the equation of a right line, denotes ono 
passing through the Intersection of the right lines 

Ax + By-i-G=0, A'x + B'y+C'^O, 
for if the coordinates of the point common to them both be sub- 
stituted in the equation [Ax + By+ G) + k {A'x + By+ C) = 0, 
they will satisfy it, since they make each member of the 
equation separately = 0. 

Ei. 1. To find tJie eqnadon of the line jraning to ths origin th. f se t of 

Multiply the flret by C, the second by C, and subtract, and tl eq t n f tbc 
revxii^ \me In (AC -A'C)x + (SC~CB^S = 0;ioi it paasi th ul th gn 
(Art. 18), aodbytliejBTiaentarlicleit passes throughtheinteKeot n i th. "i nlmtji. 

Bs. 2. To find the equation of the line drawn through the intereecfaon of the Bamu 
lines, parallel to the aiia of x. An^. (BA' - AB') y+CA'-AC= 0. 

Ex. 8. To find tbe equation of the line joining the intemeotion of the same linra 
to the point i^y'. Writing down by this article the general equation of a line through 
the interaeotion of the ^Ten linea, we datermine h from the ooiisidetation that it muat 
be satisfied by the coordinates a'j', and find for the required equation 

{Ax + Sy+C)iA'!,f-i-^;f+Cr) = (Aif + Bi(-i-C){A-x + B's + C). 

Bi. 4. Find the equation of the line joining the point (2, 3) to the intersection of 
Si + BS + 1 = 0, 3j: - 4(/ = 5. 

Am. ll(2^ + Ss + l) + 14 3a:-4y-5) = 0; or SJ:^ - 33t;= 69. 
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41. Tke principle established in the last article gives us a 
test for three lines intersecting in the same point, often more 
convenient in practice than that given in Art 38. Three right 
lines will pass through the same point if their equations Tmng 
multiplied each hy any constant quantity, and added together^ the 
sum is identically = ; that is to say, if the following relation 
be true, no matter what x and y are : 

l[Ax + By+G)^m [A'x + B'y + 0') + n {A"x + B"y + 0") = 0. 
For then those values of the coordinates which make the first 
two members severally = must also make the third = 0. 

Ex. 1. The threa bisectors of the ^eB of a triangle meet in a point. Their 
eqaationa are (Ait. 29, Ex. 4) 

(y'-' + j' ~2s")x-(x- + ^ -2B")ff + C«"y'-y"V) + (»T's" -s'ai") = 0, 

fo' + y" - 3s"') x-(,^ + e" - 2^"') J + (a/j'" - y-Ji- ) + («"/" - V""^") = <>■ 

And since the three equations when added together vaoisli identically, the lines 

represented bj them meet in a point. Its coordinates are fouad, bj solving between 

anj two, to be 5 C"' + "" + '^l' iis' + y" + y'")- 

Ex. 2. Prove the Bama thing, taking for axes two ades of the triangle whose 

"»«"■"»"•■"■ A..| + |-i = 0,^ + 5-1 = 0, 5-1 = 0. 

El. B, The three perpendiculara of a triangle, and the three pexpendionlata at 
mHdlo points of aides respectively meet in a point. Tor the equations of Bi. 6 
and 6, Art. 82, when added together, vanish identicallj, 

Bi. 4. The three bisectors of the angles of a triangle meet in a point. For their 
equations are 

(;ccoBa + saina-p ) - (k cos;3 + j sin(3-j>') = 0, 
{^ cosp + !/ ein^-y ) - (b cosy +;/ amy -p") = 0. 
(xmBy + i/siay-p")-{x<:osa + s sina-j.)^0. 

*42. To find the coordinates of the intersection of the line 
joining the points ^y\ <d'y'\ with the right line Ax + By+ G=0. 

We give this example in oi'der to illustrate a method (which 
we shall frequently have occasion to employ) of determining the 
point in which the line joining two given points ia met by a 
given locus. We know (Art. 7) that the coordinates of any 
point on the line joining the given points must be of the form 
mai" + nx^ my" + ny' 



and we take as our unknown quantity — , the ratio, namely, in 
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wliich the line joining the points is cut by the given locus ; and 
we determine this unknown quantity from tbe condition, that 
the coordinates just written shall satisfy the equation of the 
locua. Thus, in the present example, we have 

m + n m + n ' 

m Ax' + By'+C 

hence — = — r-r, nV— ?ij 

n Ax -i- -% -t G ' 

and consequently the coordinates of the required point are 
_ {Ax' +B t /'+G) x" - [Ax" + Bf +0)xr 
^~ (Ax' + By'+C)-{Ax" + Bf+C) ' 
with a similar expression for ?/. This value for the ratio m : n 
might also have been deduced geometrically from the considera- 
tion that the ratio in wbich the lino joining w't/', xy" is cut, is 
equal to the ratio of the perpeudiculara from these points upon 
the given line ; but (Art. 34) these perpendiculars are 
Aa! + %' 4 g , ^3:" + gy'4 G 
V(^''+^) '^{A'-VB') ■ 

The negative sign In the preceding value arises from the fact 
that, in the case of internal section to which the positive sign of 
m : n corresponds (Art. 7), the perpendiculars fall on oppoaito 
sides of the given line, and must, therefore, be understood as 
having different signs (Art, 34). 

If « right line cut the sides of a triangle BCf GA^ AB^ in 
the points LMN, then 

BL.GM.AN _ 

lg:ma.n£~ ^' 

Let the coordinates of the vertices be x'l/', x"y'\ »"'y"'j then 
BL _ Ax" + B y" + G , jyf 

TG ^ ~ Ax"' ■{• By-"TG 
CM _ Ax'" + Bf'+G 
MA ~ Ax' + By + G ' 
AN__ Ax' ^By' ^G 
NB Ax" + By"-ir'G' 

and the truth of the tlico- 
lem is maiiircfit. 
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*43, To find the ratio in which the line joining two points 
x^y„ x^^, is cut hy the line joining two other points x^^, a;^,. 
The equation of this latter line is (Art. 29) 

Therefore, by the last article, 

^^_ bs - %) '"i - (^3 - ^J y. + ^^Vk - '^S^ 

" (j's - yi ^, - i^s - ^4) 2/» + "^^4 - ^iVo ' 

It is plain (by Art. 36) that this is the ratio of the two triangles 
■whose vertices are 3^,i/,, x^^^ x^^, and x^^^, x^y^, x^^, as is also 
geometrically evident. 

If the lines connecting any assumed point with the vertices of 
a triangle meet the opposite sides BC, OA, AB respectively^ in 
/>, B, F, then 

BD.CE.AF _ 
DG.EA.FB"^ 

Let the assumed point be x^j^, and the vertices a-^j, x^j.^, 
a-^3, then 



DC 
CE 


1, (S, - S,] + '». Is, -3,)+", is, - H.) 


JIA 
AF 


"^.(j.-yj + i'.ly.-yj+^.ly.-y.) 
a^, (s. -»,) + »:. (y, - yj +=!. (y, - y.) 



and the truth of the theorem is evident. 



44. To find ihepolar equation of a right line (see Art. 12). 
Suppose we take, as our fixed axis, OP the perpendicular on 
the given line, then let OB be 
any radius vector drawn from 
the pole to the given line 
OB = p, ROP^e; 
but, plainly, 

ORmne^OP, 
hence the equation Is 
p cos 5 = p. 
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If the fixed 3X13 be OA making an angle a with the perpen- 
dicular, then i? OA = 6, and the equation is 
p co3(fl —a) ^p. 
This equation may also be obtained by transforming the 
equation with regard to rectangular coordinates, 

X cosa + ^ s\n(x=p. 
Itcctangnlar coordinates are transformed to polar by writing 
for x, p cos dy and for i/, p am0 (see Art. 12) ; hence the equation 



p(co8^ cosa + sin^ sina}=p; 
or, as we got before, p cos(^ — «) =p. 
An equation of the form 

p{Acos0-i-Bs\aff)=C 
can be fas in Art. 23) reduced to the form p cos (5— «) =p, by 
dividing by '/{A" -f JB^) ; we shall then have 

Ez, I, Seduce to rectangular coordinatcE the equation 

Es. 2. Find the polar coordinates of the intersection of the foUowIng lines, and 
also the angle between them ; p coa [ e — ^] = 2a, p maid - p)=o. 



Ex. 3. Find the polar equation of the line passing througii the pointe whose 
polar cooidiuates are p', S'; p' , 6". 

Am. p'p" Ein (fl" - 6") + p"p OP (e" - e) + pp' 3in(e - «') = 0, 
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CHAPTER III. 



EXAMPLES ON TEE EIGHT UHE. 



45. Having in the last chapter laid down principles by 
which we are able to express algebraically the position of any 
point or right line, we" proceed to give some further examples 
of the application of this method to the solution of geometrical 
problems. The learner sbould diligently exercise himself in 
working out such questions until he has acquired quickness 
and readiness in the use of this method. In working such 
examples our equations may generally be much simplified by a. 
judicious choice of axes of coordinates; since, by choosing for 
axes two of the most remarkable lines on tbe figure, several of 
our expressions will often be much shortened. On the other 
band, it will sometimes happen that by choosing axes uncon- 
nected with the figure, the equations will gain in symmetry 
more than an equivalent for what they lose In simplicity. 
The reader may compare the two solutions of the same question, 
given Ex. 1 and 2, Art. 41, where, though the first solution 
is the longest, it has tbo advantage that the equation of one 
bisector being formed, those of the others can be written down 
without further calculation. 

Since expressions containing angles become more complicated 
by the use of oblique coordinates, it will be generally advisable 
to use rectangular axes in any question in which the considera- 
tion of angles is involved. 

46. Loci, — Analytical geometry adapts itself with peculiar 
readiness to tbe investigation of loci. "We have only to find 
what relation the conditions of the question assign between the 
coordinates of the point whose locus we seek, and then the 
statement of this relation in algebraical language gives us at 
once the equation of tbe required locus. 



y Google 



EXAMPLES ON THE EIGHT LINE. 

d difEcrenoe of egnatea of ddea o! a triangle, i 



39 



Bi. 1. Oiven base ai 
locus of vertes. 

Let us take for asea the base aud a perpendicular through its middle point. Let 
the half base = c, and let the coordinate of the rertes 
bo X, y. Then 

AC = t+^'' + xf* Ba' = s' + ifi-x)'', 

and the equation of the locus is icx = mK The locua 
ia therefore a line perpendicular to the base at a dis- 
tance trora the middle point a = ^ . It ia easy to see 



M R B 

of sidia. 



that the difference of squares oF segmenta of base = tlifferenci 

Bs.2. Puid locus of vertex, giren base and cot 4 + i» OOtS. 

It ia evident, from the figure, that 

C0t^ = 7;3=: j cotB = ■, 

and the required equation isc + E + n!(e — i) =pi/, the equatjou of a right line. 

Ex. 8. Given base and sum of sides of a triangle, if the perpendicular be pro- 
duced beyond tbe vertei nntil its whole length ia equal to one of the sides, to find 
the locus of the extremity of the perpendicular. 

Take tbe same ases, and lot us inquire what relation exists between the coordi- 
nates of the point whose locus we are seeking. The x of this point plainly ia MS, 
and the y is, by hypothefflS, = AC; and if m be the given sum of ados, 

BC = m-y. 
Now (EucUd II. 13) BU' = AB' + AC- 2AB . AR ; 

or {m-i/y = ic^-i-y^-ic{c + x). 

Bsdnoii^ this equaKon we get 

2m!/ — li^ = "I'l 
the equation of a right line, 

Ex. 4. Given two iised lines, OA and OB, if any line AB he drawn to intersect 
them parallel to a third fixed line OC, to £nd the loons of the point P where AB 
is cut in a given ratio ; viz. PA — nABt 

Let U8 take the liaes OA, OC for axes, and let the 
equation of OB hsy = mx. Then since the point JJ lies 
on the latter line, its ordinate is m times its abscissa ; or 
AB = mOA. Therefore PA = mnOA ; but PA and OA 
ace the coordinates of the point P, whose locus is there- 
fore a right line through the origin, having tor its equation 




• This is a particular case of Art. i, and o + a is the algebraic differenoe of the 
abscissEe of the points A and (see remarks at top of p, 4). Beghiners often reason 
that einoe the line AB consists of the parts AM = — c, and Mlt = x, its length ia 
— c + x, and not c + x, and therefore that AG^ = f + (x- cy. It is to be observed 
that the sign given to a line depends not on the side of the ori^u on which it lies, 
but on the direction in whioh it is measured. Wo go from J to Ji by procsading 
in the poative direction AM=:e, and still further in the same direction 3lB = x,, 
therefore the length AS = i; + a ; but we may proceed from A to B by first going 
in the negative direction BM = — x, and then in the oppo^te direction MB = a^ 
hence the length JIB is c — x. 
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Ex. 5, PA drawn parallel to OC, as before, meets any number of fiied lines in 
points S, B", B", &a., and PA is taken proportional to the sum at all the ordinatea 
SA, B'A, Ac, And the loons of P. 

Ans. If the equations of the lines be 

the eqnaUon of the locus is 

kS^m^-^■ K^ + «') + {m"^ + n") + &c. 

Es. G. Given bases ami aum of areas of any number of triangles having a common 
vertex, to find its locus. 

Let the eciuations of the bases be 

and tbdr lengtbs, a, i, c, Ac. ; and let the given sum = j»' ; then, sinoa (Art. 84) 
a GOSa +s ain n - p denotes the perpendicular from the point st/ on the first line, 
a(a coaa -\- y sma — p) will bo double the area of the first trianglo, Ac-, and tixe 
eqnaUon of the locus will be 

o(icoa« + sBiii«-p)+*{3!COB^+j(Bin^-p,) + e(^cOsy+ssiny-pJ + &a. = 2m» 
which, since it contains x and y only in the first degree, will represent a right fine. 

Ex. 7. Given vertical angle and sum of siite o£ a triangle, find the locus of tha 
point where the base is cnt in a given ratio, 

The ffldea of the triangle are taken for aies, 
and the ratio FK : PL is given =n:m. Then 
by similar triangles, 

and the loons Is a right line whose equation is — + - = . 

Ek. 8. Find the locns of P, if when perpendioulara PM, FN are let fall on two 
filed lines, OJf + OJVis given. 

Taking the fiKed lines for axes, it is evident 
tliat OM = x + ycosw, ON = y + xcosw, and 
the locus is E + J — conatant. 

Ex. 9. Find the locus it My be parallel to 
a fised line. 

Ei. 10. If MN be bisected [or cut in a, given 
ratjo] by a given line y = mx + n. 

The ooordinatea of the middle point ex- O Gu M 

pressed in terms of the coordinates of P are J (s + y cos lo), J (y + k cos w) i and since 
these satisfy the equation of the given line, the coordinates of P satisfy the eqnalion 

Ex. 11. P moves along a given line y^mx + n, find the locna of the middle point 
of MN. If the coordinates of P be n, ft and those of the middle point x, y, it haa 
just been proved that 2a: — H + ^oosM, 2y = ^ + aooaai. Whence solving for a, ft 

But a, ^ are connected by the relation (3 = tno + n, hence 
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47. It is customary to denote by x and y the coordinates of 
a variable point whiclt describea a locus, and tho coordinates of 
fixed points by accented letters. Accordingly in the preceding 
examples we have from the first denoted by £ and y the 
coordinates of the point whose locus we seek. But frequently in 
finding a locus it is nccessaiy fo form the equations of lines 
connected with the figure ; and there is danger of confusioo 
between the a; and y^ which are the running coordinates of a 
point on one of these lines, and the x and y o£ the point whose 
locus we seek. In such cases it is convenient at first to denote 
the coordinates of the latter point by other letters such as a, j3, 
until we have succeeded in obtaining a relation connecting these 
coordinates. Having thus found the equation of the locus, we 
may if we please replace a, ^ by a; and y, so as to write the 
equation in the ordinary form in which the letters x and y are 
used to denote the coordinates of the point which describes 
the locus. 

Ex. L Kiiii tte locus of tho TcrtcK of s. triangle, given tlie base CD, nnd tbs 
ratio AM-.NB of the parts into wJiioh the aidts 
diTide a fixed line AB parallel to the base. Talte 
AB and a pcipendioular to if through A for OKCa, 
and it is necessary ki eapress AM, JfB in terms 
of the coordinates of P. Iiet these coordi- 
nates be ojS, and let tlio coordinates of C, iJ be 
a'y', ^y, the s' ol botli being the sama since CJ} —^ 
is pai'allel to AB. Then the equation of PC joining 
the points a/S, afy' is (Art. 29) 

This eqiiation being satisfied by tho x and y of eToiy point 
by the point M, whose y = and whose x = AM. M 




In like manner, 

and if AS = (t, the telati 



-^Lz 



kBK gives 

We have now eipresaed the conditions of the problem in terras of tha coordinates of 
the point P ; and now that there is no furthei' danger of confusion, we may replace 
a, ft by X, y; when tha eqnation of the loons, cleared of fi'aotions, becomes 

Ex. 3. Two vertioea of a triangle ABO move on iiied right hnes LSf, LN, and 
the three aides pass through three fiied points O, P, Q which lie on a right line 
find tho locus of the thii-d vertex. 
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Tskefor ejtia of arthe right line OP, containing tlie three SieiJ points, snd for 
iixia of t/ the hne OL joining the inter- jj^ 

Efiction of the two fiied linea to the point 
through which the base passes. 3Jet the 
Cficrdinataa of Cbe a, ft and let __^ 

0L=b,0M^a. oN=a; op-i:,oQ=c'. ^^rrrT^- /\ 

Then obrioufily the equations cf LM, ZJV y 




il, the intersection of this line with 
ab~' 



-«) + 



rhe coordinates of B are found by ai 
_ a-h (« - O H 



ply accentuaijng the letters in the preceding ; 

:^ M"'- 



Kow the condition that two points aj/u %Jj shall lie on a, right line passing through 
the origin is (Art. 30) ^ = ^ . 
Applying this condition we have 

»("-°)^ _ hffl-- 0_3_ 

o* (a- e)+™^"o'i («-=') + SV^' 

We have now derived from the conditions of the problem a reladon which must he 

satisfied by h/3 the coordinates of C; and if we replace a, (3 hy a^ y we have the 

equation of the locus written in its ordinary form. Clearing of flections, we have 

(a - c) Ki {x-d) + aVj] = (a' - c') [ai (=:-«) + acy\, 

(.. c- - aV} g^ g _ 

the equation of a right line through the point L. 

Ei. 3. If in the last example the points P, Q He on a riglit line passing not 
through but through L, find the locus of rertes. 

We shall first solve the ganeral problem in which the points P, Q have any 
positjon. We take the fiied lines LM, LN for axes. Let the coordinates of 
P, Q, O, C h& respectively ^/, «"(/", i"y". a/3 j and the condition which we 
want to Bspress is that if we join CP, CO, and then join the points A, B, in which 
these lines meet the ases, the line AB shall pass through 0, The equation of CP 
is(^-y)«-(„-=:')j = ^'-«;,'. 

And the intercept which it makes on the axis of a b 



LA = 



P-S' 



In like manner the intercept which CQ mates t 



I the a: 



The equation of AB JH 

L'a'^77b~ 
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And tlie conaition of the problem is tiiat this equaUon shall be satisSed by tie 
coni-diimt«a x"'y"'- I" order then that the poiat C maj fulfil the ectnditioua of t&a 
problem, its ooordinates <i(3 mnat bo connected bj the relation 
>^"(fi-s' i , y'"(°-^') _, 

"When this equation is cleared of tractioas, it in general inTOlvea tha 
o^ in the second degree. But suppose that the pohits a/j', !e"j" lie oi 
line pasaii^ through the origin j = mr, so that we have 1/ = Bia', y" 
equation may be written 



=^(/i-.m)^ 



"{™ 



Clearing of fractions end replacing a, p by a and j, tte locus is a right line, rfi. 
2"V' (!/-!/')- !/"V (a - ii") = ^>/' {mx-y). 
48. It is often convenient, Instead of expressing the condi- 
tions of the problem directly in terms of the coordinates of the 
point whose locus we are seeking, to express them In the first 
instance in terms of some other lines of the figure; we must 
then obtain aa many relations as are necessary in order to 
eliminate the indeterminate quantities thus introduced, so aa to 
have remaining a relation between the coordinates of the point 
whose locus is sought. The following Examples will sufficiently 
illustrate this method. 

Ex. 1. To find the locus of the middle points of rectangles inscribed in a given 



d AB; MCS=p,EB = 



U^^_ 



Now if we draw any line FS parallel to tie base 
at a distance FK= A, we can find the abaoissse of 
the points F and 8, in which the line FB meets 
AC and BC, by eubaljluting in the equations of 
AC and BC the Talne y~k. Thus we get from 
the first equation 



nEK = 



id from the second equation 



AKR L 



Having t!ie abscissa of F and 3, we hare (by Art, 7) the abscissa of the middle 
pomt of FS, viz. E = ~ • (l - D . This ia evidently the abBcissfl of the middle 
point of the rectangle. But its ordinate is y = Ji. How we want to find a relation 
which vrill subsist lietween this ordinate and abscibsa whatever k be. We have 
only then to eliminate h between these equations, by substituting in the first the 
value of k (= 2j), derived from the second, when we have 

!!, = (.-.■) (■-=-»), 
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This is tlie equation □£ Hie locos wMch vre seek. It obrioneljr i^presenta a, nght line, 
and ii we esamine tlie intercepts wMch it cuts off on Hie ases, we sliall Sua it to lie the 
line joining tlie middle point of ttie perpendicular GS to the middle point of tie bsES. 

Ei. 2. A line is drawn parallel to the bise of a triangle, and the points where it 
meets the sides joined to any two fixed poinlia on the base ; to find the locus of the 
point of inteieection of Hie Joining lines. 

We shall preserre the same aiea, Ac., as in Es, I, and let the coordinates of the 
filed points Tand T, on the base, be for 7" (m, 0), and for F(ii, 0). 

The Btiuation of .FT will bo found to be 



{'('-■)"}.-».-.,=., 




and that ot SVtohe 




H'-i)-}»-'--^=»- 




Now since the point whose locne we are seeking lies on botii tlie 1 


ines FT, SV, 



of tie equations just written expresaea a relation which n 
ordinates. Still, since these equations involve k, they express relations which are only 
true for that paitioular point of the locus which corresponds to the case where the 
parallel FS is drawn at a height k abore the base. If, however, between the equations 
W6 eliminate the indeterminate ^, we shall obt^n a relation involving only tiJe 
coordinates and known quantities, and which, ance it must be satisfied whatever be 
the position of the parallel FS, wUl be the required equation of the locus. 
In order, then, to eliminate k between the equations, put them into the form 



FT 


(» 


■+-«)?- 


-.(>-..») 


= 0, 


SV 




If-.), 


-Hj' — ") 


= 0, 


get! 


fortl 


^ eqnati. 


mot the locus 




-") 


(P 


'- + - 


)=(...,(',. 


..-.)= 



But this is the equation of a right line, since x and y are only in the first degree. 
Ex. 3. A line is drawn parallel tK) the b^e of a tiiangle, and its extre 
joined transversely to those of the base ; to find the locus of the point 

Tliis ia a particular case of the foregoing, but admits of a simple solution by 
choosing for oxj/b the sides of the triangle AC and CB. Let the lengths of those 
lines be a, b, and let the lengths of the proportional intercepts made by the parallel 
be fia, iJ>. Then the equations of the transversals will be 



Subtract one from tlie other, divide by the constant 1 — - , and we get for the 
equation of the locus 



Ex. 4. Given two fixed points A and B, one on each of the ases, if A' and B' be 
tEiken on the axes so that OA- + OB' =OA + OB: find the locus of the intoricctioa 
of AB', A'B. 
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Sa + ny — a44-A(j — i) = 0. 
Subtracting, we eliminate k, and find for tie equRtioo of the loons 

Ex. 6. If on the base o( a triangle we take any poj'tion A T, end on the other aide 
of the base another portion BS, in a fixed ratio to j4 r and draw BT and FS pandlel 
to a fixed line CR; to find the hicua of 0, the point of interaeotion of SB and FA. 

Take AB and CR for aies ; ist AT = k, BR = s, (-. 

AR = s', CR = p, let tho fixed ratio be m, then 
iSwill^TuA; theooordinate9ofSwilltjB(s-mi,0), / 1 \^ ri 

'and of r {- (s" - i), 0). ' ' ^ 

The ordinates of E and F will be found by sab- 

elitating these ralues of a in the equations of AC . . _^ 

and BC. We get for A T K S li 

E. , = -(,■-.,„=*, 

and for F, x = s ~ mJc, y =^'^^ . 

Bow form the conations of the tiansTerao lines, and the eqnation of EB is 

and the eqnatdon of AF is 

To eliminate i, subtract one equation from the other, and the regiilt, divide 
by *, will be 

which is the equation of a right line. 

Ex. 6. PP' and QQ' are any two parallels to the aides of a parallelogram; t 



> of the intersection of the Imes PQ and P'Q'. 
o o£ the sides for 



'fiaa of the sides be a 




There being two indetetminati 
should at first soppose that it would not be pos- A Q B 

sible to eliminate them from tiao equations. However, if we add the aboTe equatior 
it wiU be fonnd that both vanish together, and we get for our locus 

the equation of the diagonal of the parallelogram, 

Ex. 7. Given a point aiid two fixed lines ; draw 
point, and join transversely the points where they 
locus of intersection of the ti-.uisverse lines. 



lines through the fised 
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Take the fised linea £oc axes, and let the equations of ths liaea through the fixed 



The conditions that these lines Bhonld pass through the fiscd point ^y give ua 

-+s=l, and '^ + 5L = lJ 
or, Bubtiactang, 

How the equations of the tranTerse lines clearly are 

or, subtracting, 

•e-i)-»e-3=»- 

Now troni this and the equation just found we can eliminate 

and we hare :ify + f/'x = 0, 

the equation of a right line through the origin. 

Ex, 8. At any point of the base of a triangle is drawn a line of gi™" length, 
parallel to a given one, B,nd so as to be cut in a given ratio by the base ; find the 
locne of the intersection of the lines joining its extreuities to those of the bass. 

49. The fundamental idea of Analytic Geometry is that 
every geometrical condition to be fulfilled by a point leads to 
an equation which must be satisfied by its coordinates. It 
13 important that tbe beginner should quickly malte himself 
expert in applying this idea, so as to be able to express by an 
equation any given geometrical condition. We add, therefore, 
for his further exercise, some examples of loci which lead to 
equations of degrees higher than the first. Tbe interpretation 
of anch equations will be tbe subject of future chapters, but 
the method of arriving at tbe equations, which is all with which 
we are here concerned, is precisely the same as when tbe locus 
is a right line. In fact, until the problem has been solved, we 
do not know what will be the degree of the resulting equation. 
The examples that follow are purposely chosen so as to admit 
of treatment similar to that pursued in former examples, 
according to the order of which they are arranged. In each of 
the answers given it is supposed that the same axes are chosen, 
and that the letters have tbe same meaning as in the corre- 
sponding previous example. 
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Ex. 1. Find the locns of vertex of a triangle, given base sud Bum of aqnares 
of Bides. Am. s' + j" = im' — c'. 

Ei, 2. S-iven base and m squares of one side + n sqnarea of the other. 

Ane. (™ ± »} (a^ + j=) + 2 (m T «) e.« + [m ± B) c' =p\ 

Sx, S. Given base and ratio of sides. 

Ex. 4. Given base and product of tangents of b^e angles. 

In this and the Examples nest following, the learner will use the valao of the 
tangents of the base angles given Ex, 2, Art, 46. Am. j^ + ni'x^ = m'c'. 

Ex. 6. Given base and vertical angle or, in other vrords, base and sum of basB 
angles, Am. if + ^-la/ cotC = e', 

Ei. 6, Given base and diffiei'ence of base angles. Am. ic* — j' + atj cot i) = A 

Ex. 7. Given base, and that one base angle is double the other. 

Am. 3i^-s^ + 2cx = c''. 

Ex. 8. Givenhase, andtanC^mtan J. Ans. bi [3:' + j'- c') = 3o (o - i). 

Ei. 9. FA is drawn parallel to OC, as in Ex. 4, p. 89, meeting two fixed lines in 
points B,B'i andi'^^is taken = PS. PS', find the loons of P. 

Ex. 10, PA is taken the harmonic mean between AB and AB". 

An^. 2mx {m'x + !i')=y{mx + m'x + n'). 
Ex. 11. Given vertical angle of a triangle, find the locns of the point where the 
base is cat in a given ratio, if the area also is given. Am. ay = constant. 

Ex. 12, IE the base is given. ^^^ '^ t 2ajco9M ^ ^ 

Ex. 13. If the base pass through a fixed point. ^^ ms' . ^ _ „ . „ 

Ex. 14. Find the locus of P [Ex. 8, p. 40] if MN is conEtant. 

Ex.16. If ^JVpa^thronghafised point. . a' 1/ _ j 

Ex. 16. If jtfW pass through a fixed point, find the loons of the inlersection o( 
parallels tofiieaxes through Jfand N. Ass. '^'^ ~„~^' 

Ex. 17. Find the locus of P [Ex. 1, p, 41] If the line CD be not parallel to AB. 

Ex. 18. Given base CD of a triangle, find the locus of vertex, if the intercept AS 
on a given line is constant. 

Am. Ws -^<^){y- y") - Wv - y"a) Is - ^ = ' <y - s'Xjt - Sl- 

50. Problems where it is required to prove that a moveable 
right line passes through a fixed point. 
We have seen {Art. 40} that the Une 

or, what ia the same thing, 
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where h ia indeterminate, always passes through a fixed point, 
namely, the intersection of the lines 

Ax + By-\-G=% smA A'x -\ By ■\- C" = 0. 
Hence, if ike equation of a right line contain an indeterminate 
quantity in the first degree, the right line will always pass through 
a fixed point. 

the Kcipi'ocals of Oie 

Take tie Eidca for asea ; the equation of tlie base is ^ + 'r = 1, auiJ we ute given 
iho condition 

1 i_ 1 i_L_^ 

ab~m'°^i~m a' 
therefore, equation of base ia 

where m is constant and a indetei'minate, that ia 

where - ia indeterminate. Hence tha liase must always pass through the intersection 

Bi. 2, Given three fixed lins OA, OB, OC, meeting in a point, if the three vertices 
of a triangle more one on each of those line^ and two sides of the triangle pass tliroogh 
fixed points, to prove tha,t the remaining side passes thi'ough a fixed point. 

Talie tor axes the fixed lines OA, OB on which the base angles move, then the 
line OC on which the vertex moves wUI have ^-^y 

an equation of the form y = nte, and let the 
fiMd points be a'j', t''^". Now, in any position 
of tha vertex, let its coordinates he x = a, and 
conaeqnentlyy = niai then the equation of jlCis 

(3^ - «) ? - (j/- - mo) »: + a (?* - nia,') = 0. 
Similarly, the eqUEition of SC is 

Now the length of the intercept OA is found by mailing a = in conation AC oi 

Siraibrly, OB is found by mating j - in BO, or 
- ° (y" - ""^') 

Bcnae, from tliese intercepts, equation of AB is 

But since Q is indetei-minate, and only in Hie fii-st degree, this line alwaj-s passes througii 
a Hied point. The particular point is found by arranging the equation in the form 
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Hence the line pasaeB through the interaectioQ of the two hnes 

J," - mx" '^ ~ !;■ - HMj' " ~ ' 

and ■ „ """ ,. - -;■ ■ ^ ■■■-7 + 1 = 0. 

y — DtB If ~ rial 

Ex. 3, If in the last esimplo the line on which the vertes C moves do not pasB 
tbiough 0, to determine whether in any case the base will pass through a fixed point. 

We retain die same axea sod notation as before, nith tho only difference that the 
eqnaUon of the line on which Q moreB will be ^r = n^B 4- n, and the coordinated of the 
Tertaxin any poaition will be a, audmo + n. Then the equation of AC\a 

(is' - b) S - (j' - mo - «) B + o (s' - nuO - "i"' = 0- 
The equation of BC ia 

tij - n (y- - .M^) ~ wa - _ ^^ _ a l^' ■- ms^') - nsd' ^ 



The equation of AB is therefore 



How when thb is cleared of fractions, it will in general contain a in the second degree 
and therefore the base will in general not pasa through a fixed point { i^ howevfp*f 
the poiMs a^n', t^'y" He in a right line {jj — kx) poising through O, we may aubatituW 
in the denominatois 3" = fcc", and y" =: kx', and the equation becomes 



whicli contains a ia the Jtrst degree only, and therefore denotes a right line pasang 
through & fixed point. 

Ex. 4. If a line be aueh that the smn oE the psrpendiculars let fall on it from 
a number of fixed points, each multiplied by a constant, may = 0, it will paaa through 
a fised point. 

Let the equation of the line be 

then the perpendicular on it from a^y' is 

a/cosa + Zsina-p, 
and the conditions of the problem gire us 
m' («' cos « + J/- Bin a - p) + m" (^" cos a + a" ain a - p) 

+ m'" {x"' COS n + 3/" sin a ^p) + &0. = 0. 
Or, udng the abbreviations S (ms^) for the sum* of the mi, that ia, 

m V + m'V + m"'x"' + &c., 
and In like manner S fjat/) for 

iray + im"j" + m'"g"' + &e. 



d X (m) tor the su 



1, for ituy of the quantities 
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wo may write tlie preceding equation 

2 {mu,-j cos a + S (>nyO sin „ -pS (m) = 0. 
SuTjstituting in the ori^nal eijuation tlia salne of jj hence obtained, we get for the 
equaUon of the moieable line 

tS (m) COB = + jZ (»,) ainn - S («.iT cos « - £ (m^) ain « = 0, 
or XZ (^) -~Z(m^-)+ {yZ (m) - £ {m/)] tan = = 0. 

Now aa this equation inyclves the indeteiminate tann in the first degree, the line 
paasca through the Sxed point deterniincd by the equations 

xZ (m) - Z (niV) = 0, and yE (m) - 2 (mj'J = 0, 
or, writing at fnll length, 

_ ibV + m"x" + m"'ar' + Ac. _ m'y' + mV + m 'V " + &B. 

"' m' + m" + ai"' + &e. ' ^~ m' + m" + m"' + &c ' 

^This ptont baa EOmetimea been called the ceiUre ijf mean poiUhn of the given points. 

61. If the equation of any line involve the coordinates of 
a, certain point x'y in the first degree, thus, 
{Ax' + Zfy + C) a; + (^ V + B'p' ■fC')t/+ {A"x' + By + C") = ; 
then if the point x'y' move along a right line, the line whose 
equation has just been written will always pass through a fixed 
point. For, suppose the point always to lie on the line 

Lx' + My' + iV"= 0, 
then if, by the help of this relation, we eliminate a;' from the 
given equation, the indeterminate y' will remain in it of the first 
degree, therefore the line will pass througl) a fixed point. 

Or, again, if the coefficients in the equation Ax+ By ■\- C=0 
be connected by the relation aA-\- bB + cC=0 {where a, J, c are 
const-ant and A, B, C inay vary), ike line represented by this equa- 
tion unit always pass through a fixed point. 

For by the help of the given relation we can eliminate C, 
and write the equation 

{ex- a] A -^-Icy -b] B= 0, 

a right line passing through the point {x = ~,y = -\ . 

52. Polar Coordinates. — It is, in general, convenient to use 
ihis method, if the question be to find the locus of the extremities 
of lines drawn through a fixed point according to any given law. 

Ex. I. A and B are two fixed points; draw through B any line, and let fall on 
a perpendicular from A, AP; profluee AP so that the rectangls AF .AQ may be 
oanstaat ; to find the locus o£ the point Q, 
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EXAMPLES ON THE RIQIIT LINE. 

Take A for tbe pole, and AB for the fised axis, then 4(J la our radius y. 
designated bj /), and the angle Q,AB - B, and onr object 
is to find the relatJoa esisiing between p and d. Let ua 
call tha constant length AB = e, and from the riglit-ane!ed 
triangle /IPS we ha,Ye .lP=c cos e, but ^P . .4<i = conat. = A* t 
therofore 



but we have seen (Art. 44) that this is the equation of a right 
line perpendiculat to AB, and at a distance from A = 




Ex. 9. Given the angles of a. triangle ; one vertex A is flicd, another B n 
along a fixed right line : to find the locus of the third. c. 

Take the fised vertes A. for pole, and AP iicrpendicular 
to the fised Ime for aaia, then AC = p, CAP = B. Now 
suioe the angles of ABC are given, AB is in a fised ratio 
to ACI=LmAC')eiid SAP = e-a; but AP = ABaaBBAPi 
therefore, if we call AP, a, we hare 

BVCos(fl-a)=a, 




, Qlven h 



B and anm of ^daa of a triangle, it at either estremity of the 



base S a perpendicular be erected to the conterminono side BC\ 

of P the point where it meets CP the CKtemal bisector of vertical angle. 

Let us take the point B for our polo, then BP will be oui radiui 
let us take the bafe produced for onr fixed asia, then 
PBS = e, and our object is to express p in teims ot fl. 
Let UE designate the sides and oppOEita angles of the — — ii- 

triangle a, b, e. A, B, C, then it is easj to tee that 
the angle BCP -90" -ic, and from the triangle 
PCB tliatB = p tsniC, Hence it is evident tbat if 
weconld espress a and tan ^C in terms of 6, we cou-^ ^_ 
express p in terma of 8, Now from the triangle ABC we have 

S' = o' + c'-eo«ooBS, 
but it the given sum of aid^ be m, we maj aubstitute for i,m-a 




Thua we have BKpreased a in terms of fl and 
an espression for tan ^ C, 

Now ttca^c=^ 

but aBiu(7 = <;3inB = (!C03fl, andSoos 
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EXAMPLES ON THE EIGHT LINE. 



Hence tlio locua is a line perpendiouJar to the basa of tiie triangle at a distant 
l.omi> = !ti. 

The student may eseroise himBelf with the corresponding locus, if CP had been 
tha internal bisector, and if the diffirettee of sides had been given. 

Bs. 4. Qiven n fixed right lines and a fixed point O; if thtou^ this point any 
radius rector be iJrawn meeting the right lines in the points r„ i-j, r,„.r„, and on 

this a point S be taken such that 777-. = 7;— + -77 + rr- +— tt" . t^ ^"^ the 

OJi Or. Or, Oi-, ft'„ 
locus of R. 

Let the equations of ihe right lines be 

p cos (0 - a) =p, i p C03{e - ^) =p„ Ac 
Then it is easy to see that the equation of the locus is 
fi^ coB(e-a) cos(e-ffl 

p K "■■ y,' " + *'=■ 

the equation o( a rigtt hne {Art, 44). Tbia theorem is only a, particular case of 
a general one, which we shall prove afterwards. 

We add, as in Art. 49, a few examples leading to equations of Mgher degree. 
Ex. 6. BP is a fixed line whose equation is /) cos = m, and on each radius lector 
13 taken a constant length PQ ; to find the locua of Q [see fig., Ex. 1], 

AP is by hypothesis = —^ i therefore AQ = p = —^ + d, which, transformed 
to rectangular coordinates, is (s — m)" (i^ + y') = d'x'. 

Ex. 6, Pina the loons of Q, if i> describe any locus whose polar equation is giren, 
fi = <p (0). We are by hypothesis giren AP m terms of 6, but AP is tie p of the 
locus — rf ; we have therefore only to sntistitute in the giten equation p — dior p. 

Am. p-i^^^p (9). 
El. 7. If AQ he produced so that AQ may be douhle AP, then AP ia half the 
^ of the loous, and we must substitute half /) for p in tha giTCn equation, 

Ex. 8. If the angle PAB were bisected, and on the bisector a portion AP' be 
taken so that AF'^-thAP, find the locua of F" when P describes the right line 

c COB tl =. m. PAB ia now twice the H ot the locus, aiid therefore AP = ke i sjxd 

(he equation of the loous is p' coaSa = m', 



y Google 



( 53 ) 



»CHAPTEU IV. 



53. We have seen (Art, 40) that the line 

[x cosa + 1/ sma—p) —h{x co3/3+y mn ^—p') = Q 
denotes a line passing through the intersection of the linca 
ic co3a + J sina— p =0, a; cos^ + 7 sin^— p' = 0. 
"We shall often End it convenient to use abhreviationa for 
these quantities. Let us call 

X coaa + i/ sin«— ^, a; x cos0 + y sln/S— p', y9. 
Then the theorem just stated may be more briefly expreased ; the 
equation a — /i;/3 = denotes a line passing through the intersec- 
tion of the two lines denoted by a = 0, /3 = 0. We shall for 
brevity call these the lines a, ^, and their point of intersection 
the point a/3. We shall, too, have occasion often to use abbre- 
viations for the equations of lines in the form Ax + Bt/+ C=0. 
We shall in these cases make use of Roman letters, reserving 
the letters of the Greek alphabet to intimate that the equation 
is in the form 

X coaa+^ sina-j) = 0. 

54, We proceed to examine the meaning of the coefficient k 
in the equation a-Jy3 = 0. Wo saw (Art. 34) a 

that the quantity a (that is, cg cosa + !/ sina-^) /^NT" 

denotes the length of the perpendicular I'A let fall //| 
from any point ccy on the line OA {which we /^ I 
suppose represented by a). Similarly, that /3 is the ^ ^ 

length of the perpendicular PB from the point z^ on the line 
OS, represented by /3. Hence the equation a— ^^ = asserts 
that if, from any point of the locus represented by it, perpen- 
diculars be let fall on the lines OA, OB, the ratio of these per- 
pendiculars (that is, PA : PB) will be constant and=/c. Hence 
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54 THE EIGHT LINE — ABRIDGED NOTATION. 

tlie locus represented by a — A/3 = is a right line through 0, and 

,_PA sin POA 

'^'PB' "'■"d^PflS- 
It follows from the conventioua conceroing signs [Art. 34) that 
a 4- £,8 = denotes a right line dividing externally the angle 
nPOA 
nFOB~ 

in what we have said that the perpendieolars PA, PB aro those 
which we agree to consider positive ; tbose on the opposite 
sides of a, being regarded as negative. 

Ei. I. To espresa in ttia notation the proof tbat tie tiree bisectors of the angles 
o! a triangle meet in a point. 

The equations of the three bisectors ate obriously (see Arts. 35, 54) o — (S = o, 
^ — y = 0, y — n=:0, wliich, added togethec, Tanish identiGally. 

Bs. 2. Any two of the eitecnal bisectors of the angleg of a triangle meet on the 
third internal bisector. 

Attending to tie convention about aigna, it ia easy to aee that the equations of 
two estemal bisectors area + /? = 0, H+y = CI, and subtracting one from the other 
we get ^ — ' y = 0] the equation of the third internal bisector. 

Ex. 3. The three perpendiculars of a triangle meet in a point. 

Let the angles opposite to the sides a, (3, 7 be A, B, (7 respectively. Then since 
the poxpendiculai divides any angle of the triangle into parts, which are the com- 
plements of the remaining two angles, thetefoi-e (by Art. 54) the equations of the 
perpendiculars are 

which obviously meet in a point. 

Er.. i. The three bisectors of the sides of a triangle meet in a point, 

The ratio of tiie peijiendlculara on the sides from the point where the bisector 
meets the base plainly is sin ^ : sin £. Hence the equations of the three bisectors aro 
aiaxiA-fismB = 0, ^Eui5-yBhi(7=0, ysinC-asin.J^O. 

Ex. 6. The lengths of the sides of a quadrilateral aie a, i, c, d ; find ilio equation 
of the line joining middle points of diagonals, 

Ans, aa-bj3 + cy~iiS = 0; for this line evidently passes through the inter- 
Ecetion of an — 6^, and ey~ild; but, by the last example, these are the bisectors 
of the base of two triangles having one diagonal for their common base. In like 
manner aa — dd, li^ — cy intersect in the middle point of the other diagonal. 

Ex. 6 To form the etjuation of a peipendlonlMr Ui the base of a triangle at ita 

Ex. 7. If there bo two triangles such that the perpendiculars from the vertices of 
one on the ades of the other meet in a point, then, sice versa, the perpendiculars from 
the vertices of the second on the sides o£ the first will meet in a point. 

Let the ^des be a, fi, 7, a', ff, y', and let us denote by (kjJ) the angle between 
a and /J. Then the equation of the perpendicular 

from a^ on / is a cos ((Sy') - (3 cos (ay-) = 0, 
fi-om fiy on a- is ,3 cos [7«') - y cos W ) - 0, 
from ya on ^' is 7 cos(«fJ') - c cos (7,0'j ^ 0. 
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tMrd. ItU 

cos (<.^) 009 (fiy') cos (yoT = cos (c.'^) doa (/)>) cos (y'«). 
But the STmmetry of this Bqiiation sbewa that this is also tlie condition that the 
perpendiculars from the vertices of the Becond triangle on the eiSea of the fii'st 
ehould meet in a, point. 

55. The lines a — ^'^ = 0, andia — ^=0, are plainly such 
tbat one makes the same angle with the line a which the other 
makes with the line /3, and are therefore equally inclined to the 
bisector a — j3. 

Es. If throngh tto Tertices o£ a triangle there be drawn any three lines meeting 
in a point, the three linta drawn tlirongh the game anglfB, equally inclined to the 
hisectois of the angles, will also meet in a point. 

Let the sides of the triangle be a, A y, and let the equations of the first three 

ia - mj3 = 0, m^ - ny = 0, Ky- la= 0, 
which, by the ptindple of Art. 41, are the equations of three lines meeting in a 
point, imd which obviously pass throngh the points aji, py, and 70. Now, ftom 
this Article, the equations of the second three linra will he 



which (by Art. 41) mnat also meet in a point. 

56. The reader is probably already acquainted with the fol- 
lowing fundamental geometrical theorem: — '^ If a pencil of four 
right lines meeting in a point be intersected hy any transiierse 
right line in the four points A, P, P^ B, then 

AP.PB 
the ratio 'jpi-pD w constant, no matter how 

the transverse line he drawn." This ratio is 

called the anharmomc ratio of the pencil. In , 

fact, let the perpendicular from on the transverse line =p ; then 

p.AP^OA. OP.sin A OP(both being double the area of the triangle 

AOP) ; p.PB= OP.OBsiaPOB; p.AP ^ OA.OP sin^OP'; 

p.PB= OP. OB.smPOB; hence 

p\AP.PB= OA.OP. OP. OB.slnAOP.smPOB; 

p\AP.PB ^ OA. OP. OP.OB.smAOP'.sinPOB; 

APPB ^ sin vi OP. sin P OS 

AP:PB " siaA OP. sinPOB ' 

hut the latter is a constant quantity, independent of the position 

of the transverse line. 
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57. If a — /cy3 = 0, a - S'j3 = 0, be the equations of two lines, 

then ^ will be the anharmonic ratio of the pencil formed fey the 

k 
four lines a, /3, a - le&, a- ^'j3, for (Art. 54) 
,_ _ sin A OP ,, _sLn^OP' 
* " sin FOB ' * "sinP'OiJ' 
k &mAOP.six)FOB, 
therefore j. = al^^Jop^^iiTPOS 

but this is the anharmonic ratio of the pencil. 

The pencil ia a harmonic pencil wht 
angle A OB is divided internally and externally into parts whose 
sines are in the same ratio. Hence we have the important 
theorem, two lines whose equations are a—Jc^ = 0, a + i/3 = 0, 
form with a, ji a harmonic pencil, 

58. In general the anharmonic ratio of four lines a - Jc^, 
a - W, a~m^,oi~n0 i^i^^ii^^^^j . For let the pencil be 

cut by any parallel to in the four points K, L, M, JV, and the 
. . NL.MK R , - 

'"''''' nm:lk- ^"* ^""^^ ' 

has the same value for each of 
these four points, the perpen- 
diculars from these points on a are 
(by virtue of the equations of the 
lines) proportional to k, I, m, n; and AK, AL, AM, j4^are 
evidently proportional to these perpendiculars ; hence NL is pro- 
portional to n — l; MK to m—k; NMton- m; andLKtol-k. 

59. The theorems of the last two articles are true of lines 
represented in the form P— &P, P— IP', &c., where P, P' denote 
a.e + 5^ + c, a'x + Vy + c', &c. For we can bring P to the 
form ai cos cc + y sina -p by dividing by a certain factor. The 
equations therefore P— kP' = 0, P— IP ■= 0, &c., arc equivalent 
to equations of the form a — hp^ = 0, a — Ip^ — 0, &c., where p 
is the ratio of the factors by which P and P must be divided 
in order to bring them to the forms a, jS. But the expressions 
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for anharmonic ratio are unaltered when we substitute for k, I, 
m, n; kp, Ip, mp, np. 

It is worthy of remark, that since the expressions for 
anliarmonlc ratio only involve the coefficients !c, I, m, n, it follows 
that if we have a system of auy number of lines passing through 
a point, P-kFy P-IP, &c. ; and a second systejn of lines 
pacing through another point, Q~kQ\ Q~lQ,&c., the line 
P-^P' being said to correspond to the tine Q-kQ',&c.; then 
the anharmonic ratio of any four lines of the one system is 
equal to that of the four corresponding lines of the other system. 
We shall hereafter often have occasion to speak of such systems 
of lines, which are called homograpMo systems. 

60. GwPM three lines a, B, y, forming a triangle ;* tie equation 
of any right line, ax + hg+ c = 0, can he thrown into the form 
la + m^ + ny^ 0. 

Write at full length for a, y9, y the quantities whicli they 
represent, and la + m^ + ny becomes 
{I cosa + m cos^ + n COS7) a;+ {I sina +m sinj34 « 3107) y 

— {lp + mp + np") = 0, 

This will be identical with the equation of the given line, 
if we have 

I Qosa + m C03^4-M cosy — a, Isimx + m sin/3 4 n sin7 = &, 
Ip + mp' + np" = ~ c, 
and we can evidently determine I, m, «, so as to satisfy these 
three equations. 

The following examples will illustrate the principle that it is 
possible to express the equations of all the lines of any figure 
in terms of any three, a = 0, ^ = 0, 7 = 0. 

Ex. 1. To deduce analytically the hai'monic propcrtica of a. complete quadriltbteral, 
(Sea figure, next page), 

let the equation of AG\>ea = il; ot AB, = 0; of BD, y^O; of AD 
Ja -mfi-V; and of BC, ni(5 - ny = 0. Then we are able to espceas in teims of 
these qEaiitities the equations of all the othei' lines of the fignre. 



* Wo say "forming a tviangle," for if the lines 
list always denote n line passing thiongh the 
Kfflliiiates which make a, j3, y separatoly = 0, ni 
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For instance, tlie equtition of CD is 
la - m(S + ?(y = 0, 
for it is the equation of a. riglit line paEsin^ 
through the intei'sectiou of ^k — i«/3 aad y, that 
ia, llie point D, and oi a and m,9 - ny, tliat is, 
the point C. Again, ia — uy = ia the equa- 
tion of OE, for it passes tlirongli ay or E, and 
it aiao paases thittugh the intersection cf AD 
and BC, since it is = (^a - m^) + (nijJ - «y). 

EF joins the pohit ay to the point A 
(ia — m^ + ny, /3), and its eqnation will he found to l>e ?a + n- 

Prom Alt. B7 it appears that the fonr lines EA, EO, 
harmonic pencil, for their equations iiave been shown to bo 




Again, the equation of 



Henoa (Art. 57) tho four 
their equations are 

ia — IM/S + ny 
Again, OC, OE, OD, Of are j 



: 0, and la±ny = 



U - 2™j3 + ny = 0. 
\^ BE, FC, FO, and FB !u 



HB, and EF form a 
?)and(;«-mftm(3->!y) 

a Vfarmonic pencil, for 



+ ny ± m;5 = 0. 



Ex. 3. To diacuBS the properties of the system of lines for 
the angles of a triangle three lines meeting in a point. 

Let the equation of JB be y = ; of ^C, j3 = ; of BC, 
OA, OB, OC, meeting in a point, 
be Bip - ny, uy — (a, la - m(3 (see 
Art. 55), 

Now we can form the equa- 
tions of all the other lines in the 

For example, the equation of 
Kfis 



±(»,^-ny) = 0. 
les formed by drawing throngh 
i and let the li 




and of DE la + m^-ny = 0. 

How we can prove that tJie three points Z^, M, N a 



for this line passes through the points {la ■ 
orjtf; ajid(™(3 + ny-;n, a) or Z. 
The equation of CjV is 



e all in one right line, whose 
y) orJV; (ia - ™^ + ny, ^ 



for this is evidently a line through (a, /S) or C, and it also passes through N, w 
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a = 0, )* = 0, 7a - m/3 = 0, la + mfl = 0. 

The equations of thia example can be spplied (o many particnkr cases of fi-equent 
occurrence. Thu^ (see Bs 3 p di) the eqnat on of the 1 ne jo n ng the ieet 
of two perpencli ulars of ft tnangl la acoB 4 + ji cobB ~ -y coaC — while 
acosA + fiaoaB + t osC passes th o fch the le sect o th the op|, « te s des 
of the triangle, of tlie Im s j imng th feol of the pe pandiouta -s In 1 ke manner 
a siaA + p ainfi— y 31116 rep escnta the hue jom ng the m dJ!e po ots ot two 
sides, &c, 

Ex.3. Two tria gles are =a d to be i ologoii when the intellect s of the 
corresponding side 1 tl e sa ne r „1 1 line call d the js of homology p a 

that the lines jommg the con-e-ponding rettoes meet in a jont [called thecen e 
of homology]. 

Let the sides of the ii ijt t a gle be a ^ y and let the line on wl ch tl e ooire 
Eponding sides meet be la + mji + ny ; then the equation of a Ime through the 
interaection of thia with a must bo of the form Va + m^ + iiy = 0, ajid fflmilarly those 
of the other two sides of the second triangle are 

ia 4- ni'(3 + "V = ". la + m^ + n'y = 0. 

But subtracting snccesaiTely each of the last three equations from another, we 
get for the equations of the hues joining oorrcaponding vertices 

<J-e)a = {m-m-)0, (m-m-) (3 = (»-«') 7. («-"') y = (J- =, 
which obviouBlj meet in a point. 

61, To jtnd the condition that two lines la + mfi + «7, 
Ta 4- wj'iS + n'y may he mutually perpendicular. 

Write the equations at full length as in Art. 60, and apply 
the criterion of Art. 25, Cor, 2 [A A' + BB' = 0), when we find 
W + mm + nn' + [mn' + m'n) coa (^ - 7) + [nV + ril) cos {7 - a) 

+ (W + ;■»«) co3{a-^) = 0. 
Now since ^ and 7 are the angles made with the axis of 3: by 
the perpendiculars on the lines j3, 7, ^— 7 is the angle between 
those perpendiculars, which again is equal or supplemental to 
the angle between the lines themselves. If we suppose the 
origin to be within the triangle, and A, B^ G to be the angles 
of the triangle, ,3 — 7 is the supplement of A. The condition 
for perpendicularily therefore is 

if+»nm'+Ji«'-(mw'+m'w)cos^-(jif+?i7}co35-(7m'+rm)cost/=0. 
As a particular case of the above, the condition that h. + ra/S + ny 
may be perpendicular to y is 

n=m cos^-|. IdQsB. 
In like manner we find the length of the perpendicular from x'y 
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on la + m^ + ny. Write the equation at full length and apply tlie 
formula of Art. 34, when, if we write x' cosa + y siaa- p = ct\ 
&c., tbe result is 

la' + m0' A-ny' 

^/ [P ^ tn' + n" - 2mn COB A ~2iil cos B- 21m cosC) ' 



B = icosC,a3inEx.6,p.54, 

Ei. 3. To find tha equation of a peipendionlar to y through its middle point. 
The middle point being the Intevaectioii of y v/ittiasiaA-^sinB, the equation 
of any line through it is of the form aiaaA — ji siaB + ny — 0, and the oondition 
of this article gives u = an [J, - .B). 

Ex. 3. The threo perpendiculars at middle points of sides meet in a point. Foi' 
eliminating a, (!, y in turn between 

aanA-^sinB + y s[a{A-B) = 0, J^ainB- y sin C + a sin(B- C) = 0, 
we get for the lines joining to the three vertices the intfirsoction of two pecpen- 
dloulaiB — ~ = ~j, = f, ; and the sjmmctcy of the equations proves that the 
third perpendicular passes through tbe same point. The equations of the perperi- 
dicnlars vanish when multeplied by sin^C, EJn'.d, an=B, and added together. 

Ek. 4. TTnd, by Art. 25, expresaons tor the ane, coBino, and tangent of the angle 
between la + m^ + ny, ta + m'ji + n'y, 

Ei. 6. Prove Miat a cos A + /?cosS + ycosCi3 perpendicular to 

affln^cosABintB-e)+P8inBcosBBin({7-X) + 7 8inCcoa(?Bin(^-£). 

Ek. 6. rind the equation of a line through the point a'^'y' perpendicular to the 

line y. Am. a(fi' + y' cos J) -^ (a' + y' cosB) ^ylfi' cosfi - a.' mzA). 

62. We have seen that we can express the equation of any 
right line in the form la + m^ + W7 = 0, and so solve any problem 
by a set of equations expressed in terms of a, /3, 7, without any 
direct mention of x and y. This suggests a new way of looking 
at the principle laid down in Art. 60. Instead of regarding a 
as a mere abbreviation for the quantity x eos m + */ sin a — p, we 
may look upon it as simply denoting the length of the pei'pen- 
dicular from a point on the line a. We may imagine a system 
of trilinear coordinates in which the position of a point Is defined 
by its distances from three fixed lines, and in which the 
position of any right line Is defined by a homogeneous equation 
between these distances, of the form 

la + m^ + «y = 0. 

The advantage of trilinear coordinates is, that whereas in 
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Cartesian (or a; and ?/) coordinates tlie utmost simplification we 
can introduce is by choosing two of the most remarliable lines in 
the figure for axes of coordinates, we can in trilinear coordi- 
nates obtain stil! more simple expressions by choosing three of 
the most remarkable lines for the liaes of reference o, ;S, y. The 
reader will compare the brevity of the expressions in Art. 54 
with those corresponding in Chap. Ii. 

63. The perpendiculars from any point on «, /9, y are 
connected by the relation aai + h^ + cy = M, where a, b, c, are 
the sides, and M double the area, of the triangle of reference. 
[For evidently oct, 5^, c^ are respectively double the areas of 
the triangles OBG, OCA, OAB. The reader may suppose 
that this is only true if the point be taken within the triangle ; 
but he is to remember that if the point were on the other 
side of any of the lines of reference (a), we must give a negative 
sign to that perpendicular, and the quantity ca H- &y8 + C7 would 
then be double 00A+ OAB - OBG, that is, still = double the 
area of the triangle. iSInce sin^ is proportional to a, it is plain 
that a sin^+ ,8 sin-B + 7 sin Cis also constant, a theorem which 
may otherwise be proved by writing a, /3, 7 at full length, as in 
Art. 60, multiplying by Bin(^-7), sin(7-a), sin{a-yS), 
respectively, and adding, when the coefficients of x and y vanishj 
and the sura is therefore constant. 

The theorem of this article enables us always to use homo- 
geneous equations in a, |8, 7, for if wc are given sucb an equation 
as a = 3, we can throw it into the homogeneous form 

64. To egress in trilinear coordinates the equation of ike 
parallel to a given line ?« + m^ + ny. 

In Cartesian coordinates two lines Ax + By-\- C, Ax-\-By -f G\ 
are parallel if their equations differ only by a constant. It 
follows then that 

&[ + w;3 + «7 + £(a ein^+;S sin5 + 7 sin C) = 
denotes a line parallel to la + m^ + ny, since the two equations 
differ only by a quantity which has been just proved to be 
constant. 
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In file same case Ax ■^By-'r <7+ [Ax + By+ C) denotoa a 
line also parallel to the two given lines and half-way between 
them; hence if two equations P — (i, P' = are so connected 
that P— P' = constant, then P+ P' denotes a parallel to P and 
P' half-way between thera. 

Ei. 1. To Stid the equation of a parallel to tie base of a triangle diawn through 
tho rerlBi. Jus, a sin ^ -I- jS sin £ = 0, 

For this, obvloasly, ia a line tiTOUgh afi ; and writing Hie equation in the form 
y Bin C - (a ain ^ + (3 Bins + y ain C) = 0, 
It appears that it dilEere only by a constEint from y = 0. 

We Be^ also, that the parallel a ain A-^^ Bin B^ and the bisector of the base 
asinjl — ^s\TiB, form a harmonic pencil with a, |3, (Art. 57). 

Ei. 2. The line joining the middle pomta of aidea of a triangle is parallel to the 
base. Its equation (eee Ex. 2, p. 58) is 

Bk. B. The line aa - SjS 4- cy - dS (aee Ex. 6, Art, 64) passes through the middle 
pohitof the line joining C7, ^i. For (oa + cy) + (*;3 + i?a) is constant, being twice the 
area of the quaiirilateral ; hence an + ey, i^ + rfi are parallel, and (na + cy) - (*j? + di) 
is also parallel and half-iray between them. It therefore bisects the Une joining (ay), 
which is a point on the first line, to ffiS) which ia a point on the second, 

65. To write in the form, la + »!/3 + my = tM equation of the 
line joining two given points x'y', x"y". 

Let a', as before, denote the quantity a;' cos a +y sin a— ^, 
Then the condition that the coordinates x'y' shall satisfy the 
equation la + myS -f wy = may be written 



Similarly wo have ?a" + m/3" + n-/" = 0. 

Solving for - , — , from these two equations, and substituting 

in the given form, we obtain for the equation of the line joining 
the two points 

a (0Y - <y'ff") + e (7'a" - 7"a') -{■ 7 {a'/3" - c^'^') = 0. 
It is to be observed that the equations in trilincar coordi- 
nates being homogeneous, we are not concerned with the actual 
lengths of the perpendiculars from any point on the lines of 
reference, but only with their mutual ratios. Thus the preceding 
equation ia not altered if we write pa\ p0', pj, for a', /3', 7'. 
Accordingly, if a point he given as the intersection of the lines 

j= — = -, we may take I, m, n as the triliuear coordinates 
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of that point. For let p be the common value of these fractions, 
and the actual lengths of the perpendiculars on a, /3, 7 are 
Ip, mp, np, where p is given by the equation alp + imp + cnp = M, 
but, as has been just proved, we do not need to determine p. 
Thus, in applying the equation of this article, wc may take for 
the coordinates of intersection of bisectors of sides, sinB sin 0, 
sinCsin^, sin^ s'lnB; of intersection of perpendiculars, 
coaS cos C, cos cos A, cos A cosjB ; of centre of inscribed circle 
1, 1, 1 ; of centre of circumscribing circle cos^, cos^, cos G, &c 



3x. 1. Find the eqnatinn of the line joming interseotiona of perpeadioiilats, and 
f hisectoraof sides (see Art. 61, Ex. 6). 
Ins. a ^AaosA Em{£ ^ Cj+p ahiB cos Si!nilC-A) + y sinC wsC aiat^A^ B) = 0. 

Ex.2, Fhii 



66, It is proved, as in Art. 7, that the length of the per- 
pendicular on a from tbe point which divides in the ratio I : m 
the line joining two points whose perpendiculars are a', a" is 

—J- . Consequently the coordinates of the point dividing 

in the ratio I : m the line joining a.'0'y', a"3"7" are /a' -i- ma", 
l^' H- mff', ly + my". It is otherwise evident that this point 
lies on tbe line joining the given points, for if a.'0'y', a"^"y" 
botti satisfy the equation of a line Aa + B^+Cy = 0, so wil! 
also 1(1.' + ma", &c. It follows hence, without difficultyj that 
la — ma", &c., is tie fourth harmonic to la' + ma", a, a" ; that 
the anharmonic ratio of ci! — ka', a' — la", a' - ma", a' -na" is 
ln-!l(m- k), 
(n- 

two right lines a' — ha", a' - la",&c., a"' — ka"",a —Ix &.c 
these systems are tomographic^ the anharmonic rit of ny f 1 
points on one line being equal to that of the foui co respond ng 
points on the other, 

Es. The intersection of peipendicnliira, of bisectors of aifles, nd re i 

ciminiEeribing rarelo lie on ti right line. Poc the cooi'diniitea p a e 

coaBcosC, lie, sin S sin C, Ac, and cos J, Ac. But the kst se f -d te may 
be written sin B sin C - cos S cos C, &c 

The point whose coo.-dinates ai-e cos(B-(7}, cob{C-J).co {A B) & Ij 

Jies on tlie snme right line and is a fourth harmonic £0 the thiee preceding. It will 
be fonnd herenftcr that tliis is the centre of the cirelc tlirough the middle points 
of the eiilcs. 
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67. To examine what line is denoted hy the equation 

asmA + Bin S+ 7 sin (7=0. 

This equation is included in the general form of an equation 

of a right line, but wc have seen (Art. 63) that the left-hand 

member is constant, and never = 0. Let us return, however, 

to the general equation of the right line Ax -f £^ + = 0, We 

saw that the intercepts cut off on the axes are — ^ > — d j 

consequently, the smaller A and B become the greater will be 
the intercepts on the axes, and therefore the more remote the 
line represented. Let A and B be both = 0, then the intercepts 
become infinite, and the. line is altogether situated at an infinite 
distance from the origin. Now it was proved (Art. 65) that the 
equation under consideration is equivalent to Qx + <iy-\- G= 0, and 
though it cannot be satisfied by any finite values of the coordi- 
nates, it may by infinite values, since the product of notliing by 
infinity may be finite. It appears then that a amA-^-^ sin^+7 sinO 
denotes a right line situated altogether at an infinite distance from, 
ike origin; and that the equation of an infinitely distant right 
line, in Cartesian coordinates, is0.a!40.i/+ (7=0. We shall, 
for shortness, commonly cite the latter equation in tlie less 
accurate form (7=0. 

68. We saw {Art. 6i) that a line parallel to the lino a = 
has an equation of the form a+ (7=0. Now the last Article 
shows that this is only an additional Illustration of the principle 
of Art. 40. For a parallel to a may be considered as intersecting 
it at an infinite distance, but {Ai-t. 40) an equation of the form 
a+ (7 = represents a line through the intersection of the lines 
a=0, (7=0, or (Art. 67) through the intersection of the line a 
with the line at infinity. 

69. We have to add that Cartesian coordinates are only a 
particular case of trilinear. There appears, at first siglit, to be 
an essential difference between them, since trilinear equations 
are always homogeneous, while we are accustomed to speak of 
Cartesian equations as containing an absolute term, terms of (he 
first degree, terms of the second degree, &c. A little reflection, 
however, will show that this difference is only apparent, and 
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that Cartesian equations must be equally homogeneous in reality, 
though not in form. The equation a; = 3, for example, must 
mean that the line x is equal to three feet or three inohes, or, in 
short, to three tiraee some linear unit ; tho equation xy = ^ must 
mean that the rectangle xif ia equal to nine square feet or square 
inches, or to nine squares of some linear unit ; and so on. 

If wo wish to have our equations homogeneous in form as well 
as in reality, we may denote our linear unit by s, and write the 
equation of the right line 

Ax + By+ Cs = 0. 
Comparing this witli the equation 

Aa-^B^+Gy = % 
and remembering (Art. 67) that when a Sine is at an infinite dis- 
tance its equation takes the form a = 0, we learn that equations 
in Cartesian coordinates are only the particular form assumed 
hy trilinear equations when two of the lines of reference are 
■what are called the coordinate axtSy while the third is at an 
infinite distance. 

70. We wish in conclusion to give a brief account of what is 
meant by systems of tangential coordinates, in which the position 
of a right line is expressed by coordinates, and that of a point by 
an equation. In this volume we limit ourselves to what Js not 
Eo much a new system of coordinates as a new way of speaking 
of the equations already in use. If the equation (Cartesian or 
trilinear) of any line be Xx + liy + vz^ 0, then evidently, if 
X., fi, V be known, the position of the lino is known ; and we 
may call these three quantities (or rather their mutual ratios 
with which only we are concerned) the coordinates of the right 
line. If the line pass through a fixed point x'l/'z', the relation 
must bo fulfilled x'\ ■+ i/'/j, + a'v = ; if therefore we are given 
any equation connecting the coordinates of a line, of the form 
a\+b/i + cv = 0, this denotes that the line passes through the 
fixed point (a, h, c), [see Art. 51), and the given equation may 
be called the equation of that point. Further, we may use 
abbreviations for the equations of points, and may denote by 
a, j3 the quantities x">i.-i-i/'ij. + is'v, x"X + y/j.+ z"v; then it is 
evident that 7a + OT/3 = is the cqu;ition of a point dividing in 
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a given ratio the line joining tlie points «, /3; that ?« = m^, 
m^ = ny, nj=la are the equations of three points which lie on 
a right line ; that a + k0, a — k0 denote two points harmonicaily 
conjugate with regard to a, 0, &c. We content ourselves here 
with indicating analogies which we shall hereafter develope 
more fully; for we shall have occasion to show that theorems 
concerning points are so connected with theorems concerning 
lines, that when either is known the other can he inferred, and 
often that the same equations differently interpreted will prove 
either theorem. Theorems so connected are called reciprocal 
theorems. 

Ex. Inteipret in tangential coordinatea the eqaatiouB osed in Art. 60, Ex, 3. 

Let a, p, y denote tba points A, B, C; mp — ny, ny ^ la, la — st0, the points 
L, a, N; then m^ + wy — la, tty + la — mp, la + nip — ny denote the vertices of the 
triangle formed by IjA, MB, NC; and la-Viap + «y denotes 3, point hi which 
meet the Imes joining the vertices of this new triangle to the coiresponding vertices 
of the original : m^ + «y, ny + la, la + mf3 denote D, E, F. It ia easj hence to see 
the points in tlie fignre, which are harmonically conjugate. 
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71. Before proceeding to speak of the curves represented 
by equations above tlie first degree, we shall examine sonae cases 
where these equations represent right lines. 

If wc take any number of equations i = 0, M= 0, N= 0, t&c, 
and multiply them together, the compound equation LMN&c. = 
will represent the aggregate of all the lines represented by ita 
factors; for it will be satisfied by the values of the coordinates 
which make any of its factors = 0. Conversely, if an equation of 
any degree can he resolved into others of lower degrees^ it will repre- 
sent the aggregate of all the lod represented hy its different factors. 
If, then, an equation of the k"" degree can be resolved Into n 
factors of the first degree, it will represent n nght lines. 

72. A homogeneous equation of the n'^ degree in x and y 
dmotes n right lines passing through the origin. 

Let the equation be 

x" — px^'^y + qx'^'y^ — &o. .,.4 ^" = 0. 
Divide hy y", and we got 

Let a, h, c, &c,, be the n roots of this equation, then it is 
resolvable into the factors 

(r")(r') (?-«)--». 

and the original equation is therefore resolvable into the factors 

[x — ay) (x — hy) {x — cy) &c. = 0. 
It accordingly represents the n right lines x~ay = 0, &c., all of 
■which pass through the origin. Thus, then, in particular, the 
homogeneous equation 

x'-pxy + qy^^O 
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represents tlie two right lines x — at; = 0, cc — 5?/ = 0, wliere a and 
b are the two roots of the quadratic 



©■ 



•p - +5 = 0. 



It is proved, in like manner, that the equation 
(x-«r-j.(a.-.r (y-i) + 5 («-.)-■ (y-i)"-+!b-5)" = 
denotes n right lines passing through the point [a, I). 



Es. 2. What looua is repreaentei by k' — j' = ? 

Aas. The biaeotore of the angles between the axes, x±y = (see Art. 36). 

Es. 3. What locns 13 represented bj ffi' — 6aj + 6s' = P Am, x—2j/=(l, ii:-3i/=0, 

Bjc.i. What locus is represented by 3?- aey sec e + y== 0? 

A«s.ar = staii[16°±ie). 
Ex. 6, What lines are represented by ic* - 2 jy tan — y' = ? 
Es. 6. What lines arc i-opriBcated by 3:= - Bifiij + liaj' - Gi/' = ? 

73. Let us examine more minutely the three cases of the 
eolution of the equation itf—px!/-\- qy^ = Q, according as its roots 
are real and unequal, real and equal, or both Imaginary. 

The first case presents no difficulty : a and 6 are the tangents 
of the angles which the lines make with the axis of y (the axes 
being supposed rectangular), p is therefore the sum of those 
tangents, and q their product. 

In the second case, wlien a = 5, it was once usual among 
geometers to say that the equation represented but one right 
line (a; — 1(^ = 0). We shall find, however, many advantages in 
making the language of geometry correspond exactly to that of 
algebra, and as we do not say that the equation above has only 
one root, but that it has tico equal roots, so we shall not say 
that it represents only one line, but that It represents two coincident 
right lines. 

Thirdly, let the roots be both imaginary. In this case no real 
coordinates can be found to satisfy the equation, except the 
coordinates of the origin a; = 0, y = ; hence it was usual to say 
that in this case the equation did not represent right lines, but 
was the equation of the origin. Now tills lauguage appears to 
us very objectionable, for we saw (Art, 14) that tioo equations 
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are required to determine any point, hence we are unwiiling 
to acknowledge any single equation as the equation of a point. 
Moreoverj we have been hitherto accustomed to find that two 
different equations always had different geometrical significations, 
bat here we should have innumerable equations, all purporting to 
be the equation of the same point ; for it is obviously immaterial 
■what the values of p and q are, provided only that they give 
imaginar}' values for the roots, that is to say, provided that }f be 
less than 45. We think it, therefore, much preferable to make 
our language correspond exactly to the language of algebra ; and 
as we do not say that the equation above has no roots when^' 
is less than 4^, but that it has two imaginary roots, so we ahall 
not say that, in this case, it represents no right lines, but that 
it represents two imaginary right tines. In short, the equation 
X — pxy + qy' = being always reducible to the form 
(a' — a^) (a; — Sj/) =0, we shall always say that it represents two 
right lines drawn through the origin ; but when a and 5 are real, 
we shall say that these lines are real ; when a and h are equal, 
that the lines coincide ; and when a and b are imaginary, that the 
lines are imaginary. It may seem to the student a matter of 
indifference which mode of speaking we adopt ; we shall find, how- 
ever, as we proceed, that we should lose sight of many important 
analogies by refusing to adopt the language here recommended. 
Similar remarks apply to the equation 
Aai' + Bxy + Oy'' = 0, 
which can be reduced to the form 3^ —pxy + qy'^ = 0, by dividing 
by the coefficient of x^. This equation will always represent 
two right lines through the origin ; these lines will be real if 
B' — iAG be positive, as at once appears from solving the 
equation; they will coincide if .5'- 4.4(7=0 ; and they will be 
imaginary if B' — iAC be negative. So, again, the same 
language is used if we meet with equal or imaginary roots in the 
solution of the general homogeneous equation of the n'" degree. 

74. To find the angle contained by the lines rqjresented hy the 
equation a^ —pxy + qy' = 0. 

Let this equation be equivalent to {x — ay) (x — hy) = 0, then 

the tangent of the angle between the lines is (Art. 25) .-r^f 
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but the product of the roots of the given equation = q, and their 
difference = •^{p' — iq). Hence 

If the equation bad been given in the form 
Ax' + Bxy + Cf = 0, 
it would bavo been found ibat 

Coii, The lines wili cut at right angles, or tan will become 
infinite, if q = — l in the first case, or if ^+ C — in the second. 
Ex.. Find Uie angle boCween the llnea 

a? + sy - 631' = 0. Am.-i&° 

i?-2xy sece + / = 0. Ans. 6. 

*If the axes be oblique we find, in like manner, 



tan 0- 



sina)V(g-4^C) 
' ^+C--Bco9w • 



75. To find the equation which will represent tlie lines hisecttng 
Ike angles between the lines represented iy the equation 
Aa?-{-Bxy+ Gy' = (i. 
Let these lines be a; — a7/=0, x — iy = Qi; let the equation of 
the bisector be x — /iy = 0, and we seek to determine /i. Now 
(Art. 18} /£ Is the tangent of the angle made by this bisector with 
the axis of y, and it is plain that this angle is half the aura of the 
angles made with this axis by the lines themselves. Equating, 
tlierefore, tangent of twice this angle to tangent of sura, we get 
2/* _ « + ^ . 
l^fj.' i —ab' 

but, from the theory of equations, 

a + h = -j, ah^^; 
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This gives ua a quadratic to determine /*, one of whose roots 
will be the tangent of the angle made with the axis of y by the 
internal bisector of the angle between tlie lines, and the other 
the tangent of the angle made by the external bisector. We 
can find the combined equation of both lines by substituting In 

the last quadratic for jj. its value = - , and we get 



ic'-S -g— «^-/ = 0® 

and the form of this equation shows that the bisectors cut each 
other at right angles (Art. 74). 

The student may also obtain this equation by forming 
(Art. 35) the equations of the internal and external bisectors 
of the angle between the lines x — ai/ — 0, a; — &!/=0, and 
mulliplyiiig them together, when he will have 
{x-ayf ^ (x-hyj 

and then clearing of fractions, and substituting for « + &, and «& 
their values in terms of A, B, G, the equation already found is 
obtained. 

76. We have seen that an equation of the second degree 
mai/ represent two right lines; but such an equation In general 
cannot be resolved Into the product of two factors of the first 
degree, unless its cooificionts fulfil a certain relation, which can 
be most easily found as follows. Let the general equation of 
the second degree be written 

ax' 4 ^han/ 4 bf 4 2ffx 4 S/^^ 4 C = 0,t 
or ax'+2{ky + g)x + hf + 2f^ + c = 0. 

* It IE i-cniatkable that the roots of this last equation will always lie real, even 
the roots of the eqnaljoa Ax' + Bia/ + Cj" = be imagiuai?, which leads to the 
cuFiona reaiiltT that a pair ol ima^ajy lines has a pair cF real lines biaectin^ 
the angle between them. It is the esistenee of such relalioiia between teal and 
imaginary Imea which makes the conEaderafdon of the latter profitable, 

t It might Eeem more Datural to wiite this equation 

an!' + ixg + 1^'' + dx + ey +/= 0, 
but as it ia dearahle ihat the equation should he written with the same lettera all 
through the book, I haTe decided on uamg, from the fii-st, the form which will 
hereattec be found moat convenient and symmetrical. It will appear hei'euftei 
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Solving this equation for x we get 

In order that this may be capable of being reduced to the 
form X = mt/ + n, it is necessarj- tbat the quantity under the 
radical should be a peifect square, in which case the equation 
would denote two right lines according to the diiferent signs 
we give the radical. But the condition that the radical should 
be a perfect square is 

(i'-.S)(3>-«)-R,-c,/r. 
Expanding, and dividing by a, we obtain the required condition, 
viz. abc + yyh - af - bg' - c¥ = 0.* 

1. Terify that the following equation reprwcnta right lines, and find tlie linea; 

ATis. BolTing for a as In the text, the lines are found to he 

Ex, 2. Terify that the following conation repreeenta right linea ! 

{offl + Py - r=)' = (a" + ^ - r=) (;=' + a' - ^. 
Es. 3. Wittt linea aie lepresected by the equation 

^-xy + y'-o:-y + l = fl1 
Am. The imaginary lines e + flj + 6^ =: 0, ai + IPj + = 0, where fl is one of tlie 
imaginary cube roots of 1. 

Ex. 4. Determine k, so that the following equation may reprraent right lines ; 

3!= + 2hiey + /-5E-7(/+e-0. 
Ans. Snbstituting these fBlnes of the ooefticienta in the general condition, wc get 
for A the quadratic 124' - 36* + 25 = 0, whose roots are % and J. 

*77. The method use5 in the preceding Article, though the 
moat simple in the case of the equation of the second degree, ia 
not applicable to equit ons of 1 ighei def,rees ; we therefore give 
another aolution of the same prol km It lu required to ascertain 

that this equation ia intimntel c nnected vi ti t e homogeneous equation in tlii'ea 
variable, ivhich may be raa-t aymmeiJ cal y wn. ten 

ai' + is' + «s' + %'sr + 2s^ + "fc ¥ = 0. 
The form in the text is derivecl from this by making e = 1. The coefficient 2 ia aSlsed 
to cartain terms, because fojmnlie connected with the equation, which we shall have 
occasion to use, thus become simpler and more easy to be remamhered, 

* If the coefficients/, g, k In the equation had been written without numerical 
multipliers, this condition would have been 

iobc +fyh — /if — bi/'' - c/i' = 0, 
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whether the given equation of the second degree can be identical 
with the product of the equations of two right linea 

(aa.+ %-l)(«':cf^V-l)=0. 
Multiply out this product, and equate the coefficient of each 
term to the corresponding coefficient in the general equation of 
the second degree, having previously divided the latter by c, 
so aa to make the absolute term in each equation = 1. We thus 
obtain five equations, viz. 

»' = 2, a + .' = -?2, 013'=^, ff + ff'.-'-l, aff+^0.?^; 
c c c c c 

from which eliminating the four unknown quantities a, a', ,8, ;3', 
we obtain the required coudition. The first four of the equa- 
tions at once give us two quadratics for determining a, a.' ; ^, /3' ; 
which Indeed might have been also obtained from the considera- 
tion that these quantities are the reciprocals of the intercepts 
made by the lines on the axes ; and that the intercepts made by 
the locus on the axes are found (by making alternately x = 0, 
y= 0, in the general equation) from the equations 
ax'-i-2gx + c-0, 5/ + 2/i/ + c = 0. 
We can now complete the elimination by solving the quadratics, 
substituting in the fifth equation and clearing of radicals; or 
we may proceed more simply as follows: Since nothing shews 
whether the root a of the first quadratic is to he combined with 



either of the values a.0' + o.'0 or ot^ -i- a'^'. This is also evident 
geometrically, since If the locus meet the axes in the points 
£, L' ; Mf M'\ it is plain that if it represent right lines at all, 
these must be either the pair Lif, L'M', or else LM', L'M, 
whose equations are 

{ax + 0i/-l){a'x + 0'ij-l) = O, or(oic + S>- l)ia'x+0y-l) = O. 
The sum then of tJic two quantitiea txff' 4 a.'0, a0 + a'ff 

.(« + «■) ((3 + « = *|?, 
and their product 
= W (/3' + /!") + /J,3- (.' + »■■) = 2 '■V1=,1M + » l*/r/"£) . 
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Hence - is given by the quadratic 



wliicll, cleared of fractions, is the condition already obtained. 

Bs. T* detemiaa 7i so ttsi i? + ikts) + ^ — Sar — 7y + e = may represent I'Jglii 
Knea(3eeEi 4, p. 72), 

The intercepts on the ases ore given By tte equations 

1= - 5a; + 6 = 0, j' - 7i/ + 6 = 0, 
wliase roots are 3 = 2, t= 3 ; y = 1, j = 6, Forming, then, the equation ot tiie lines 
Joining tte poinSs ao found, we see tliat i£ the eiiiatam represent right hnes, it must 
be of one or other of tlie forma 

(l + Sy-e) {2i! + y-e) = l), (aT + 3j/-3} (3a + j[-6> = 0, 
whence, molliplying ont, S ia (Jetermineji. 

*78, To Jind haw mani/ conditions must he satisfied m order 
that the general equation of the n"" degree may represent right lines. 

We proceed as in the laat Article ; we compare th« general 
equation, having firat by division made tbe absolute term = 1, 
with the product of the n right lines 

Let the number of terms in the general equation be N; then 
from a comparison of coefBcients we obtain JV— 1 equations 
(the absohite term being already the same in both) ; 2n of these 
equations are employed in determining the 2n unknown quan- 
tities a, a', &c., whose values being substituted in the remaining 
equations afford N~ I — 2ji conditions. Now if we write tbe 
general equation 

A 

+ Bx+Cij 

+ X>x-' + Exy + Ff 

+ Gx' + Ha?y + Kxy" + Ly" 

+ &c. = 0, 

it is plain that the number of terras is the sum of the arithmetic 

series 

J. + l)(» + 3) , 



A^=l42 + 3+... (« + !) = 
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CHAPTER VI. 



THE CIRCLE. 

79. Before proceeding to the discussion of tlie general efjua 
tion of tlie second degree, it seems desirable that we should 
shew, in the simple case of the circle, how all the properties of a 
curve may be deduced from its equation, without assuming any 
previous acquaintance with the geometrical theory. 

The equation, to rectangular axes, of the circle whoso ccnfro 
is the point {<y.0} and radius is r, lias akeady {Art. 17) been 
found to be 

(^-ar+(y-^r~r=. 

Two particular cases of this equation deserve attention, as 
occujTing frequently in practice. Let the centre bo the origin, 
then a = 0, ^ = 0, and the equation is 

Let the axis of ic be a diameter, and the axis of j/ a per- 
pendicular at its extremity, then a = r, ;S = 0, and the equation 



80, It will be observed that the equation of the circle, to 
rectangular axes, does not contain the term x>/, and that the 
coefficients of a:' and j/'^ are equal. Tbe general equation thei'eforc 

ax" 4 2hxif + If 4 2ya; + 2/y + c = 
cannot represent a circle, unless we have A = and a='b. Any 
equation of the second de<^ree which fulfils these two conditions 
may be reduced to the form (si — a)" + (^ — /S)" = *■", by a process 
corresponding to that used In the solution of quadratic equations. 
If the common coefficient of ^ and y' be not already unity, by 
division make It so ; then having put tbe terms containing x and 
y on the left-hand side of the equation, and the constant terra 
on the right, complete the squares by adding to both sides the 
sum of tho squ:vres of half the coefficients of x and y. 
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Ei, Reduce to the form (i - a)= + (j - (3)' = r', tho equstions 

a' + 1/» - Sa — 4j = 20 i 3a' + 3^' — 6a - 7y + 1 = 0. 

^nt. {x-iy + is- 2)' = 25 i (a ~ #)= + {y - ?)' = S§ ; and the ooonJinatea of tlia 

centra and tlie ruliua aie (J, 2), and 5 in the first case ; (^, |) imd J J(62) in tlie second. 

If we treat in like manner the equation 



wc get 



(»'+!)'+('+{)'- 



'■+/■- 



then tlie coordinates of the centre are 

If g" +/* - ae is negative, the radius of the circle is imaginary, 
and the equation being equivalent to {x- af+i^- j8)° 4 )■' = 
cannot be satisfied by any real values of x and y. 

\i <f-^f^= ac, the radius is nothing, and the equation being 
equivalent to [x — of 4- (y - ^f = 0, can be satisfied by no 
coordinates save those of the point {aff). In this case then the 
equation used to be called the equation of that point, but for the 
reason stated (Art. 73) we prefer to call it the equation of an 
infinitely small circle having that point for centre. We have 
seen (Art. 73) that it may also be considered as the equation of 
the two imaginary lines {x-a.)±{y-^) V(- 1) passing through 
the point (a,8). So in like manner the equation x" -i-y'^0 may 
be regarded as the equation of an infinitely small circle having 
the origin for centre, or else of the two imaginary linesa:±y\'(— 1). 

81. The equation of the circle to oblique axes is not often 
used. It is found by expressing (Art. 5) that the distance of 
any point from the centre is equal to the radius, and is 
{x~aT+^(x-a) (y-^}cos<o + {y-0r^r'. 

If we compare this with the general equation, we see that 
the latter cannot represent a circle unless a = S and A = « cos a>. 
When these conditions are fulfilled we find by comparison of 
coeffidents that the coordinates of the centre and the radius are 
given by the equations 

a + ^C03w = -'-, ^ + a cosw = --^, a' + ^ + 2a;3 coseo-r'^-. 
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THE CIRCLE. 77 

Since a, j9 are determined from the first two equations, wbich 
do not contain c, wo learn that two circles will he concentric if 
their equations differ only in the constant term. 

Again, if c = 0, the origin is on the curve. For then tlia 
equation is satisfied by the coordinates of the origin a; = 0, y = 0. 
The same argument proves that -if an equation of any degree want 
the absolute tcrm^ the curve represented passes through the origin. 

82. To find the coordinates of the points in which a given 
rijht line a; cos a + y sin a =p meets a given circle af-\-y'' = r'. 

Equating to each other the values of y found from the two 
equations we get, for determining x, the equation 

Sin a ' " 

or, reducing x^ — 2£X cos a +p'' — r' sinV = ; 
hence, x =p cos a ± sin a ^{r" — p*), 

and, in like manner, 

J/ =_p sin a T cos ct •^{r' ~p% 

(The reader may satisfy himself, by substituting these values 
in the given equations, that the — in the value of y corresponds 
to the + in the value of x, and vice versA). 

Since we obtained a quadratic to determine x, and since every 
quadratic has two roots, real or imaginary, we must, in order to 
make our language conform to the language of algebra, assert 
that every line meets a circle in two points, real or imaginary. 
Thus, when^ is greater than r, that is to say, when the distance 
of the line from the centre is greater than the radius, the line, 
geometrically considered, does not meet the circle ; yet we have 
seen that analysis furnishes definite imaginary values for the 
coordinates of intersection. Instead then of saying that the 
line meets the circle in no points, we shall say that it meets it in 
two imaginary points, just as we do not say that the corre- 
sponding quadratic has no roots, but that it has two imaginary 
roots. By an imaginary point we mean nothing more than a 
point, one or both of whose coordinates are imaginary. It is a 
purely analytical conception, which we do not attempt to repre- 
sent geometrically; just as when we find imaginary values for 
roots of an equation, we do not try to attach an arithmetical 
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meaning to oni- reault. But attention to tliese imaginary 
points is necessary to preserve generality in our reasonings, for 
wo shall presently meet witli many cases in wliich the line 
joining two imaginary points is real, and enjoys all the geome- 
trical properties of the corresponding line in the case where the 
points are real. 

83. When p^r it is evident, geometrically, that the line 
touches the circle, and our analysis points to the same conclu- 
sion, since the two values of x in this case become equal, as do 
likewise the two values of y. Consequently the points answer- 
ing to these two values, which arc in general different, will in 
this case coincide. We shall, therefore, not say that the tangent 
meets the circle in only one point, but rather that it meets it In 
two coincident points; just as we do not say that the corre- 
sponding quadratic has only one root, but rather that it has two 
equal roots. And in general we dpjine the tangent to any curve 
as the line Joining two indefinitely near points on that curve. 

We can in like manner find a quadratic to determine the 
points where the line Ax + By-i- G meets a circle given by the 
general equation. When this quadratic has equal roots the line 
is a tangent. 

Ei. I. Find the coordinalea of tha inlecsGotions of s' -J- j' = 65 ; 3x + 7/ = 2o. 

Ans. (7, 4) and (S, I) 
Es. a, Pind iatctaectlons of (x — cf+irj- 2c)= ■- 25c' ; ic + 3j( = 35c. 

Ans. The line touchsa at tha point (3c, 5c). 
Ei.3. Whwv/m ij = mx + b boach li' + 1/ = r'i Am. Wlieiii» = !J [1 + m*^. 
Ek. 4. "When will a line through the ori^n, y = but, touch 

The points of meeting are given by the equation 

a (1 + 2pb OOH » + m') k' + 2 (ff +/;n) x + <} = 0, 
which will have equal roots when 

(?+/;«)' = afl(l + 2m. cos ^+m'). 
We hSTS thus a qnadrntio tor determining m, 

Ex. 6. Find tha tangents from the origin to a= + jr= — G^ — 2y + 8 = 0, 

84. When seeking to determine the position of a circle 
represented by a given equation, it is often as convenient to do so 
by finding the intercepts which it makes on the axes, as by 
finding its centre and radius. For a circle is known when. 
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three points on it are known; the determination, therefore, of 
the four points where the circle meets the axes serves completely 
to fix its position. By making alteniately y = 0, a = in the 
fjencral equation of the circle, we find that the points in which 
it meets the axes are determined by the quadratics 

The axis of x wili be a tangent when the first quadratic has 
equal roots, that is, when 9' = ac, and the axis of ^ when /* = ao. 
Conversely, if it be required to find the equation of a circle 
making intercepts \, X' on the axis of x, we may take « = 1, and 
we must have 2g— — {\+X'), c = XV. If it make intercepts 
ji, fi on the axis of y, we must have ^f=~{fi + fi.'), c = ^^'. 
Thus we see that we must have XX' = /i/i' (Eue, iii. 36). 

Us, 1, Find the points where the aiea are Cut by i' + j' — 5i — Ty + 6 = 0. 

Ana. 10 = 3, at = 2; j = G,j = l. 

Mx. 3. Whst ia the equatiOQ of the circle which touch«a the uses s,t distances from 
the Dri^n = a? Ans. a" + y" - 2oa; - an^ + n^ = ft 

Ek. 3. Find the equatioti o( a drde, the ases being a tangent and any line through 
the point; of contact. Here we have x, X', ^ all = ; and it is easy to see froiB tbe 
figure that n' = ir sia i», the ecination therefore is 

85. To find ike equation of the tangent at (lie point x'y to a 
given circle. 

The tangent having been defined (Art. 83) as the line joining 
two indefinitely near points on the curve, its equation will be 
found by firat forming the equation of the line joining any two 
points (cc'y, x"y") on the curve, and then making a' = a:" and 
y =y in that equation. 

To apply this to the circle : first, let the centre he the origin, 
and, therefore, the equation of the circle x^-\-y' = r''. 

The equation of the line joining any two points {x'y') and 
{xY) is (Art. 29) 

now if we were to make in this equation j/' = f/" and a:' = 3:"j the 
right-hand member would become indeterminate. The caase 
of this is, that we have not yet intro(]uced the condition that 
the two points {x'y', x"y") are on the circle. By the help of this 
condition we shall be able to write the equation in a form which 
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will not become indeterminate when the two points are made to- 
coincide. For, since 

)-" = a;'" 4- '^' = ^"^ + y ^) we have x'^ — a-"" = y'"' — y"', 

and therefore - , — -^ =~ -p- — j;. 

X ~x y -^y 

Hence the equation of the chord becomes 

y-y' ^_ ?'_±Sl' 

x-'x y' + y" ' 

And if we now malie x' = x" and y' = y", we find for the equatiom 
of the tangent 

x—x y"' 

or, redudng, and remembering that ic" 4 y = r", we get finally 
xx-^yy' = r\ 
Otherwise thus:* The equation of the chord joining two 
points on a circle may be written 

For tl 3 3 tl e equation of a right line, since the terms 
a:^ + !/ 01 each de destroy each other ; and if we make x = a;', 
y=y tl e left ! anl side vanishes identically, and the right-hand 
side van si es s nee the point a;')/' la on the circle. In like 
manner the eq lat on is satisfied by the coordinates x'y". This 
then s the eq at on of a chord ; and the equation of the tangent 
got bj mak ng x =a:", y'=y"i is 

{x ~ x'f -Vi^f- y'Y = x^ + f - v', 
which reduced, gives, as before, xx' ■\-yy' = 7". 

If we were now to transform the equations to a new origin, 
BO that the coordinates of the centre should become a, /3, we 
must substitute (Art. 8)x-a,x'-a,y-0,y'~ 0, for x, x\ y, y', 
respectively; the equation of the circle would become 

{x-ay + ly-0y = r\ 
and that of the tangent 

a form easily remembered from its similarity to the cqimtion of 
the circle. 
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COH. The tangent is perpendicular to the radiuB, for the 
equation of the radius, the centre being origin, is easily seen to bo 
x'y-y'x = Q; but thia {Art. 32) is perpendicular to xx' + yy' = r^. 

86. The method used in the last article may he applied to 
the general equation* 

ax^ + ilixy -I- ly' + 2gx + 2/?/ + c = 0. 
The equation of the chord joining two points on the curve may 
bo written 
a[x-x){x-x")^2h{x-7^){i;-y")+hiy-y'){y-y") 

= aa?-k- 2kxy + by' + 2gx ■\-2fy + c. 
For the equation represents a right line, the terms above the 
first degree destroying each other ; and, as before, it is evidently 
satisfied by the two points on the curve aly', x"y". Putting 
x" = x\ y" = y\ we get the equation of tbe tangent 
a{x-a;)%2^h{x-x'){y-y■)^■^y-yy=ax^2hxy^lf+2gx^■2fy\c•, 
or, expanding, 

-iax'x 4 2A [xy + y'x) -I- Ihy'y + igx 4- 2/?/ + c = ax'^-V Ihx'y' + hy"'. 
Add to both sides 2gx' 4- 2fy' + c, and the right-hand side will 
vanish, because x'y' satisfies the equation of the curve. Thus tbe 
equation of the tangent becomes 

a:t;x-\-h{x'y + 2jx)-\-hy'y{-g{x + x')-^f[y-^y')-\-c = 0. 

This equation will be more easily remembered if we compare 
it with the equation of the curve, when we see that it is derived 
from it by writing x'x and y'y for x' and ^', x'y ^- y'x for 2xy, 
and ai -\-x,y' + y for 2x and 2y, 

Es. 1. Find the eqaatioiia of the tangents to the cnrres xg = i^ and j/' =px. 

Aim. a/y + y'x = 'iC and 2i// — jj {x + a*). 
Ei. 2. Eiai the tangent at the point (6, 4) to (k - 2}' + (y - 3)' =: 10. 

Ans. 3x + g = 19. 
Ei. 8, What is tlie equation of the cliord joining tl» points ay, a^'y" on the 
drele afl ■*■!/' = '■■'? Am. {xf + a") x+(y' + g") y = r' + a'a" + y'g". 

Ex. 4. Find the condition that Ax + By + 0-1 shonld touch 

Am. If J a 4. Ri\ =''i since the perpendicular on the line from o;3 is equnl to !■. 

• Of couise when this equation repi-esents a circle we must have b = a, ft = aeo!KPj 
but since the pincess is tlie SEime, whether or not /> ot k have these particidar values, 
we pi'efev in this and one or two siniilav cases to obtain at once foi'niulffi which will 
afterwaids bo i-cquired in oiii- discussion of the geneial equation of the second degree. 
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87. To draw a tangent to tlie circle ie'4-«/' = r* Jrom any 
point x'y'. Let the point of contact be x'y", then since, by hypo- 
thesis, the coordinates x'y' satisfy the equation of the tangent at 
x"y", we have the condition x'x" + y'y" = r'. 

And since it"y" is on the circle, we have also 

These two conditions are suiEcient to determine the coordinates 
x'\ y". Solving the equations we get 
^,. ^ rV±ryV (3:'^ + y"-f°) ^ rY^rxW ix^ + y'^ ■">■') 

x" + y''' ' ^ x'^ + y" 

Hence, from every point may be drawn ttoo tangents to a circle. 
These tangents will be real when x"' -f y'^ is > r", or the point 
outside the circle ; they will be imaginaiy when ic" + 3/'* is < r", 
or the point inside the circle; and tbey will coincide when 
a" + i/'" = /, or the point on the circle. 

88. Wo havo seen that the coordinates of the points of 
coLilact are found by solving for x and y from the equations 

xx'-\-yy' = r'; x''+y' = r\ 
Now the geometrical meaning of these equations evidently is, 
that these points are the intersections of the circle x" -\- y" = r' 
with the right line xx' 4 yy' = r". This, last, then is the equation 
of the right line joining the points of contact of tangents from 
ibe point x'y' ; as may also be verified by forming the equation 
of the line joining the two points whoso coordinates were found 
in the last article.* 

We see, then, that whether the tangents from x'y' be real or 
imaginary, the Hue joining their points of contact will be the real 
line xx' + yy' ^r", which we shall call the polar of x'y' with 
regard to the circle. Tl I d ly p pendicular to the 

* In general the equation th i»e ^^it^MS a relation con- 
necting the coordinates of any ta he cooiiJinates o£ the 
point of contant. If wa are gi ta ge tl required to find the 
point of contact, we have only cen 000 ate of the point which is 
enpposed to be known, and rem ose f the point of contact, 
whLn we have tliB equation of mnst lie, ajid wliose 
contact. Thus, if the 
le tangent to a c ve po jrs + yy — r', the points 
atigents drawn fro y" e Curve a'lc'+^y'y'^i''. 
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Ime {x'i/-r/'x = 0)j which joinsaiy to the centre; and its dis- 



any point P is coustructed geometncally by joining it to the 
centre C, taking on the joining line a point ^f, such that 
GM.CP=r^, and erecting a perpend iciikr to OP at M. We 
eee, also, that the equation of the polar ia similar in form to that 
of the tangent, only that in the former case the point x'^' Is not 
supposed to be necessarily on the circle ; if, however, x'l/' be on 
the circle, then its polar is the tangent at that point. 

89. To find the equation of the polar of x'y' with regard to the 
curve ax' -\- 'ilixy + iy^ 4 'igx 4 ify 4 c = 0. 

We have seen (Art. 86) that the equation of the tangent ia 
a:dx\hi(xy^y'x)\hij\j\g{x\^)^f[y^y')^c = ^. 
This expresses a relation between the coordinates xy of any 
point on the tangent, and those of the point of contact «'?/'. 
We indicate that the former coordinates are known and tiie 
latter unknown, by accentuating the former, and removing the 
accents from the latter coordinates. But the equation, being sym- 
metrical with respect to the coordinates xy^ x'y, is unchanged 
by this operation. The equation then written above (which 
when x'y Is a point on the curve, represents the tangent at that 
point), when xy' Is not on the curve, represents a lino on which 
lie the points of contact of tangents real or imaginary from aiy'. 
If we substitute x'y' for xy in the equation of the polar we 
get the same result as if we made the same substitution in the 
equation of the curve. This result then vanishes when x'y' ia on 
tlie curve. Hence the polar of a point passes through that point 
only when the point is on the curve, in which case the polar is 
the tangent. 

CoK. The polar of the origin is gx \fy 4 e = 0. 

Ei. 1. Find the polar of (4, 4) with i-egai-d to {a-l)«f(y-2)'=13. Am. Si+2y=!0. 

Ek.2. find thepjlarof (4, 5) withreganJ t03:^jr'-33;-4ff=8. Ans. B2+6ji=48. 

Ex.3. Find the pole of J3: + Bj + C = with regard to a* + j' = r'. 

Ant. ( — jr I — tt] i ^ appears from comparing the giveu equation with 

Ei. 4. Find the pole of Sa: + Jji = 7 with regai-d to jr^ + ji' = 14. Ans. (fi, 8). 
Ex. 6. Find the pole of 2s + Sji = 6 with regard to (a - 1)' + (y - S)' = 12. 
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90. To find the length of the tangent drawn from any ^oint to 
the circle {x - a)" + («/ - &)" - r' = 0. 

The square of the distance of any point from tbe centre 

and since this square exceeds the square of the tangent by the 
square of the radius, the square of tlie tangent from any point la 
found by substituting the coordinates of that point for x and if 
in the first member of the equation of the circle 

{a,-ay + {!/-l3}--r--0. 
Since the general equation to rectangular coordinates 

a («' + f) + 2gx + 2/j + = 0, 
when divided by a, is (Art. 80) equivalent to one of the form 

we learn that the square of the tangent to a circle whose equa- 
tion is given in its most general form is found by dividing by 
the coefficient of a:', and then substituting in the equation the 
coordinates of the given point. 

The square of the tangent from the origin is found by 
making x and ^ = 0, and is, therefore, = the absolute term in the 
equation of the circle, divided by a. 

The same reasoning is applicable if the ases be oblique. 

*91. To find the ratio in wMch the line joining two given 
points x'y\ x"y", is cut hy a given circle. 

We proceed precisely as in Art. 42. The coordinates of any 
point on the line must (Art. 7) be of the form 
Ix" + mx' ly" + my' 
l + m ' l + m 
Substituting these values in the equation of the circle 

ar" + /-»•' = 0, 
and arranging, we have, to determine the ratio I: m, the quadratic 

f {x" + y'" - )■=) + 2lm [x'x" + y'y" - r') + nf (a;'" + y" - J"') = 0. 
The values of / : m being determined from this equation, we have 
at once the coordinates of the points where the right line meets 
the circle. The symmetry of the equation makes this method 
sometimes more convenient than that used (Art. 82), 
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\ix"y" lie on tlie polar of a:'?/', we liave x'x" +y'y" — i" = i) 
(Art. 88), and the factors of the preceding equation must he of 
the form Z+ ixm^ I — fim; the line joining ic'y, a;"y' ia therefore cut 
internally and externally in the same ratio, and we deduce the 
well-known tlieorem, any line drawn through apoint is cut har- 
monically hy the point, the circle, and the polar 0/ the point. 

*92. To find the equation of the tangents from a given point 
to a given circle. 

We have already (Art. 87) found the coordinates of the 
points of contact ; substituting, therefore, these values in the equa- 
tion xx" i- yy" — )-" = 0, we have for the equation of one tangent 

T {x^ + yy' - a;" - y'^) + {xy' - yx') V{a;" + »/" -^) = % 
and for that of the other 

T {x^ 1 yy - x" - 3/'=) - {xy' - yx') 'J{x"+y" - r*) =0. 
These two equations multiplied together give the equation of the 
pair of tangents in a form free from radicals. Tlie preceding 
article enables us, however, to obtain this equation in a still more 
simple form. For the equation which determines I : m will have 
equal roots if the line joining x'y', x"y" touch the given circle ; 
if then x"y" be any point on either of the tangents through a/y', 
its coordinates must satisfy the condition 

(x" + y'^ - r') (a^ + / - r") = (ara;' + yy' - O'- 
This, therefore, is the equation of the pair of tangents through 
the point a.''j/'. It is not ditficult to prove that this equation is 
identical with that obtained by the method first indicated, 

The process used in this said the preceding article is equally 
applicable to the general equation. We find in precisely the 
same way that Z : m is determined from the quadratic 
V (ax'" -f 2hx"y" + ?y"' + 'igx" + 2fy" + c) 

+ 2lm [ax'x" + h {x'y" + x"y') + ly'y" + j (a;' + a:^") ^f{y' + y") 4- c\ 
+ m° {ax^ \ 'ihx'y' 4- iy'^ 4 2gx' 4 2/5/' + c) = ; 
from which we infer, as before, that when x"y" lies on the polar 
of x'^ the line joining these points is cut harmonically ; and also 
that the equation of the pair of tangents from x'y' is 
(aa;"4-2^y4 6y'4 2ja:' + 2/!/'4o)(«a;'4 27;a:3r4-V + 2y^+2^+c) 
= [aa^x 4 h [x'y 4- xy') 4- hyy' 4- (? (a; 4 x') ^f{y +.y') 4- c^. 
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93. To find the equation of a circle passing through three 
given points. 

"We have only to write down tlie general equation 
*" +;/ + 2?^ + 2/?/ + c - 0, 
and then substituting in It, successively, the coordinates of each 
of the given points, we have three equations to determine the 
three unknown quantities g, f, c. We might also obtain the 
equation by determining the coordinates of the centre and the 
radius, as in Ex. 5, p. i. 

Ex, 1. Find the Oirolo through [2, 3), (4, 5), {6, 1). 

Am. {x - ^f + (!(-§)' = ^ (sf e p. 4). 

Bs.2. Find the drcle through the origin and through (2, 3) and (3, 4). 

Herec=0, and we have IS-i-ig+Gf-fi, 25 + (5^ + ^=0, whence 3s = -23, S/=ll. 

Ex. 3. Taking the same aies as in Art. 48, Ex. 1, find the equation of the circle 

IhKingh the ori^ and through the middle points o£ aides j and shew that it also 

passes through the middle point of base. 

Ani. 2p (^' + ^^p(,-s-)x- (p= + ss'j ;/ = 0. 

*94. To express the equation of the circle through three points 
a 'y, x'y'\ ^'"y" in terms of the coordinates of those points. 
We have to substitute in 

iB" + /+2^3;42/y + c = 0, 
thiB values of 9, /, c derived from 

{x'" ■Vy')-\-2gx' ^^fy +c = 0, 
(a;'" + y" ) + 2^3;" + 2// + = 0, 
{x"" + J/'™) + '2g:d" + 2fy"' + c = 0. 
Tiie result of thus eliminating g^f, c between these four equa- 
tions will be found to be* 

(a;* +/ ){x [y" -y"')-lx" \y"-y' )\x"{y- -y")] 
-{x' +y"'){x" {y"'-y )-^x-{y -y")-\-x {if-y"')] 
+ {x" +y'"){x"'(y -y)+x {1/' -y'"]+x' {y"'-y )] 
-{x"" + y""){x (y' -f)+.x' [y" -y )+x"{y -/)}=0, 
as may be seen by multiplying each of the four equations by 
the quantities which multiply (a!'^+y)&c. in the last written 
equation, and adding them together, when the quantities multi- 
plying g,f c will be found to vanish identically. 

• The reader who is acq 
tlie equation of the circle ni 
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If it were reqiiivcd to find the condition that four points 
should He on a circle, we have ouly to write x^, y^ for x and y 
in the last equation. It Js easy to sec that the following is the 
geometrical interpretation of the resulting condition. If -^, B^ 
0, D be any four points on a circle, and any lifth point taken 
arbitrarily, and if we denote by BCD the area of the triangle 
BGD, &c., then 

OA\BGD^-OG\ABD = OB\ACD-vOD\ABG. 

95. We shall conclude this chapter by showing how to find 
the polar equation of a circle. 

We may either obtain it by substituting for ai, p cos 5, and 
for y, p siu d (Art. 12), in either of the equations of the circle 
already given, 

a{x^ + y')-^2ffxJr^/y + c = 0, or (a!-a)''+ (y-/9)'' = r", 
or else we may find it independently, from the definition of (he 
circle, as follows : 

Let be the pole, G the centre of the circle, and OG the 
fixed axis; let the distance 00 = d, 

and let OP be any radius -vector, and, '''-^^'K^ " 

= p, andtheanslePOC=£', ^^.-—--'^C^^/ 
C 



therefore, 
then we ha 
BG'^OF'+OC- 
that is. 



■^OP.OGcosPOG, 

r' = p' -\- <!!' - 2pdcos0, 




or p'- 2dp cos0+t?'-)-' = O. 

This, therefore, is the polar equation of the circle, 

If the fixed axis did not coincide with OC, but made with it 
any angle a, the equiition woidd be, as in Art. 44, 
p' - 2dp cos {$ -tx) + d^- r' = 0. 

If we suppose the pole on the circle, the equation will take a 
simpler form, for then r — d^ and the equation will be reduced to 

p = 2r cos 6 J 
a result which we might have also obtained at once geometrically 
from the property that the angle in a semicircle is right ; or else 
by substituting for x and y their polar values in the equation 
(Art. 79) a' 4- / = 2v.c. 
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CHAPTER Vir. 



THEOREMS AND ESAMPLES ON THE CIRCLE. 

96. Hating in the last chapter shown how to form the 
eqnations of the circle, and of the most remarkable lines related 
to it, we proceed in this chapter to illustrate these equations by 
examples, and to apply them to the establishment of some of 
the principal properties of the circle. We recommend the 
reader first to refer to the answers to the examples of Art. 49, 
to examine in each case whether the equation represents a circle, 
and if bo to determine its position either (Art, 80) by finding 
the coordinates of the centre and the radius, or (Art. 84) hy 
finding the points where the circle meets the axes. We add a 
few more examples of circular loci. 

Ex. 1. Given basa and verdoal angle, find the locns oE verres, the aies having 
any position. 

Let the coordinatee of the extremities of ho^a be I'j', x"i/". Let tlie cqujitioa 
of ooe dde be 

then the eqnatjon of the Ofber side, making with this the angle 0, will be {Att. 33) 

(l + «l«iO) (,-,-) = (.-aiC) (.-;/'). 
Bliminadng m, the equation of the locus is 

I£ C be a right angle, the equations of the sides are 

and that of the locus 

(»-»')(» -»")+(«--■)(» --")=«■ 

Es. 2. Given base and vertical angle, find Hie locus of the intersection of petpen- 
djculars of the triajigla. 

The eqnations of the perpendioulars to the sides ate 
m is " S") + i"' - tc") = 0, (m ~ tan C) (j - ff'J + (1 + "1 tan 0) (x - x') = 0. 
EliminaUog m, the equalaon of the loeus is 
toll C {(y - s') (S - ff") + ("i - ^) (a^ - Ol = »> (S' - J") " S (^ - «") + "^y" " S"^' ; 
an eqnation which only diffats from that of the last article by tlie sign o£ tan C, and 
which is thevefota the loons we should have found for the verfei had we been given 
the same baae and a vertical angle eqnal to the supplement of the given one. 

Ei. 8. Given any number of points, tn find locus of a point such that m' times 
square of its distance from the first + m" times square of ifa distance from the Eecond 
+ &o. = a constant i or [adopting the notation used la Ei. 4, p, 49) such that S {mr') 
may be constant. 
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The square of the distance of any point icy from a'i/' is (i - x",' + (j - /)'■ 
Multiply this by m', and add it fo the cottespoiiding terma fonnd by expressing the 
distance of the point a;^ from the other points ar'y, Jio. If we adopt the notation 
of p. 49, we may write for the equation of the locus 

r (m) x-'-^Lim),/- 2S (m^-) c - 2S (mg'} s + ^ {"^ + ^^ ("S^ = C. 
Heace tlie locus will be a, circle, the coordinates of whose centre will be 

that is to say, the centre will be the pomt which, in p. 50, was called the centre o{ 
mean position of the given points. 

If we Inteatigate the value of the radios of this tarcle we shall find 
JPZ (Hi) = S (mH) - 2 (mp'), 
where S (mr') = C= sum of m times square of distance of each of the f^ven pohits 
from any point on the circle, and Z (mp') = Bum of m, timea aquiire of distance of 
each point from the centre of mean position. 

Bi. 4. Pind the locus of a point 0, such that if parallels be drawn through it 
to the three sides of a triangle, meeting them in points B, C j C, A'; A", S"; the 
Euni may be given of the tbree rectangles 

SO.0C + C'0.0A- + A"O.0B-. 
Taking two sides for ases, the equation of the locus is 



'i^h'{'~>^'^-)<7 



This represents a ciide, which, as is easily seen, is concentric with the circumscribing 
ciicle, the coordinates of the centre in both cases being given by the equations 
2 (a + (3 cost?) = 0, 2 (jS + a cost) = 4. These last two equations enable us to solve 
the problem to find the locus of the centre of circumscribing circle, when two sidea 
of a triangle are given in position, and any relation connecting then' lengtlis is given. 

Ex. 5. Find the locus of a point 0, if tiie line joining it to a fised point makes the 
Eame intercept on the axis of s as is made on the axis of i; by a perpendicular through 
O to the joining Une. 

Ex. 6. Find the locus of a point such that if it be joined to the vertices of a 
triangle, and perpendiculars tu the joining lines elected at the vertices, these perpen- 
diculars meet in a point. 

97. We sliall next give one or two examples involving the 
problem of Art. 82, to fiad the coordinates of the points where 
a given line meets a given eircle. 

Es. 1. To find the locus of tiie middle points of chords of a given circle drawn 
pai-allel to a given line. 

Let the equation of any of the parallel ohoiijs be 

a cos n + y sin a — p = 0, 
where a is, by hypothesis, given, 



f the middle point ot ti 
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ohoiil will (Art, 7) be i (k' + ar"), or, from tho ttcory of equations, will = p COS «. 
In like mannev, tliH y of the middle point will equal p sin a. Hcnco (liB equation 
of the locus is 3 =3 tana, that is, a light line drawn througii tlie centre perpendicular 
to tha flyatem of parallel chords, ance a is the angle made with the asis of » by 
a perpendiculac to ajiy of the chorda. 

Ex. 2. To find the condition that the intercept made by the circle on the line 

should subtend a right angle at the point 3;y , 

Wb found (Art. 96, Bs, 1) the condition that the lines joining the points xY', 
s^'if" ^ "y should be at right angles to each other ; via. 

(3! -=r){x-~ X"') + (s, - y") (s - 1/") = 0. 

Let ic'V, !c"y" he the points where the line meets the circle, then, by the 
last example. 

Putting in theEe values, the rciinircd condition is 

a/! + J,'! _ 2p^ cos u - Spy sin a + 2p' - !^ = 0, 
Ex. 3. To End the locns of the middle point of a oliord which suhtencls a right 
angle at a given point. .^ 

H X and a be the coordinates of the middle point, we hare, by Es, 1, 

and, substituting tlicse values, the condition found in the last example becomes 

Ex. 4. Given a line and a oirele, to find a point snch that if any chord be drawn 
through it, and perpendioulaiB let fall from its ejttremitiea on the given line, the 
rectanglB under these perpendiculars may be constant. 

Take the given line for axis of a, and lei the axis of j be the pei-pendicnlar on 
it from the centre of the given circle, whose equation will then be 

tet the coordinates of the sought point be a/j", then the equation of any line 
thiough it will be y — y' = m{x--x'). Eliminate or between these two equations 
and we get a quadratic for y, the product of whose roots will be found to be 
(g'-mt')= + >»=(ffl-r =)_ 

Ex. 5. To find the condition that the intercept made on a cosa + 3 sma — p 
by the ciide 

may anbl^nd a right angle at the origin. The equation of the pair of lines joining 
the extremities of the choid to the origin may be written down at once, For if wa 
multiply the terras of the second degi-ee in the equation of the drcle by y", those ot 
the first degree by p (k ocsu + y sin a), and the absolute terra by (b cos a + j sin a)', 
we get an equation iiomogeneoua in x and y, which therefore represents right Ihiea 
drawn through the origin ; and it is satiEiied by those points on iie circle for whicK 
a cos a + 1/ sin a = p. The equation expanded and arranged is 
(if' + ajfp cos B + « 00a' «} a!' + 2 (a, sin tt + /;, cos a + c sin a cos o) rj 
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Tlieae two linfs cut at right angles (An. 7i) if 

2j;' + Sp(i-cosa+/san<.) + ^ = 0. 

Kk, 6. To find the locus of the toot of the perpendicular from the origin on a, 
chord which subtend a right angla at the ori^n. The polar coocdinates of tlie lo;uS 
are p and a in the equation last fonnd ; and the equation of the locua it Iheretoie 

2 (aJ 4- ifl + a^x + 2/(/ + c = 0. 
It will be found on. esamlrtation that this is the same circle aa in Ex. 3. 

Ex. 7. If any choi'd be drawn throngh a fixed point On a diameter of a circle and 
itd oxtremities j&ined to either end of the diameter, the joining lines out oS on the 
tangent at the other end poitiona whose reoituigle is constant. 

find, as in Bk. 5, the equation of the lines joining to the origin the intersections 
of nP + y' — 2rs with the chord i/ = m {x — x'} which passes throngh the fixed point 
(x', 0), Tho intercepts on the tangent are found by putting i = 2r in thia equation 
and seeking the corresponding values of y. The product of these values will be 
found to he independent of in, viz. ir' —. - , 



98. We sliall next obtain from tho equations (Art. 88) a few 
of the properties of poles and poiars. 

If a point A lie on the polar of B, tlienB lies on iJte polar of A. 
For the condition that x'lf should lie on the polar of x"i/' is 
o;V+^y = r'; but this is also the condition that the point 
x"^" should lie on the polar of x'l/. It is equally true if we 
nse the general equation (Art. 89) that the result of fiub.stituting 
t!ie coordinates x"i/" in the equation of the polar of a;'/ is the 
same as that of substimting the coordinates of x'i/' in the polar 
of x"y". This theorem then, and those which follow, are true 
of all curves of the second degree. It may be otherwise stated 
thus: if the polar of B pass through a Jixed point J, the locus of 
B is the polar of A, 

99. Given a circle and a triangle j^SC^, if we take the polai-s 
with respect to tho circle of A, B, G, we form a new triangle 
A'B'C called the conjugate, triangle, A' being the pole of BG, 
B' of CA, and G' of AB. In the particular case where the poiars 
of A, B, G respectively are BC, CA, AB, the second triangle 
coincides with the first, and the triangle is called a self-conjngate 
triangle. 

The lines AA\ BB', GG', joining the corresponding vertices of 
a triangle and o'fits conjugate^ meet tn a point. 

The equation of the Hue joining the point x't/' to the inter- 
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section of tlie two lines xx" -\- yi/' — r' = and xaS" •{■ yy'" — r* =-^ 
is (Art. 40, Ex. 3) 

A A ', {x'x'" + y'y"' - t^) {xx" + yy" - r") 

- [x'x" + y'y" - r') [xx'" + ijf - J-") = 0. 
Ill like manner 

BB\ {x'x" 4 y'y" - »-^) [xx'" + yy"' - r") 

- {x"x'" + y"y"' - r'] {xx' + yy' -r'] = i) 
and CC, {x"x'" -{■ y"t/'" ~ r') (xx' + yy' — r") 

- (x^x'" + y'y'" - r") {xx" ■+ yy" - r') = ; 
and by Art. 41 these lines must pass through the same point. 

The following is a partictilar case of the theorem just proved : 
If a circle be inscribed in a triangle, and each vertex of the tri- 
angle joined to the point of contact of the circle with the opposite 
side, the three joining lines will meet in a point. 

The proof just given applies equally if we nse the general 
equation. If we write for shortness P, = for the equation of 
the polar oix'y', (aa:'a!+&c.=0); and in like manner P^, P^ for 
the polars of x"^', x"y'" ; and if we write [l, 2] for the result of 
substituting the coordinates 3;"y in thepolar ofa:'!/', (a.c'a;"+&c.), 
then the equations are easily seen to be 

AA [1.3]P, = [1,2]P„ 

BB' [1, 2JP^ = [2, 3]P., 

CC [2,3]P. = [1,3]P„ 
whieh denote three lines meeting in a point. It follows (Art. 60, 
Ex. 3) that the intersections of corresponding sides of a triangle 
and its conjugate lie in one right line. 

100. Given any point 0, and any two lines through it; join 
both directly and transversely the points in which these lines meet 
a circle ; then, if the direct lines intersect each other in P and the 
transverse in Q, the line FQ will he the polar of the point with 
regard to the circle. 

Take the two fixed lines for axes, and let the intercepts made 
on them by the circle be X and V, fi and //. Then 
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win be the equations of the direct lines ; and 

X fj. ' fl. /i 

the equations of the transverse lines. Now, the equation of tlie 
line FQ will be 

\ X fi /* 
for (see Art. 40) this line passes through the intersection of 
X V , X V , 
X fj. X fj. 

and also of ^4 4- 1, o + - - !• 

\ ft ' X I* 

If the equation of the curve be 

ax' H- ^hxi/ + by' 4 ligx + %fy + c = 0, 

X and X' are determined from the equation a3?-\-2gx-\-c = Q 

{Art, 84), therefore, 

- + -, = - ^ , and - + - = - -^ . 

Hence, equation of PQ Is 

but we saw (Art. 89) that this was the equation of !be polar of 
tbe origin 0. Hence it appears that if the point were given, 
and the two lines through it were not fixed, the locus of the 
points P and Q would be the polar of the point 0. 

101. Given any ttco joints A and 5, and thetr polars with 
respect to a circle whose centre w / let fall a perpendicular AP 
from A on tltejiolar of B, and a perpendicular PQfrom B on the 

, . . , OA OB 
^olarofA, '^e"^p = ^g- 

The equation of the polar of j1 (x'i/) is xaf + yi/'- r'^ = 0; and 
BQf the perpendicular on this line from B (ic'V), is (Ait. Si) 
'^'■■>:" + /y" -j^ 
'^{^" + yl ' 
Her.cc, since ^{x"^ + y"'] = OA, we find 

OA.BQ^ £x" + i/y" - ^ i 
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and, for tlie same reason, 

OB. AP= a^x" + y'y" - r'. 
OA OB 
Hence AP= BQ' 

]02. In working out questions on the circle it is often con- 
venient, instead of denoting tlie position of a point on tlie curve 
by its two coordinates x'^, to express both these in terms of a 
single independent variable. Thus, let ff be the angle which 
the radius to ^1/ makes with the axis of ic, then x' = r eos^, 
^ = r8in^', and on substituting these values our formulEe will 
generally become simplified. 

Tlie equation of the tangent at the point x'y' will by this sub- 
stitution become 

X cos 6' + ym\0' = r\ 
and the equation of the chord joining ai'y, x"y"^ which (Art. 86, 
Ex. 3) is 

x[af + x") +y{^' + y") = / + x'x" 4- y'y", 
will, by a similar substitution, become 

X cos^ {8' + 6") 4 y %m^[e' 4 6") = r cos^ {ff - ff% 
6' and B" being the angles which radii drawn to the extremitiea 
of the chord make with the axis of x. 

This equation might also have been obtained directly from 
the general equation of a right line (Art. 23) x coaa4^sina=^, 
for the angle which the perpendicular on the chord makes with 
the axis is plainly half the sum of the angles made with the axis 
by radii to its extremities, and the perpendicular on the chord 
= rcos^(i9'-^'). 

:tion of tangents at two ^ven points 



^■"' cosHfl'-n' *" rasKS'^ll" 
Ei. 3. To find the locus of the inteifieotion of tangent 
a choKl wliose length is constant. 

Mnking the substitution of this article in 

It reduces to cos (6' - 6") _ conatflnt, or 6' - S" = constant. 
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lie ehtird be 2r sin S, then fl' - 6" = 2S. Tbo eoordinBtes therefore found in the last 
sample fulfil the coulitloii 

Ex. 3. Whitt is the locus of a point wtiece a chord of a constant length is cut 
Writ 



103. We have seen that the tangent to any circle ic'^f y*=r* 
has an equation of tho form 

and it can be proved, in hke manner, that the equation of the 
tangent to [x — a)' +(;//- 13'j' = r" may be written 

(x — a) cos ^4 iy — ^) mi6 = r. 
Conversely, then, if the equation of any right line contain an 
indeterminate 9 in the form 

(3: — a) cos ^ + (y — /9) sin d = r, 
that line will touch the circle [x — a)' + (y ~ /3)" = r*. 

Bs. 1. If a oliocd of a constant length be inscribed in a diole, it will always touch 
another ciccle. Por, in the equation of the chord 

it cos M^' + r) + ;, Bin J (fl' + e'O t= r a)s J (S' - n i 
by the last article, 6' — 6" ia knowu, and 6' + 6" indeierminate ; tbe chord, tteretore, 
always touches the circle 

It' + / = !■' 0085 i, 

"Rr. 2. Given any number of points, if a right line be such tliat tn' times the 
peipendicular on it fi-oia the firet point + m" times the perpendicular from tie Eocond 
+ &c. ba constant, the line will always touch a chide. 

This only differs from Es. 4, p. 49, in that the sum, in place of being = 0, is con- 
stant. Adopting then the notation of that Article, instead of the equation there found, 
[5:1 (m) - Z (W)) COB a + !;,£ (m) - 2 (B^'H £in « = 0, 

i^Zm - S [m^-)] cos « + (sS (/«) - 2 (^ij-)} ^n « = constant. 
Uciice this line must always tonch the circle 

«liOEe centre ia the centre of mean position of tho given points, 

104. We shall coaclucle this chapter with some examples of 
the use of polar coordinates. 

Ex. 1. If through a fiied point any chord of a circle be drawn, the rectangle 
under its segments will ba constant {JSuolid iir. 35, Sfi). 

Take the fised point for the pot, and the polar equation is (Ait. 96) 
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the roots of whicli eqnation in p are evidently OP OP' the yalu^ of the rad'os 
vector answering to any given value of 9 or POC 

Kow, by the theory of equations, OP. 01' tie jrol r-t of thcaa rojts nil 
= (? — r*, a quantity iWtjiendEn! o( B, and U erefnre coiotant whitevcr b» tie 
direction in which the line OP is draira. If the point O be o its de the cucle t 
is pl^n that d* — r" must be = the square of the tangent 

Es- 2. If through a Sied prant any chord of a circle he drawn in I OQ taken 
on arithmetic mean between the sesmenta OP, OP , to find the locus of Q. 

We La™ OP + OP', or the anm of the roots of the quadratic in the last example, 
= 2d COB 6; but OP + OP' = 20(3, thei^foce 

'"-""■ p/ 

Hence the polar equation of the locus ia J.e" 

' = ■"»"• 5 { C 

Now it appears from the Qnal equation (Art. 95) 
that this is the equation of a, circle dcEcribed on 
the line 00 as diameter. 

The question in this esample might have been otherwise stated : " To find the 
locus of the middle points of chords which iill pass through a fixed point." 

Es. 8. If the line OQ had been taken a harminwi mean between OP and OP' 
to Gad the locus of d. 

WP OP' 

That is to say, OQ = -Qj^^p., hat OP. OP' ^d'-r', and 0P+ OP' = 2daiaei 

therefore the polar equation of the locus is 

~ •^Jl^ a - -^-r* 

This is the equalJon o! a right line (Ait. 44) perpendicular to OP, and at a 
distance from = d— -3, and, therefore, at a distance from C= j . Hence (Art. 88) 
the locus is fbe polar of the point O. 

We can, in like manner, solve this and similar questions when the equation is 
giTcn in the form 

o(:t" + j,') + 2ffH-2/i, + c = (l, 
for, transforming to polar coordinates, the equation becomes 

p' + 2 f2 cos e +^sin e] p + - = 0, 
and, proceeding precisely as in this example, we find, for thelocuaof harmonic means. 



P- jcosfl+ysine' 
and, returning to rectangular coordinates, the equation of the locus is 

the same as the equation of the polar obt!uned alieady {Art. 89), 

Ex. 4. Given a point and a right line or circle; if on OP the radius vector to the 
line or circle a part OQ be taJcen inverdely as OP, find the locus of Q. 

Ei. 5. Given vertex and vertical ar.gle of a triangle and rectangle under sides, 
if one extremity of the base describe a right line or a tarcle, find the locus described 
by the other extremity. 

Take the vertex for pole ; let the lengths of the aides be p and p', and the angles 
they make vrith the axis 6 and ff, then we have pp' = F and fl B' = 0, 
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-7 , and for 6, (7+6', lie will find a. relation between p' and fl', whioli will he tho 
polar equation of the locns deaoribed by the other base auele. 

This example might be solved in like mannoc, if the raiio of the sidos, inatead 
of their rectangle, had been giTon, 

Et. 6. Through the intereection of two circles a right line is drawn; find the 
locna of the middle point of the portion intercepted between the oirolea. 

The equiitiona of the clrclea will be of the form 

p = 2,-cos(_B-a)i p = 2/co3(e-a')i 
and the equation of the locus will be 

, = r<».(«-.) + r' 00. («-.'), 
which also represents a. circle. 

Bi. 7. If through any point 0, on the circumference of a circle, any three chorda 
be drawn, and on each, as diameter, a circle be deseribed, these three circles (which, 
of course, all pass thmugh O) will intersect in three other points, which lie in one 
t^ht line (See Camh-idge Matlematkal Journal, vol. I. p. 169). 

Take the fised point for pole, then if d be the diameter of tlie original drcle, 
its polar equation will be [Art, 95) 

Itt like maimer, if the diameter of one of the other circles make an angle a with the 
Gsed axis, its length will be = tJ cos a, and the ei^uation of this circle will he 

The equation of another cirde will, in like manner, he 



cos«cos(e-<.) = oos^co3(e-ffl, 
und it ifl easy to find that 6 must = a + ft and the corresponding value of 
^ = .J cos a cos ,3. 

Similarly, the polar coordinates of the intersection of the first and third circles are 

9 = a.-i-y, and ^ = ii cos a cos 7. 

How, to find t!ie polar equation of the line joining th^e two points, take the 

general equation of a right line, p cob {h^fl]—p (Art. 44), and eubstilute in it suc- 

cessiTcly these values of 8 and p, and we shall get two equations to determine p 

and h. We shall get 

y = (I cos = COS (3 COB |4 - (b + j3)! = rf cos a cos y 009 [i - (a + 7)}. 
Hence k=aA-p + y, and p = rf cos a cos ^ cos y. 

The symmetry of these values shows that it is the same right line wMcb joins 
the intersections of the first and second, and of the second BAd third circles, and, 
therefore, that the three points are in a right line. 
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CHAPTER VIII. 

PROPERIIES OP A SYSTEM OF TWO OK MORE CffiCLES. 

105, To find the equation of the chord of intersection of two 
circles. 

1? S = 0, 8' = bo the equations of two circles, tlien any 
equation of the form S+k8' = will be the equation of a figure 
paasing through tbeir points of intersection (Art. 40), 

Let OS write down the equations 

S ={z-ay-i-{,j-8r-'>^=<i, 

and it is evident tbat the equation S+kS' = will in general 
represent a circle, since the coefficient of xy = 0, and that of 
x^= that of y. There is one case, however, where it will re- 
present a right line, namely, when h = —l. Tho terms of the 
second degree then vanish, and the equation becomes 
S - 5'= 2 (a' - a) ic + 2 [;8' - ^) 2/ + )^ - r^ + a'- a'* 4- y3= - /3'"= 0. 
This is, therefore, the equation of the right line passing through 
the points of intersection of the two circles. 

What has been proved in this article may be stated as in 
Art. 50. If the equation of a circle be of the form iS'+AS' = 
involving an indeterminate Je in the first degree, the circle passes 
through two fixed points, namely, the two points common to the 
circles S and S'. 

106. The points common to tho circles 8 and S' are found 
by seeking, as in Art. 82, the pointa in which the line 8—8' 
meets either of the given circles. These points will be real, co- 
incident, or imaginary, according to the nature of the roots of 
the resulting equation; but it is remarkable that, whether the 
circles meet in real or imaginary points, the equation of the 
chord of intersection, S— 5" = 0, always represents a real line, 
having important geometrical properties in relation to the two 
circles. This is in conformity with our assertion (Art. 82J, tbat 
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the line joining two points may preserve its exiBtence and its 
properties when these points bave become imaginary. 

In order to avoid the harshness of calling the line S— S', the 
chord of intersection in the case where the circles do not 
yeometricallj) appear to Interaect, it has been called* the radical 
axis of the two circles. 

107. We saw (Art. 90) that if the coordinates of any point 
xy be substituted in 8, it represents the square of the tangent 
drawn to the circle S from the point xy. So also S' is the 
square of the tangent drawn to the circle :S" ; hence the equation 
8—S' = asserts, that if from any point on the radical axis 
tangents he draton to the two circles, these tangents will be equal. 

The line [8— 8') possesses this property whether the circles 
meet in real points or not. When the circles do not meet in 
real points, the position of the radical axis is determined geome- 
trically by cutting the line joining their centres, so that the 
difference of the squares of the parts may = the difference of the 
squares of the radii, and erecting a perpendicular at this point ; 
as is evident, since the tangents from this point must be equal 
to each other. 

If it were required to find the locus of a point whence tan- 
gents to two circles have a given ratio, it appears, from Art, 90, 
that the equation of the locus will be S-}^8'=Q, which (Art. 105) 
represents a circle passing through the real or imaginary points 
of intersection of 8 and 8'. When the circles 8 and 8' do not 
intersect in real points, we may express the relation which they 
bear to the circle 8~U'S\ by saying that the three circles have 
a common radical axis. 

JEs. Find the coordinates of tte centre, and the radius of kS + IS'. 

Am. Coordinates are —-r-TJ > "^ , i i l^' is to say, the line joining the centres 
of 3, S' is divided in the ratio S ; I. Badins is giren bj the equation 

(i + O^'''" = (i + i) (ftr» + 6-") - &W, 
where D is the aistaaoe between the centres of S and S'. 

108. Given any three circles, if we take the radical axis of 
each pair of circles, these three lines will meet in anoint, which 
is called the radical centre of the three circles. 

* By il. GdulLier, of Toius (Juiirnal de V ^cole Foli/lecMique, Cahier xvi. 18I3>. 
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Tor the equations of the three radical axea are 
S-S' = 0, S'~S" = 0, 8"- 8=0, 
■which, by Art. 4], meet In a point. 

From this theorem we immediately derive the following: 

Jf several circles pass through two fixed points^ their chords of 
intersection with afiaxd circle will pass through a fixed point. 

For, imagine one circle through the two giren points to he 
fixed, then its chord of intersection with the given circle will ho 
fixed; and its chord of intersection with any variable circle 
drawn through the given points will plainly be the fixed line join- 
ing the two given points. These two lines determine by their 
intersection a fixed point through which the chord of intersection 
of the variable circle with the first given circle must pass. 

Ei. 1. Find the radical asia of 

ic' + y' - ix - by + 7 = 0; «:' + j= + ftt + 8;/ - 9 = 0. 

Ana. lOi + 13j = I0. 
Ex. 2. Find the radical centre of 

Ci-J)= + (S-2)» = 7; (^-3)= + s' = 5i (^ + 4)= + fe + I)' = 9, 

-*"»- C-A. -i§)- 
*109. A system of circles having a common radical axis 
possesses many remarkable properties, which are more easily 
investigated by taking the radical axis for the axis of y, and the 
line joining the centres for the axis of x. Then the equation of 
any circle will be 

x^ + i/'-27cx±B^ = 0, 
where ^ is the same for all the circles of the system, and the 
equations of the different circles are obtained by giving different 
values to k. For it is evident (Art. 80) that the centre is on 
the axis of a;, at the variable distance A;; and if we make x = 
in the equation, we see that no matter what the value of k may 
he, the circle passes through the fixed points on the axis of y, 
y' i S" = 0. These points are Imaginary when we give S' the 
sign +, and real when we give it the sign — . 

"110, Tkepolars of a given point, with regard to a system of 
circles having a common radical axis, always pass through a 
fixed point. 

The equation of the polar of x'j/ with regard to 
X' +y'' - 2kx + S' = 0, 
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is (Art. 89) xaf + ^/ -k{x + x') + B' = 0', 

tlierefore, since this involves tlie indeterminate h in tlie first 
degree, the line will always pa^ through the intersection of 
ay/ + ^y + 8° = 0, and x-{-a/ = 0. 

*111. There can always he found two points, however, such 
that their polars, with regard to any of the circles, will not only 
pass through a fixed point, but will he altogether fixed. 

This witl happen when xaf + yy' + S' = (i and x + a^ = re- 
present the same right line, for this right line will then be the 
polar whatever the value of k. But that this should be the case 
we must have 

y' = and a/'=S°, or o/ = ±S. 

The two points whose coordinates have been just found Lave 
many remarkable properties in the theory of these circles, and 
are such that the polar of either of them, with regard to any of 
the circles, ia a line drawn through the other, perpendicular to 
the line of centres. These points are real when the cii-cles of 
the system have common two imaginary points, and imaginary 
when they have real points common. 

The equation of the circle may be written in the form 
f + {x-kY = !i?-S', 
which evidently cannot represent a real circle if k^ be less than 
8'; and if A' = S'', then the equation (Art. 80) will represent a 
circle of infinitely small radius, the coordinates of whose centre 
are ^ = 0, x = ±B. Hence the points just found may themselves 
be considered as circles of the system, and have, accordingly, 
been termed by Poneelet* the limiting points of the system of 
circles. 

*112, If from any point on the radical axis we draw tan- 
gent to all these circles, the locus of the point of contaet must 
be a circle, since we proved (Art. 107) that all these tangents 
were equal. It is evident, also, that this circle cuts any of the 
given system at right angles, since its radii are tangents to the 
given system. The equation of this circle can be readily found. 

* Ti'aite des rropHetes Frojectives, p. 41. 
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The square of the taDgeot from any point (a;=0, y=K) to the 
circle 

a;'' + /-2ia: + S'' = 0, 
being found by substituting these coordinates in this equation 
is A" + S° ; and the circle whose centre is the point [x = 0, y = S), 
and whoso radius squared = K' + 8", must have for its equation 

x^+{y-hY = h^-\- 8', 
or x?-^f-2hj = ^. 

Hence, whatever be the point talien on the radical axis [i.e. 
whatever the value of h may be), still this circle will always pass 
through the fixed points (^=0, x = ±B) found in the last Article. 
And we infer that all circles which cut the given system at right 
angles pass through the limiting points of ike system. 

Ex. 1. Find the condition that two cir<^ 

E= + s' + 3sa + aj'> + .' = 0, x' + s'-\-ig-x + 'ify + c' = li 
should out at right aoglea. Expressing that the sqoare of the distance between the 
centres is equal to the sum of the squares oi tlie radii, we have 

(J - i'T + (/-/')'= J' + /'- = + s" +/"- «•, 
or, reducing, 2ffff' + 2ff- = e-¥ c'. 

Ex. 2. Find the ch-ole catting three circloa orthogonally. We haye three equations 
of the firat degree to determine the three nntaown quantities g, f, o; and the problem 
is solved as in Ait. 94. Or the problem may be solved otherwise, since it is evident 
from this article that the centre of the required circle is the radical centre of the three 
circles, and the length of its radlna equal to that of tlie tangent from the raiJical 
centre to any of the circles. 



Es. 4. If a circle cut orthogonally three eirolea S", S', S"", it cuts Oi-thogonally 
any drcle AS" + IS" + mS"' = 0. Writing down the condition 

Sff{iy- + lg" + ma"') + •¥'(¥' + If + «'/'") = (.^ + ^ + '»)'' + (^ + l''" + "<°"'h 
wa Ece that the coefficients oth,l,m vanish separately by hypothesis. 

Similarly, a larele cutting S", S" orthogonally, also cuts orthogonally iS" + IS". 

E.T, 5, A system of mrcles which cula orthogonally two given circles S", S" has 
a. common radical axis. This, which has been proved in Art. 112, may te proved 
otherwise as follows : The two conditions 

W + ifr = '' + c; Sffff" + 2//" = c + c", 
enable us to determiuo j ajid / linearly in terms of c. Substituting the values so 
found in 

the equation retains a single indeterminate e in the first degree, and therefore 
(Art. 105) denotes a system having a common radical axis. 

Ex. 6. If AB be a diameter of a circle, the polar of A with respect to any ciccla 
wliioli cuts the Hist oitliogonally will pass through S. 
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Bs. 7. The eqnare ot the tangent from any point of one circle to anothcf ia 
proportional to the peipeadicular from that point npan thrar radical axis. 
Es. 8. To find the sngla (h) at which two circles intersect. 

Let the radii of the circles be S, r, aJid let O he the distance between their 
centres, then 

D= = JP + r'-2&co3ii, 
since the angle at which the drcles intersect is equal to that between the radii to 
the point ot iEtersectioQ. 

When the circles ate given by the general eqnationa, this espreasion becomes 

2Rrcoaa = 3ffp + iF/- C- c. 

If S = be the equation of the circle whose radins ia r, the coordinates of the 

centre of the other eirde miiat fnlfil the condition E' — 2JiT cos a — S, as is eyideat 

from Art. 90, einoe Zl^ — j" ia the square of the tangent to S from the centre of the 

other circle. 

T.71. 9. If we are given the angles a, (9 at which a (arcle cats two fixed circles S, S', 
the circle is not determined, since we hare only two conditions ; but we can determine 
the angle at which it outs any circle of the system &S + IS". For we have 
B'-2Ercma = S, JP - ^Sr" cob p = S", 
, „ n^SrcOsa+fr-COS^ kS + IS' 

whence JP — 2R r— j = — j-VT- • 

which is the condition that the moreable circle should out iS + IS' at the constant 
angle y; where {* + i) r" cos 7 = tc cos a + (K cos ft r" being the radins of the 
circle kS + IS'. 

Bi. 10. A circle which cuts two fixed circles at constant mglea will also l«ucli 
two fixed eii-clea. Fov we can determine the ratio k:l,BO that y shall = 0, orcoay=I. 
We have (Art 107, Ex.) 

(S + ()' r"' = (I + n (ir' + 7/=) - HIP, 
Subatitnting thia value for r" in the equation of the last example, we get 1 quadrstio 
to determine k : I. 

113. To draw a common tangent to two circles. 
Let tlieir equations be 

(^-«)"+(^-^r='-' (S), 

and {ic-a74(.y-/3'f = /" (S"). 

"VVe saw (Art. 85) tJiat the equation of a tangent to {S) was 

{x-a){x'-a)-v[y~&){y'-^)'^T-'; 
or, as in Art. 102, wrltinff 



[x — a) cos 8-l-{y — ^) sin ^ = r. 
In like manner, any tangent to {S') is 

{>!-«') cos 9'+(y-/3-) .mo'-/. 
Now if we seek tlie conditions necessary tliat these two 
equations should represent the same right line ; first, from com- 
paring the ratio of thecoeffieientaof a and ?/, weget tan ^= tan ^', 
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whence & either = 5, or = 180° + Q. If eitber of these conditions 
be fulfilled, we muat equate the absolute terms, and we find, in 
the first case, 

and in the second case, 

(a-a') cos5+{^-/9'} sin5 + )-+r' = 0. 
Either of these equations would give us a quadratic to deter- 
mine Q, The two roots of the first equation would correspond 




to the direct or exterior common tangents, Aa^ A'a' ; the roots 
of the second equation would correspond to the transverse or 
interior tangents, Bh, B'b'. 

If we wished to find the coordinates of the point of contact 
of the common tangent with the circle (/S), we muat substitute, 

in the equation just found, for cos d, its value, ■ , and for 

Bin 9, ^^^ , and we find 

[«-«') (a/-a) + (/3-^')f/-/3) + r(r-/)-0; 
or eke, («-«-) (a/ -a) + (/3-^) (/-/S) + »■(»-+ /) = 0. 

The first of these equations, combined with the equation [S) 
of the circle, will give a quadratic, whose roots will be the 
coordinates of the points A and A', in which the direct common 
tangents touch the circle {S] ; and it will appear, as in Art. 88, 
that 

(«'-«} (a,-«)+C^'-^)(2/-,3)=r(r-r'} 
is the equation of AA', the chord of contact of direct common 
tangents. So, likewise, 

is the equation of the chord of contact of transverse common 
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tangents. If the origin be the centre of the circle {8), then a and 
/3 = ; and we find, for the equations of the chords of contact, 
a'x + ffy = r[rT r'). 
Ex. Pind tho common tangents to tho circles 

The chorda of contact of common tangenta witli tiie &a,t circle are 

ix + s = e, 2x + g = S. 
The Hist chord meets the circle in tlie points (2, 2), {f, f)i the tangents at ^111011 are 

and tho second chord meets the circle in the points (1, I), (J, ^], the tangents at 
which are 

a: = l, 3a; + 4j^6. 

114. The points and 0', in which the direct or fransTei^e 
tangents intersect, are (for a reason explained in the next 
Article) called the centres of similitude of the two circles. 

Their coordinates are easily found, for is the pole, ivith 
regard to circle [8], of the chord AA', whose equation is 

Comparing this equation with the equation of the polar of the 
point x'y, 

(a'~a)r , a'r~ar' 

we get a — a = — — ;— , or ic = — —^ , 

So, likewise, the coordinates of 0' are found to be 

These values of the coordinates indicate (see Art. 7) that the 
centres of similitude are the points where the hue joining the 
centres is cut externally and internally in the ratio of the radii. 

Ek. Find the common tangents to tlio cireles 

x'^ + f^Gx- Si/ = 0, ffiS + j5 _ 4a, _ Cj = S. 
The equation of the pair of tangents throi^h o/j' to 

ia found (Art. 92) to he 
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Now the coordinates of Hie exterior centre of Eimilitude aie found to lie (— 2, — I) 
and hence the jtair of tangents thmiigh it is 

25(a!> + y»-6K-%) = {5K + 6y-10)*! or irj + ar + 2y + 2 = 0i or (k + 2) (j + 1) = 
As the given dicles intevESct in real pointa, the other two common tjmgents 
become imaginary ; but their equalion is found, hy calculating the pair of tangents 
througi the other centre uf similitude (Y, V), to be 

402^ + xy + iOy' - 199e - 278?/ + 722 = 0. 

115. Ever^ right line drawn through the intersection of com- 
mon tangents is cut similarly by the two circles. 

It 13 evident that if on the radius vector to any point P there 
be taken a point Q., such that OP~m times OQ^ then the x and 
J/ of the point P will be respectively m times the x and y of the 
])oint Q J and that, therefore, if P describe any curve, the locus 
of Q is found by substituting; tnxj my for x and y in the equation 
of the curve described by P. 

Now, if the common tangents be takon for axes, and if we 
denote Oa by «, OA by a', the equations of the two circles are 
(Ai't. 84j Ex. 2) 

0"+?/*+ 2a:y cosra — 2aa; — 2ffly + a' =0, 
a^+y + aicycosw-aa'a;- 2o'2^ + a'^ = 0. 

But the second equation is what we should have found if wc 

had substituted , j -', for x^ y in the first equation ; and it 

therefore represents the locns formed by producing each radius 
vector to the fiist circle in the ratio a : a'. 

Cor. Since the rectangle Op. Op' is constant (see fig. next 
page), and since we have proved OS to be in a constant ratio to 
Op, it follows that the rectangle OP.Op = OB'. Op is conslant, 
however the line be drawn through 0. 

116. If through a centre of similiiuile we draw any two lines 
meeting ike first circle in the points R, B\ 8, S\ and the second in 
the points p, p', tr, <r\ then the chords R8, per/ R' 8\ p'17' mil he 
parallel, and the chords RS, p'tr' / R'S', pa- will meet on the 
radical axis of the two circles. 

Take OR, OS for axes, then we saw (Art. 115} that 
OR = mOpj OS=^mOa-j and that if the equation of the circle 
f<Tp'<r' be 

0, [x' ->r Iv^'tj cos(o + ?/") + 2jai + t<,^J + c = 0, 
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ttat of the other will be 

+ 2))i (gx -Jtfy) + m'c = 0, 
and, therefore, the equation of the 
radical asis will be (Art. 105) 
'i[9x+fy)^[m-\-l)c = 0. 
Now let the equations of pa- and 
oi pa' he 



^ + f = l, ^^-1- 



Jhen the equations of ES and 
R'8' must be 




It is evident, from the form of the equations, that RS is 
|)arallel to pa- ; and US and p'a-' must intersect on the line 



<M^KJ4)--' 



or, as in Art. 100, on 

2{^^+/i/) + {mll)o = 0, 
the radical axis of the two circles. 

A particular case of this theorem is, that the tangents at R 
and p are parallel, and that those at R and p' meet on the 
radical asis. 

117. Given three circles 8, 8', 8" ; the line joinivg a cenliv. 
cf similitude of S and 8' to a centre of similitude of S and 3" 
will pass ihrougJi a centre of similitude of 8' and 8". 

Form the equation of the linejoining the first two of the points 
f rfx'-oir' r^^\ / m"-etr" r^"-0r"\ Iro-'-ry r&yf&\ 
\r-r' ' r-r' }^\r~r" > r-r" }''\r'--r" ' r' -r" /' 
(Art. 114), and we get (see Ex. 6, p. 24), 

{r(^'-y3") + '-'(^"-^) + '-"(/3-^)]« 
_[,.(«■- a") + '■'(«"-") + '-"(«-«'}} y 
= r [fi'a ~ /3"a') + r' (^"a ~ 0a") + r" (^a' - ^'4 
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Now the symmetry of this equation sufficiently shows, tliat the 
line it represents must pass through the third centre of similitude. 
This line is called an axis of similitude of the three circles. 

Since for each pair of 
circlesthere are two cen- 
tres of similitude, there 
will be in all six for the 
three circles, and these 
will be distributed along 
four axes of similitude, 
as represented in the 
figure. The equations 
of the other three will 
be foiuid by changing 
the signs of either r, or 
r', or r", in the equation 
just given. ' / 

C!OE. If a circle (2) toueh two others (S and iS"), the line join- 
ing the points of contact will pass through a centre of similitude of 
8 and 8'. For when two circles touch, one of their centres of 
amilitude will coincide with the point of contact. 

If S touch S and S\ either both externally or both intemallyj 
the line joining the points of contact will pass through the exter- 
nal centre of similitude of S and S'. If S toueh one esternally 
and the other internally, the line joining the points of contact 
wilt pass through the internal centre of similitude, 

*118. To find the loous of the centre of a circle cutting three 
given circles at equal angles. 

If a circle whose radius Is R, cut at an angle a the three 
circles 8, 8', S", then (Art. 112, Ex, 8) the coordinates of its 
centre fulfil the three conditions 
8=E'~2jtrcosa, 8' = R'- 2 Br' cos a, S" = R' -2lir" cosa. 

From these conditions we can at once eliminate M' and 
B cosa. Thus, by subtraction, 

8- 8' = 2J5 {r' - r) cosa, 8- 8" = 2B {r" - r] cosa, 
whence {8- S') [r - r") = {8- 8") {r - r'), 

the equation of a line on which the centre must lie. It obviously 
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passes through the radical centre (Art. 108) ; and if we write 
for S-8', 8~ 8", their values (Art. 105), the coefficient of a; in 
-the equation is found to bo 

_ 2 (,(/_,") + „■(/■_,) + „" (,_/)), 
while that of?/ is 

- 2 Iff (/ - r") + ff (>•" -.r)i-ff"{r-r]]. 

Now if we compare these values with the coefficients in the 
equation of the axis of aimilitude (Art. 117), we infer (Art. 32), 
that the locus is a perpendicular let fall from the radical centre 
on an axis of similitude. 

It is of course optional which of two aupplemcnta! angles we 
consider to be the angle at which two circles intersect. The 
formula (Art. 113) which we have used assumes that the angle 
at which two circles cut is measured by the angle which the 
distance between their centres subtends at the point of meeting ; 
and with this convention, the locus under consideration is a per- 
pendicular on the external axis of similitude. If this limitation 
be removed, the formula we have used becomes 8=S'±'2,Br cosa ; 
or, in other words, we may change the sign of either r, r\ or r" 
in the preceding formulae, and therefore (Art. 117) the locus is a 
perpendicular on any of the four axes of similitude.* 

When two circles touch internally, their angle of intersec- 
tion vanishes, since the radii to the point of meeting coincide. 
But if they touch externally, their angle of intersection accord- 
ing to the preceding convention is 180°, one radius to the point 
of meeting being a continuation of the other. It follows, from 

• In fact, all circles cutting three drcles at equal angles tava one of tlie axes 
of rfmilitude for a common Eadioal aiie. Let S, 2', Z" be tliree ciicles, all eutllng 
the given ciicles at the same angles a, ft y respectively. Tlien tte ojoidiaalea of Ui8 
centra of each of the ciroiea S, B', S" mnet fulfil the conditions 

^=T^-2fBm%a, Z- = T^-2rH^Ooap, I." = r^ -2i-B" cony; 
Whence (Ji cosa - R" cosy) (Z - Z') = {S COSa - fl' cosjS) (2 - Z")- 

This ■which appeavs fo be the equation of a right hne is satisfied by the coordinates 
of the centre of S, of S', and of S", thvea points which are not supposed to be on a 
tight line. How the only way in which what seems an equation of tbe first degree, 
Buch aaax + bg + c = a'x + b'i/ + 1^ can be satisfied by the coordinates oE three points 
which are not on a r%ht line, is if the equation is in tratli an identical one, a = a', 
b = i/, c = <f. The equation, therefore, written above denotes an identical relation of 
the locuj L = ifcS' + ffi", shewing that tie three circles have a common miiical asis. 
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what has been just prove<l, that tlic perpendicular on the externnl 
axia of similitude contains the centre of a circle touching three 
given circles, either all externally, or all internally. If wr8 
change the sign of r, the equation of the locus which we found 
denotes a perpendicular on one of the other axes of similitude 
which will contain the centre of the circle touching S externally, 
and the other two internally, or vice vers&. Eight circles in all 
can be drawn to touch three given circles, and their centres lie, 
a pair on each of the perpendiculai's let fall from the radical 
centre on the four axes of similitude. 

*119. To desoi-ibe a circle toucMng three given circles. Wc 
have found one locus on which the centre must lie, and we could 
find another by eliminating R between the two conditions 

8=B'+'iRv, 8' = B' + 2Rr: 
The result, however, would not represent a circle, and the solu- 
tion will therefore be more elementary, if instead of seeking 
the coordinates of the centre of the touching circle, we look for 
those of its point of contact with one of the given circles. ■ We 
have already one relation connecting these coordinates, since 
the point lies on a given circle, therefore another relation be- 
tween them will suffice completely to determine the point.* 

Let Ks for simplicity take for origin the centre of the circle, 
the point of contact with which we are seeking, that is to say, 
let us take a = 0, yS = 0, then if A and B be tho coordinates of 
the centre of S, the sought circle, we have seen that they fulfil 
the relations 

S- S' = 25 (r - r'), S- S" = 2i? {r - r"). 
But if a! and y be the coordinates of the point of contact of S 
with 8) we have from similar triangles 

9- ' r ' 

Now if in the equation of any right-line we eubsf itute mx, my for 
X and y, the result will evidently bo the same as if we multiply 
the whole equation by m, and subtract {m — l) times the absolute 
term. Hence, remembering that the absolute term in S— S' is 

* This EolutJQQ is by M. GergonDC, Anaales lies Mtithmoi'iYMs, vol. vii. p. 289. 
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(Art. 106)/^— V — a™- /3™, the result of making the above Bub- 
stitutions for A and B in (5- 8') = 2-B (*■ - r'J la 

or (S + r)(5-5')=.B((r-/r-a'"-^-}. 

Similarly (B + r]{8- S") = B{{r-r"Y- a"'- 0"'}. 

Eliminating M, the point of contact is determined aa one of 
the intersections of the circle 8 with the right line 
S-S- ^ 8- 8" 

120. To complete the geometrical solution of the problem, it 
is necessary to show how to construct the line whose equation has 
been just found. It obviously passes through the radical centre 
of the circles; and a second point on it is found as follows: 
Write at full length for 8— S' {Art. 105), and the equation Is 
2a'3!+ 2/3'j/4-5-™-c*-a"-;3"' _ 2a."x + 2|8"g 4 ?■"'- /-«"'- j6"" 
■ a-' + fi-'-{r-?f~~ " a"' + j3"' - ()•- r"f 

Add 1 to both sides of the equation, and we have 

g'a; + 8'p +{r'-r)r _ a"a: -f ff'> + jr" -r)r 
a- + ^'^-(^r-rr a"U ^''^ ~ [r ~ r")' ' 

showing that the above line passes through the intersection of 
ax + ^'y +{r-r)r = 0, ^'x + ^"y + {r" ~r)r = 0. 

But the first of the'«e lines (Ait. 113) is the chord of common 
tangents of the circles 6 and 8' ; or, in other words (Art. 114), is 
the polar with regaid to 8 of the centre of similitude of these 
circles. And, in like mannci, the second line is the polar of the 
centre of similitude ot 6 and 6 ; therefore (since the intersection 
of any two hnea is the pole of the lino joining their poles) the 
intellection of the lines 

a'(c+^'^ + (/-r)*- = 0, a"a: + ;3'> + (7-"-j-)j-=:0 
is the pole of the axis of similitude of the three circles, with 
regard to the circle S. 

Hence we obtain the following construction : 

Drawing any of the four axes of simihtuJe of the three 
circles, take its pole with respect to each circle, and join the 
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points SO found (P, F, P'") 
with the radical centre ; then, S" 
if the joining lines meet the 
circles in the points 

(a, S; a',b'; i", 5"), 
the circle throngh «, «', a' will ' 
be one of tbe touching circles, 
and that through J, b\ b" will 
be another. Repeating this 
process with the other three 
axes of similitude, we can de- 
termine the other six touching 
circles. 

121. It is useful to show how the preceding results may be 
derived without algebraical calculations. 

(1) By Cor., Art. 117, the lines ab, a'h\ a"h" meet in a point, 
viz., the centre of similitude of the circles aa'a'\ bb'h", 

(2) In like manner a'a", h'b" intersect in 8, the centre of 
eimilitude of C, C". 

(3) Hence (Art. IIG) the transverse lines a'h\ a"b" intersect 
on the radical axis of 0', C". Bo again a"b", ab intersect on 
tbe radical axis of C", O. Therefore the point It (the centre of 
similitude of aa'a", bb'b") must be the radical centre of the 
circles C, C, C". 

(4) In like manner, since ab', a"b" pass through a centre of 
similitude o(aa'a", bb'b"; therefore (Art. 116) a'a", b'b" meet on 
the radical axis of these two circles. So again the points S' and 
iS" must lie on the same radical axis ; therefore S8'8'\ the axis 
of similitude of the circlea G, 0\ C", is the radical axis of tJte 
circles aa'a, H'b". 

(a) Since a"b" passes through the centre of similitude of 
aa'a", bb'b", therefore (Art. 116) the tangents to these circles 
where it meets them intersect on the radical axis 88'S". But 
this point of intersection must plainly be the pole of a"b" with 
]-egard to the circle G". Now since the pole of a"b" lies on 
8S'8", therefore (Art. 98) the pole of S8'8" with regard to C" 
lies on a"b". Hence a"h" is constructed by joining the radical 
centre to the pole of ,S»S"-8"' with regard to 0". 
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(6) Since the centre of similitude of two circles is on tbe line 
joining their centres, and the radical asia is perpendicular to that 
line, we learn (as in Art. 118) that the line joining the centres of 
aa'a\ hh'b" passes through i?, and is perpendicular to SS'S". 

121 (a).* Dr. Casey has given a solution of the problem 
we are considering, depending on the following principle due 
to him : If four circles be all touched by the same fifth circle, 
the lengths of their common tangents are connected by the 
following relation, 12.34 ±~i4^3±T3j4 = 0, where 12 denotes 
the length of a common tangent to the first and second circles, 
&c. This may be proved by expressing each common tangent 
in terms of the length of the line joining the points where the 
circles touch the common touching circle. 
Let R be the radius of the latter circle 
whose centre is 0, r and i-' of the circles 
whose centres are A and 5, then, from the 
isosceles triangle aOb, we have 

ab = ^B sinJaOi. 
But from the triangle AOB, whose base 
is D, and sides B — c, R — r', we have 

-(-■■ 




I'ioOJ. 



Now the numerator of tl)is frac- 



a& = 



4(fi-r)(B- 
tioQ is the square of the common tangent 12, hence 
■E.T2 

But since the four points of contact form a quadrilateral in- 
scribed in a circle, its aides and diagonals are connected by the 
relation ab.cd + ad.ba = add. Substitute in this equation the 
expression just given for each chord in terms of the corre- 
sponding common tangent, and suppress the numerator S' and 
the denominator ^JiR-r) {li-r} (R- r") (B -r'") which are 
common to every term, and there remains the relation which 
we are required to prove. 

121 [b). Let now the fourth circle reduce itself to a point, 
this will be a point on the circle touching the other three, and 
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41, 42, 43 win denote the ien}i;th9 of the tangents from that 
point to these three circles. But the lengths of these tangents 
are [Art. 90) the square roots of the results of substituting the 
coordinates of that point in the equations of the circles. We 
see then that the coordinates of any point on the circle which 
touches three others must fulfil the relation 

23 V('S') ± 31 V{S') ± 12 V(5"') = 0. 
If this equation be cleared of radicals It will be found to he one 
of the fourth degree, and when 23, 31, 12 are the direct common 
tangents, it will be the product of the equations of the two 
circles (see fig., p. 112} which touch either all externally or 
all internally. 

121 (c). The principle just used may also be established 
without assuming the relation connecting the sides and dia- 
gonals of an inscribed quadrilateral. If on each radius vector 
OP to a curve we take, as in Ex. 4, p. 96, a part OQ in- 
versely proportional to OP, the locus of ^ ia a curve which 
Is called the inverse of the given curve. It is found with- 
out ditS^ulty that the equation of the inverse of the circle 
a;' + / + 2^3!+2^ + c is 

c (x' 4 f] + 2gx + 2/y + 1 = 0, 
which denotes a circle, except when c = (that is to say, when 
the point is on the circle), In which case the inverse is a right 
line. Conversely, the inverse of a right line is a circle passing 
through the point 0. Now Dr. Casey has noticed that if wo 
are given a pair of circles, and form the inverse pair with 
regard to any point, then the ratio of the square of a common 
tangent to the product of the radii is the same for each pair 
of circles.* For if In g'+f'-c, which (Art. 80) is r", we 

substitute for (7, /! c ;■",-,-, we find that the radius of the 
■"■" ' c' c ' c' 

inverse circle is r divided by c; and if we make a similar 

substitution in c + c - 2ffff' - 2//' , which (Ex. 1, p. 102) is 

jy — r"- r''', wo get the same quantity divided by cc'. Hence 

the ratio of i)" — r* — r™ to rr is the same for a pair of circles 
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and for the inverse pair ; and, therefore, so is also the ratio to 
rr' oiD''-~(r±ry, 

Consider now four circles touching the same right line in 
four points. Now the mutual dietaoces of four points on a right 
line are connected by the relation 12.34 + 14.32 = 13.24; as 
may easily be proved by the identieal equation 

{h~a){d-c) + {d~a){c-b) = (c-a){d-b), 
where a, ^j c, d denote the distances of the points from any 
origin on the line. Thus then the common tangents of four 
circles which touch the same right line are connected by the 
relation which is to be proved. But if we take the inverse 
of the system with regard to any point, we get four circles 
touched by the same circle, and the relation subsists still; for 
if the equation be divided by the square root of the products 
J 34 „ 

which are unchanged by the process of inversion. 

The relation between the common tangents being proved in 
this way,* we have only to suppose the four circles to become 
four points, when we deduce as a particular case the relation 
connecting the sides and diagonals of an inscrihed quadrilateral. 
This method also shews that, in the case of two circles which 
touch the same side of the enveloping circle, we are to use the 
direct common tangent; but the transverse common tangent 
when one touches the concavity, and the other the convexity 
of that circle. Thus then we get the equation of the four pairs 
of circles which touch three given cii-cles, 

23 ViS) ± Ti ViS') ± 12 V(S"') = 0, 
"When 12, 23, 31 denote the lengths of the direct common tan- 
gents, this equation represents the pair of circles having the 
given circles either all inside or all outside. If 23 denotes a. 
direct common tangent, and 31, 12 transverse, we get a pair 
of circles each having the first circle on one side, and the other 
two on the other. And, similarly, we get the other pairs of 
circles by taking In turn 31, 12 as direct common tangents, and 
the other common tangents transverse. 

' Anuthcr proot will be given in the oppendis Ui tbe nest cliapLtc. 
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•CHAPTER IX 



122, If -we have an equation of tho second degree expi 
in the abridged notation explained in Cliap. IV,, and if we desire 
to know whether it represents a drcle, we have only to transform 
to X and y coordinates, by substituting for each abbreviation (a) 
its equivalent {x cosa4- j sina— ^) ; and then to examine whether 
the coefficient of xy in the transformed equation vanishes, and 
whether tlie coefficients of a;'' and of y^ are equal. This is suffi- 
ciently illustrated in the examples which follow. 

WMn will the locus of a point ie a circle if the -product of 
perpendiculars from it on two opposite sides of a Quadrilateral be 
in a given ratio to the product of perpendiculars from it on ike 
other two sides ? 

Let a, 0, 7, 5 be the four sides of the quadrilateral, then the 
equation of the locus is at once written down a/y = k0S, which 
represents a curve of tho second degree passing through the 
angles of the quadrilateral, since it is satisfied by any of the 
four suppositions, 

a = 0, ,3 = 0; « = 0, S = 0; /3 = 0, 7 = 0; 7 = 0, S = 0. 
Now, in order to ascertain whether this equation represents a 
circle, write it at full length 

(a: cos a +ys'ma — p] (a: CO3742' sin7— ^") 
= k[xcos0 + i/s}n^ - p') (x cosB -i- y sliiB — p'"). 
Multiplying out, equating the coefficient of x^ to that of ^', and 
putting that of xy = 0, we obtain the conditions 

cos(a + 7) = ^cos(0+S); sin(a + 7) =/c 8in(/34-S). 
Squaring these equations, and adding them, we find .^ = + 1 ; and 
if this condition be fulfilled, we must have 

a + 7 = /S + S, or else =180''4/3 + 8; 
whence a-^ = 8-y, or 180 + S — 7. 
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Recollecting (Art. 61) that a-j3 is the supplement of that 
angle between a and ^, in which the origin lies, we see that this 
condition will be fulfilled if the quadrilateral formed by a^yB be 
inscribahlo in a circle (Euc. III. 22). And it will be seen on 
examination that when the origin is within the quadrilateral we 
are to take k = — l, and that the angle (in which the origin lies) 
.between a and ^ is supplemental to that between 7 and 8 ; but 
that we are to take 4 = 41, when the origin is without tLe quad- 
rilateral, and that the opposite angles are equal. 

123. When will the locus of a point he a circle, if the square 
of its distance from the base of a triangle be m a constant ratio to 
tlie product of its distances from the sides ? 

Let the sides of the triangle be a, 0, y, and the equation of 
the locus is a^ = ky". If now we look for the points where the 
line a meets this locus, by making in it a=0, we obtain the 
perfect square 7° = 0. Hence a meets the locus in two coincident 
points, that is to say (Art. 83], it touches the locus at the point 
ay. Similarly, ^ touches the locus at the point 0y, Hence a 
and /3 are both tangents, and 7 their chord of contact. Now, 
to ascertain whether the locus is a circle, writing at full length 
as in the last article, and applying the testa of Art. 80, we obtain 
the conditions - 

cos(a + ,S) = i COS27; sin[a[ + ;8) = A 8in27; 
whence (as in the last article) we get J = 1, a — 7 = 7 — ,9, or the 
triangle is Isosceles. Hence we may infer that if from any point 
of a circle perpendicularB he let fall on any two tangents and on 
their chord of contact, the square of the last will be equal to the 
rectangle under the of-her two. 

Es. When will Vba locus of a point lie a drds if tlie sum of liie squares of the 
perpciidioulais irom it on the' sides of an j triangle be constant 1 

The locua ia a? + ^ + y' = e' ; and the conditions that tbia should represent 

<»Baa = -2coa(^ + 7)cos{^-y)i Ei 2« = - 2 sin (^ + y) cos (^ - y). 
Sqiiaiing and adding, 

And FO, in like manner, each of tliQ other two angles of tlie tiiiingle is pioycd to 
fae eO", or the ti'iiuigle must be equilateral. 
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124. To obtain the equation of the circle circumscribing iJte 
triangle formed hy the lines a = 0, ^ = 0, 7 = 0. 

Any equation of the form 

IjBy + nv^o. + na.B = 
denotes a curve of ihe second degree circti inscribing the given 
triangle, since it is satisfied by any of the suppositions 
a = 0, ^ = 0; /3 = 0, 7 = 0; 7 = 0,a = 0. 
The conditions that it should represent a circle are found, by the 
same procicss as in Art. 122, to be 

I cos [p 4' 7) + »i cos (7 + a) 4- m cos (« + /?)= 0, 
I ain (^ + 7) + in sin (7 + a) + n sin (a 4- y3) = 0. 
Now we have seen (Art. 65) that when we are given a pair 
of equations of the form 

Id + m^' + Ji7' = 0, ?a" -i- m^" + M7" = 0, 
I, m, n must be respectively proportional to ffy"—^"'/', ja"—y"a', 
a'd" — a"0'. In the present case then /, m, n must bo pro- 
portional to sin (^ — 7), sin(7 — n), sin(a — ;3), or (Art. 61) to 
sin^, ainjB, sinC. Hence the equation of the circle circum- 
seribing a triangle is 

y37 Bin-.44 7a sinS+a/S sin (7=0. 

125. The geometrical interpretation of tbe equation just 
found deserves attention. If from any point we let fall per- 
pendiculars OP, OQ, on the lines (x, ^S, then (Art. 54) a, ,8 are 
the lengths of these perpendiculars ; and since the angle be- 
tween them ia the supplement of (7, the 
quantity aQ sin G isdouble the area of the 
triangle OPQ. In like manner, 7a sinB 
and ^y%mA are double the triangles 
OPE, OQR. Hence the quantity 

/37 sin^ + 7asin5+«^ sinG 
is double the area of the triangle PQR, ~7x R B 

and the equation found In tbe last article 

asserts that if the point be taken on the circumference of 
the circumscribing circle, the area PQR will vanisb, that is 
10 say (Art. 36, Cor. 2), the three points F, Q, B will lie on 
one right line. 




y Google 



THE CIECLE — ABRIDGED HOTATIOK 119 

If it were required to find the locua of a point from whicli, 
if we let fall perpendiculars on the sides of & triangle, and join 
their feet, the triangle FQR so formed should have a constant 
magnitude, the equation of the locus would bo 

^yBmA + yixsinB + a^BLn C= constant, 
and, Bineo this only differs from the equation of the circum- 
scribing circle in the constant part, it is (Art. 81) the equation 
of a circle concentric with the circumscribing circle.* 

126. The following inferences may be drawn from the equa- 
tion 10'j + mya 4 tia(i — 0, whether or not I, m, n have the values 
&\iiA, sioB, sin G, and therefore lead to theorems true not only 
of the circle but of any curve of the second degree circum- 
Bcribiog the triangle. Write the equation in the form 

y {W + ma) + ncc0 = O; 
and we saw in Art. 124 that 7 meets the curve in the two points 
where it nieeta the lines a and ^ ; since if we make 7 = in the 
equation, it reduces to a^ = 0. Sow, for the same reason, the 
two points in which 7/3 + ma meets the curve are the two points 
where tt meets the lines a and ,S. But these two points coincide, 
since Iff + ma passes through the point a0. Hence the line 
Iff + ma, which meets the curve In two coincident points, ia 
(Art. 83) the tangent at the point aff. 

In the case of the circle the tangent is a sinS-f^ sin^. 
Now we saw (Art. 64) that asln^ + Z^sin-B denotes a parallel 
to the base 7 drawn throiigh the vertex. Hence (Art. 56) the 
tangent makes the same angle with one side that the base make* 
with tiie other (Euc. in. 32). 



where A is the angle in the segment Eubtended by e, &c,, and we liaTe written s witTi 
a negative side in the second eqnaiion, bpcanse opposite sides of the line are oonsideied 
in the two triangles. Hence, eveiy point on the cii-cle satisfies abD the equation 
em A ^nB sin_£ anfl _ 
„ + P + T + i -"■ 
This equation when cleared of fractions is of the third degree, and represantf^ 
together with the circle, the line joining the inteiseclions of oy, ^d. In the Siiuie 
manner, if we have an inscribed polygon of any nnmber of sides, Dr, C^isej has sliowa 
that an equation of aimilar foiin will be satisfied for any point of the circle. 
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Writing tlie equations of the tangents at the three vertices 
in the form 

m n ' n I ' i m 
we Bee that the three points in which each intersects the opposite 
side are In one right line, whose equation is 

f + s + I="- 

Subtracting, one from another, the equations of the three 
tangents, we get the equations of the lines joining the vcrtiees 
of the original triangle to the coiTesponding vertices of the 
triangle formed by the three tangents, viz., 

^-I'.O, 2_« 0, f-^ = o, 

m n n I ' I m 

three lines which meet in a point (Art. 40).* 

127. If a'jSy, a"/3"7" be the coordinates of any two points 
on the curve, the equation of the line joining them ia 

eta /i^ 77' 
for if we substitute in this equation a'^'j for a^y, tlie equation 
is satisfied, since a"^"y" satisfy the equation of the curve, which 
may be written 

^ + 5+5 = 0. 

a /? 7 
In like manner the equation is satisfied by the coordinates 
a"^"7". It follows that the equation of the tangent at any 
point a'^'y may be written 

a' 13' 7" 
and conversely, that if Xa + fi/3 -h vy = is the equation of a 
tangent, the coordinates of the point of contact a'^'y' are given 
by the equations 
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Solving for a', y9', 7' from tbese equations, and substituting in 
the equation of the curve, which must be satisfied by the polut 
a'^y, -we get 

This is tAe condition that the line 'Ka + fj.^ + vy may touch 
/S7 + w!7a + jiffliS ; or it may be called (see Art, 70) the tangential 
equation of the curve. The tangential equation might also 
bo obtained by ehminating 7 between the equation of the 
line and that of the curve, and forming the condition that the 
resulting equation in a : /3 may have equal roots. 

12s. To find the conditions that the general equation of ike 
second degree in a, (8, 7, 

an^ 4- 5^* + C7' + 2f^y + 297a + 2^a/? = 0, 

may represent a circle. [Dublin Exam. Papers, Jan. 1S57]. 

It is convenient to avail ourselves of the result of Art. 124. 
Since the terms of the second degree, a? -k y'\ are the same in 
the equations of all circles, the equations of two circles can only 
differ in the linear part ; and if S represent a circle, an equation 
of the form 5'+ lx-\-my-\-n — f> may represent any circle what- 
ever. In like manner, in trilinear coordinates, if we have found 
ono equation which represents a circle, we Bave only to add to 
it terms la + mjS + «7 (which in order that the equation may be 
homogeneous we multiply by the constant a sinjJ4-(8ain5+7sinG), 
and we shall have an equation which may represent any circle 
whatever. Thus then (Art. 124} the equation of any circle may 
be thrown into the form 

(7a + m^ + J!7) (a sin ^ + /S sinB + 7 sin G) 

+ k (187 sin^ + 7a sin B + ajS sin C) = 0. 
If now we compare the coefficients of a', /3^, 7' in this form 
with those in the general equation, we see that, if the latter 
t a circle, It must be reducible to the form 



.-if. »+ .T^^ + ^^W ("■«'^ + ''"»^+ '™C] 



sin B 



+ k [i3j sin A-\- -jO. sin B+a^ sin C) =» 
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and a comparison of the remaining coefficients gives 

2/ sin B sin C= c sin^B+ h sin' (7+ k sin A sin ^slii (7, 
2^ sin Csin-ii = aain*04csinM + Asin^sini?sin G, 
2ABin^sin^=6siii'-4-i-asjn''54-^sin jlsinBsin C, 
whence eliminating i, we have the required conditions, viz. 
h sin'CH- c sin''i?- 2/sinfisin (7 = c sinM -i- a sin'C- 2g sinCsii.^ 
= a sin'^ + 6 sinM - 2A sin A sin 5. 
If we have tlie equations of two circles written in the form 
(?a + m;3 + m7) (a sin.4 + ^sin5 + 7sin C) 

+ J (/37 sin ^ + 7a sin B + a^ sin G)=Q, 
(Pa + m'y3 4 n'i) (a s'ln ^ + j3 ain £4 7 sin C) 

4 k {187 sin j1 4 7a sin 5 4 aj9 sin C) = 0, 
it 18 evident that their radical axis is 

?a 4 wi/3 4 «7 - {Ta 4 m'^ 4 n'y\ 

and that Za 4 m^S 4 17 is the radical axis of the first with the 
circumscribing circle. 

Ex. I, Veiify aat o^ - 7» repcesenta a circle if ^ = £ (Art. 123}. 

The equation may be wvitten 

ap EinC + ^y 6111^1 + y= Bins- y (a Bin^ + ^sinB + Y sin C) = 0- 

Ei. 2. When will Ba= + i^ + e7> represent a circle ? 

Ei, S. The three middle points of Eldes, and tie three feet of perpendioulai-s lie 
on a circle. The equation 

b" Bin -i coa J + ^ ein B cos B + ■/ sin C COS C- ()57 ^ ^ + ya fin B + o^ sin (7)=0, 
represents a cjure of the second degree pasEing throuBli the points in question, Por 
if we make 7 == 0, we get 

the fdctoia of which are a ain.^ - ^ sinB and a cos J - (5 coaB, Now the curve is 

a dtcle, for it may be written 

(a«e^ + Poos54ycoBC)[BSin^ + PsinB4 7 8inC) 

-2 {j3yBin.l + yaainB+iij3BinC)=0 
Thns tlie raijical axis of the eireuraaoritping circle and of the circle ttrougii the middle 
points of aides is o cob J + ,9 cos B + y coa C, that ia, the axis of homology (£ the 
given triangle with the triangle formed by joining the feet of perpeadicolars. 

129. We shall next show how to form the equations of the 
circles which touch the three sides of the triangle a, /3, 7. The 
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equation of a curve of the second degree touching the 
three aides is 

^a' + «("/3' + mV - 2mn/37 - 2«?Ya - 2lmci^ = 0.* 
Thus 7 is a tangent, or meets the curve in two coincident 
points, since, if we make 7 = in the equation, we get the 
perfect square Pa"-^ iti'ff'' — 2lma^ = 0. The equation may also 
be written in a convenient form 

for, if we clear this equation of radicals, we shall find It to be 
identical with that just written. 

Before determining the values of I, m, n, for which the equa- 
tion represents a circle, we shall draw from it some inferences 
which apply to all curves of the second degree inscribed in the 
triangle. Writing the equation in the form 

wy{ny--2h~ 2m^) + {?« - m^f = 0, 
we see that the line {la- m0), which obviously passes through 
the point a^, passes also through the point where 7 meets the 
curve. The three lines, then, which join the points of contact 
of the sides with the opposite angles of the circumscribing 
triangle are 

h-m0 = O, m^-ny = 0, ny-h = 0, 
and these obviously meet in a point. 

The very same proof which showed that 7 touches the curve 
shows also that ny - 2la — 2m0 touches the curve, for when this 
quantity is put = 0, we have the perfect square (?a — ot^)'' = 0; 
hence this line meets the curve in two coincident points, that is, 
touches the curve, and Ja — m^ passes through the point of con- 
tact. Hence, if the vertices of the triangle be joined to the 



• Strictly speaking, the donble rectangles in tMs eqnation ought to be written. 
til the ambiguouB sign ±, and the argnment in the tesb would apply equally. If, 
iwever, wa give all the rectangles positive signg, or it wo give one of them a positive 
n, and the other two negalirB, the equation does not deaote a proper eiirre of tha 
ond degree, but tie square of some one of the lines la±mfi± By. And the form 
the text may be oonaidered to include the case wheie one of the vectangtei is 
;ative and the other two positive, it we suppose tbat i, m, or n may denote a 
^ative as well as a positive quantity. 
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points of contact of opposite Bides, and at the points ■wLefe tlie 
joining lines naect the circle again tangents be drawn, their 
etjnations are 

Hence we infer that the three points, where each of these tan- 
gents meets the opposite aide, lie in one right line, 

la + m0 + ny = 0, 
for this line passes through the intersection of the first line with 
7, of the second with ct, and of the third with /3. 

130. The equation of the chord joining two points o'/SV) 
e("jS"7", on the curve is 

a VW Wi^y") -f V(/3"7')} + /3 V(m) W{y'<^") + ^fiy"a')] 

+ 7^/(«){V(«'/3■') + V(a"^)}=0.* 
For substitute a\ ^, 7' for a, jS, 7, and it will be found that the 
quantity on the left-hand side may be written 

(V(«'/3Y') + VC/S'i'V') + V(y«'/3")) IVM + V W) + V(»7')} 

- V WV) (v{;«") + -Jimfi") + V w)i, 

vhict vanishes, since the points are on the curve. The equation 
of the tangent is found by putting a", j3", 7" = a', /S', 7" in the 
above. Dividing by 2 V(a'^V)i 't becomes 

Conversely, if \a. + (i^ + V7 is a tangent, the coordinates of 
the point of contact are given by the equations 

Solving for a'jS'y, and substituting in the equation of the curvcj 
we get 



which is the condition that Xa + ^;3 + vy may be a tangent ; 
that is to say, Is the tangential equation of the curve. 

» Thia equation is Dr, HatL's. 
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The reciprocity of tangential and orcJinary equations will be 
better seen if we solve the converse problem, vJz. to find the 
equation of the curvej the tangents to which fulfil the condition 



We follow the steps of Art. 127. Let X'a + //3 + A/t 
X"a+f>."^+v"y be any two lines, such that XVV, X"ij,"v" satisfy 
the above condition, and which therefore are tangenta to the 
curve whose equation we are seeking ; then 
IX nifi. 

W /j'/i" 



= 0, 



is the tangential equation of their point of intersection. For 
(Art. 70) any equation of the form A\ -i- Bfi + Ov = is the 
condition that the line ka + fi^+vy should pass through a 
certain point, or, in other words, is the tangential equation of a 
point ; and the equation we have written being satisfied by the 
tangential coordinates of the two lines is the equation of their 
point of intersection. Making V, //, v'^'X", fi", v" we learn 
that if there be two consecutive tangents to the curve, the 
equation of their point of intersection, or, in other words, of 
their point of contact, is 

Ix r/tu, nv „ 
X t^ V 
^he coordinates then of the point of contact ara 

X" /i " y 

Solving for V, f/, V from these equations, and substituting in the 
relation, which by hypothesis V/tV satisfy, we get the required 
equation of the curve 

V(^a) + VO"/3)-^^/M = 0. 

131. The conditions that the equation of Art. 129 should 
represent a circle are (Art. 128) 
«i''sin'C+M*sin''5 + 2?n»sinBsin(7=n' sinM + f sin'C 

+ 2«Z &\a.Q^va.A = f sin^5 + m^ sinM + 2?m sin^ sinB, 
or »»sinC + K sin-B=±(n sin^ + Z sinCj =±{; sinS-!-«i sin^). 
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Four circles then may be described to touch the sides of the 
given triangle, since, by varying the sign, these equations may 
be written Jn four different ways. If we choose in both cases 
the + sign, the equations are 

IsmC-m&mC-i-n (sin A~slnB) = 0; 
I sin5 + )B(sin^ — sin(7) — n sinB^O. 
The solution of which gives (see Art. 124) 
^ = sin^(ainB+8inC-einjl], m = siDB(sinC+sinjl-einB), 

K = sin(7(sin^ + sinS-smC). 
But since in a pkne triangle 

6in-B+sinC7-8in^ = 4 cos^^ Btn^B &miG, 
Ihese values for I, m, n are respectively proportional to cos'^^, 
coa'^B, cos'^C, and the equation of the corresponding circiCj 
which is the inscribed circle, is 

cos^-i V(a) + cos^S V(/3) + cos^G^/ly) = 0,* 
or a* co3'^^ + /3* co&'^B + 'f cos'^G—20y cos'^B cos^^G 

-27a coa''^CcQs'^A~2a/3 cosi'lA cos'^B=0. 
We may verify that this equation represents a circle by 
writing it In the form 

C-^^^ «™l|B ycoj^iO-. .i„^ + ^ .;„ JJ+ ,i„c) 
V ain-a amB emO / ^ ' 

4 C0s'ij4 COs'ABcOs'iO,^ . , , • r> n ■ r,-, ^ 

sm^ sin if sine; \ • • 1 



* Dr. Hart daives tliis eqration from that of the circumsciibing circle as follows 
Let the equations ot the sides o£ the triangle formed by joining the points of ooutact 
Dftheinaciibedciiclebsn'^O, /T = 0, y' = 0, and let ita angles be ^', S', C ; tbeu 
(Art. 124) the equation of the circle is 

py an A' + v'a' ^ B* + a'ff sin C" = 0. 
But (Art. 123) for every point of the circle -we have n!' - 0y, ^'' = ya, y= = a0, 
End it is easy to Bee that A' = ^0~ ^A, &c Substituting these Tallies, the equation 
of tho circle becomes, aa before, 

cos M J(-) + <:■>= iB J((3) + COB iCJiy) = 0. 

If the equation of the note, p. 119, be treated Bimilailj, we find that every point of 

the circle, of which a, ^, 7, fl are tangents, satieffes the equation, 

cosia^j , cosi(a3) COBK341 . c osK41) _ 

■ K-^) Tifiy) 4(7^) '■li'S'-) " ■ 

whoro (12) denotes the angle between n(3, &c. Similarly for any number ot tangenls. 
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In iLe same way, the equation of one of the exscribcd circles is 
found to be 

■^2yas.ia'iC c<3s'lA + 2o:^ sia'^B cos'lA^O, 
OP cosi^ V(- a) + sin^S V(/S) 4 sin^ C V(7) = 0. 

The negative sign given to a is in accordance with the fact, that 
this circle and the inscribed circle lie on opposite sides of the 
line CL. 



Ex. Find the radical a; 



M-ibed circle and the circle through the miiidlo 



Che equation formed by the oieUitNi of Art. 128 ia 
a'4A 006=42 ooa'iC? {a oosA + p cosB + y CM<7 



Divide by 2 cos ^A coa 5-B cos J C, and the coefficient of a in this equation is 

cosi^{2coe=1^8inlBBinJC-««^co3jBc06iC], 
Ot coBlAs.miiA~Bis]ai{A-C). 

Tha ecjuation of the radical asia then may be written 

ncoat^ gcoajg ■ycosjg 

Bici(S-C)^BinJ(C^J) + 8iiii(^-i()-^' 
and it appears from the condition of Art. ISO that this line tonohea the inscrihed cucfe, 
tha eootdina tea fit the point of contact being sin' J(B-C), B!n'i{C— ^), dn''i{A-S}. 
Theflo Talnes sliew (Art. 66) that tha point of contact lies on the line joining the two 
eentrea whose eootdioates ore 1, 1, 1, and C09(J9 — C), eos(C— A), e(i&{A — B). 

In the same way it can be proTed tliat the circle through the middle points of sides- 
touches all the circles which touch the aides. This theorem is due to Feuerbach.* 



• Dr. Casey has given a proof of Feneibach's theorem, which will equally p 
I>r. Hart's extension of it, viz. that the circles which touch three given circles ca 
distributed into 6eta of four, all touched bj the same circle. The signs in the fol 
ing cotrcapond to a triangle whose sides are in ordCT of magnitude o, *, e. 
EsECribed ciiclea are numbered I, 2, 3, wid the inscribed 4 ; the lengths of the d 
and transverse common tangents to the first two circles are written (12), (12)'. 1 
because the side a is touched by the drole ! On one aide, and by the other three ci' 
on the other, we have (aee p. 115) 

(IS)' (24) = (12)' (34) + (U)' (as). 
Biajilarly (12)' (34) + (24)' (13) = (3S)' (14), 

(33)- (14) = (13)' (24) + (34)' (12), 
whence, adding, we have (24)' (13) = (14)' (23) + (34)' (19) ; 

showing that the tour cuiilea are also tonched by a circle, having the circle 4 On 
side and the other three on the other. 



y Google 



128 THE CIECI.E — ABRIDGED NOTATION. 

132. If the equation of a circle in trillnear coordinates la 
equivalent to an equation in rectangular coordinates, in which 
the coefficient of a;' 4. v" is m, then the result of substituting in 
tbe equation the coordinates of any point is m times the square 
of the tangent from that point. This constant m is easily deter- 
mined in practice if there be any point, tbe square of the tangent 
from which is known by geometrical considerations ; and then 
tbe length of the tangent from any other point may he inferred. 
Also, if we have determined this constant m for two circles, and 
if we subtract, one from the other, the equations divided respec- 
tively by m and »»', the difference which must represent the ra- 
dical axis will always be divisible by a sinjl + ^sinS + 7 sinC 

Ex. 1. Find the value ot the constant m for the circle through the middle poiiita 
of the Bide3 

Since the circle cuts any side y at points whose distojices from the Tcrtex A are \ii 
andicoeJ, the aqnare of the tangent from ^ is JSnoosJ. But since foi' J we ha,vg 
^ = 0, 7 = 0, the KSitlt of substituting in the equa,tion the coordinates of A is 
n'' sin -J cos J (where a' is tho perpendicnlar from A on the opposite aide), or ia 
ic an-l sinB sinC c<aA. It follows that the constant m is 2 sin ^ am B sin C. 

Ex. a. Find the constants for the circle ^y3in^ + 7a sinB + ofSsinC. If from 
the preceding equation we subtract the linear tenia 

(a cos J + ^ cosB + y cosC) (n Bin J + ^ sin B + T^ sinC), 
the eoefKoient Qf s-' + y'' is unaltered. The constant therefoi'e for fSy sin A &c., & 
- sin 4 sin S sin C. It foQows that for an equation written in the foi-m at the end 
cf Art. 128 the constant is - i sin ^ sin B sin C. 

Ex. 3. To find the distance between the centres of the inscribed and circumaoiibing 
circle. We find i)' - IP, tho sqnare of the tangent from the centre of the inscribed to. 

the circumscribing circle, by substituting a=^-y=r, to be 'sinXaniJ sin C"" 

or, by a well-known formula, -.: - 2a-. Hence S'^IP- 2Rr. 

Es. 4. Find the distance between the centres of the inscribed circle and thrt, 
'Iinjugli the middle points of sides. If the radius of the latter be p, making use of 

sin ^ cos ^ + sin B cos B + sin C cos C = 3 sin ^ sin B sin C 
we have IP- p-' = r^ -rE. 

Assuming then tliat we otherwise know Jt = ip, we have D = r — ,)j or the 

Bi. 5. Find the constant m for the equation of the inscribed circle given above. 

Am. 4cos'i^cos2JBcos'i(7 
Ex. 6. Find the tangential equation of a circle whose centre is a'jS'/ and radium r. 
This is investigated aa in Art. 86, Ex. 4 ; attending to fiie formula of Art. 61 ; ani 
is found to bo 

(A,a' + ^jS* + nyT = r' (X.' + ^' + !■= - 2(iw cos ^ - ivX COS B - 2X,i cos C). 
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The correapondine equation in a, ,9, y is deduced fiDm this by the method afterwarda 

explained, Art. 285, and ia 

rM« ^ .1 + ^ «!» B + y Bin O' = (;1/ - ^y)= + (70' - y«)'' + W - =TO' 

-2(ya'-y-a)i«p--<.-f{}CO^A-2(«ff-a%{l3y--IS-y)c(,BB-2(l3y'-l3'y){y^--^y\)<yxC. 

TMs equation alao givea an expteasion for the distance between any two points. 

Ei. 7. The feet of the perpendiculars on the sides of tlis triangle of reference from 
fiie points a', fi', 7' ; — , , -^ , — , ; (sea Art. 65) lie On the same ciicle. By the help of 
Ex. 6, p. GO, its equation is found to be 

(j37siji4+yBMiiB+oj9amC)(a'BinX+j5'sinB+7'EinC)(j3''j'sin^+7'a'EinB+a'j3'sin(7) 
= sin J einS sin C (a sin^ + /S sin B + y Bin C) 

■i^+YcisA) {y '+^QOiA ) fl;J'(y'+a'cQ sB) fa'+ZcosB) y y'(o'+^'cosC )'^ '+o'co sO-| 



{.. 



Es. 8. It will appear afterwards that the centre of a drcle ia the pole of the line 
at iniimty aein^ + ^siuB + yBinC; and it is evident that if we snbstitute the 
coordinates of the contra in the equation of a circle, for which the coefficient of 
a:'' + y has been made unity, we get the negative square of the radius. By these 
principles we establish the following expressions of Mr. Cathcart. The coordinatea 
of the centre of the circle (Art. 128) 

(ia + m(3 + By)CaBin^ + &o.) + i(;3ysin^ + Ac,), 
nra f (icosi + Z-mcosC-BCOsB), ^ {^icoa^- (cosC+m-ncos^), 
I {ic0sC-7cO3B-m EOS ,! + «), 

where R is the radlns of the (ai-cumscribing circle. The radius p is given by Uie 

equation 

kY = E?[k^ + 2k {} CQzA + m cob B + B cosC) 

+ P + m' + n'-2»incos^- anicosB- 2;™ COsC], 
and the angle of intersection of two circles is given hy 



DETERMINANT NOTATION. 

132(a). In the earlier edltionB of this book 1 did not venture 
to introduce the determinant notation, and in the preceding 
pages I have not supposed the reader to be acquainted with it. 
But the knowledge of determinants has become so much more 
common now than it was, that there seems no reason for 
excluding the notation, at least from the less elementary chapters 
of the book. Thus the equation of the hue joining two points 
(Art. 29), the double area of a triangle (Art. 36) and the 
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condition (Art. 381, that three lines should meet in a point, may 
he written respectively 



«. J . 


1 




i„ J,,, ) 


A 


B 





^-.y 


1 




»,, fc> 1 


A' 


B' 


C 


■=",s" 


1 


-0, 


«« *.. 1 . 


A" 


B", 


C" 



El. 1. rind the area of the tnangle contained by the tlrree lines la + mfi-i- 
I'n + 4o.,&c., (J.J. Walter). 

Am. If 0, J, c be the eides and 4 the area of tlie triangle of referenca 



I P, W, b' I I r, m", n" I I 
2. TIiC equation of fclie perpendiculai- from 





i' + y, 


-X 


-y , 




c' , 


s' , 


f , 




(/' , 


s" , 


r, 


= 0, 


c" ) 


i". 


f", 



132 (5), The equations of the circle tlirougli three points 
(Art 94), and of the circle cutting three at right angles (Ex. 2, 
p. 102), may be written respectively 

x" + y'' , x' 

ic"* + y* , ic" 

a)"" + /"', a;" 

The equation of the latter circle may also be formed by the 
help of the principle (Es. 6, p. 102), as the locus of the point 
whose polars with respect to three given circles meet in a 
point, in the form 

^^f^y +/' . 9"^ ^f'y + "" 
^ + /") y +/"> g'"'^ +f"y + <='" 

The corresponding equation for any three cnrves of the second 
degree will he discussed hereafter. 

132 (c). If the radius of a circle vanishes, [x—af-f {y-^Y ~ 
the polar of any jioint x'i/\ (ctf — aj (ai - a) + {y' — yS) (j — ^) = 
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evideiitiy passes through the point a0. It ia in fact the 
perpendicular through that point to the line joining a/3, x'y', as ia 
evident geometrically. Hence then it' the circle 

reduce to a point, that point which, as being the centre, is given 
hy the equations x-\-g = Q, ?/+.f=^i ^^^^ satisfies the equation 
of the polar of the origin gx -\-fy + c = 0. 

If given three circles 8\ iS", S" we examine in what cases 
/y9'+raS"-F«S'" can represent a point, we see that the coordinates 
of such a point must satisfy the three equations 

I [x + g') + ra (a; +/') + n (ic +/") = 0, 
^ (j/ +/} ^-'«(y +/") + « (2/ +/")=o, 
I (/^ +fy + c') + Mj {g"x +f"g + c") + n {g"'x +f"y + c'") = 0, 
from which if we eliminate ?, m, w, we get the same determinant 
as in the last article; showing that the orthogonal circle is the 
locus of all the points that can be represented by lS+in8"-\-nS"'. 

The expression (Ex. 8, p. 103) for the angle at which two 
circles intersect may he written Srr' cos ^ = 2^^' + 2;^ ~ c — c'. 
If now we calculate by the formula of p. 76 the radius of the 
circle IS+m^'-^ nS"\ and i-educe the result by the formula just 
given, we find 
(? + m + w) V = Z V + m"/" + nV" 

+ 2mnr'V" cos 8' + 2nl/"r' cos 8" + 2lmr'r" cos S"', 
where 6', d", 6'" are the angles at which the circles respec- 
tively intersect. And since the coordinates of the centre of 
iS' + ».8" + .S"' .re to^l+jT , r+jTl^C, ^esee 

that these coordinates will represent a point on the orthogonal 
circle if /, m, n are connected by the relation f/'+mV"''+&c. =0. 
If the three given circles be mutually orthogonal this relation 
reduces itself to its three first terms.* 

132 {d). The condition that four circles may have a common 
orthogonal circle is found by eliminating C, F^ G from the 
four conditions 

2Gg-ir'2.Ff- C-c = 0, &c., 
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is ,/ ,1 

,/,/',! 

,/",/'",! -0. 
Since c denotes tiie square of the tangent from tlie origin to 
the first circle, and since tbe oiigm may be any piint, tliia 
condition, geometrically interpreted, expresses (see Ait 94) tbat 
the tangents from any point to toui cirdes h^vmg a common 
orthogonal circle are connected by the lehtion 

OA\BGD-V OC\ABI>= OB\ACI)+ OB'.ABG.^ 

132[«). If a circle 

x^ + y' + 2Gx + 2Fy-i C'=0, 
cut three others at the same angle 0, we have, besides the 
equation first given, three others of the form 

c' + 2S/cos5-2G/-2-Fy'+C = 0; 
from which, eliminating G, F, G, we have 







c' +2i?/ cos^, 
o" +2Br" cose, 
c"'+2-E/"eos», 


r, f", 1 


t 
= 0, 




Now if we write ai^coafi^X, tlie determinant just written ia 
resolvable into 




«' , / , /' , 1 

'", g", /"> 1 

«'"> /", /'", 1 


+ X 


,-x ,-y ,1 
'■ , S' , / , 1 
'■", S", /', 1 
'■"■ /", /", 1 


= 0. 




Tbe first d 


eterniinant eqi 


ated 


to zero is, 


as has ju 


st been 



pointed out, the equation of the orthogonal circle, and the second 
when expanded will be found to be the equation of the axis of 
similitude [Art. 1 17). Thus we have the theorem (Note, p. 109) 
that all circles cutting three circles at the same angle have a 

• Thia theorem is Mr. R, J. Earvey'a (Caaey, Trails. Jtogal Irish Acad., xxiv.HifS). 

t Since tMa only diffiers from tlie equation of the oi-thogonal circle by wiitiiig 
c' + \j'' for i/j ifec- ve obtain another form for thia determinant by mating the same 
change in the last determinant of Art. 132 (i). I owe this form to Mr. Catiicart. 
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common radical axis, viz., the axia of similitude. If In tlie 
second determinant we change the sign either of /, /', or r'", 
we get the equations of the other three axes of similitude. Now 
it has been stated (Art. 1 18} that it is optional which of two 
supplemental angles we consider to he the angle at which two 
circles intersect; and if in any line of the first determinant of 
this article we substitute for 8 its supplement, this is equivalent to 
changing the sign of the corresponding r. Hence it ia evident 
that we may have four systems of circles cutting the given 
three at equal angles, each system having a different one of the 
axes of similitude for radical axis; calculating by the usual 
formula the radius of the circle whose equation has been written 
above, we get It in terms of X, and then from the equation 
2RcQ&6=\ we get a quadratic to determine the value of X 
corresponding to any value of 6. 

Ei. 1. To find tlia condition for the co-existence of the equations 

ax -{■ hg + C = a'x + b'y + (f = a"x + l/'y + (/' = a'"x + i"'ij + c'". 

Let the common value of these qnantities be \; then eliminating i, y, X from the four 

equations of the form or + iy + o = X, we have the result in the form of a deteiminant 

1, 1 , I , 1 I 



ot AA- C^B-i-D, where 4,B, 0, O are tlie font minora got by erasing in turn each 
column, and the top row in this determinant. 

To find the condition that four lines eliould touch the aamc circle, is the Eame as to 
find tha oonditioQ for the oo-eiiatence of the equations a = ^ = 7 = i. In this case 
the determinants A, B, C, D geometrically represent the product of each side of tha 
quadrilateral formed by the four lines, by the sines of the tv70 adjacent angles. 

Es. 3. The espresaon, p, 129, for tha distance between two points may be written 



end tliis determinant may be resolved hito the product 



I 7i y'y ^ 
It analogous factors arising from A ■ 
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Ex. 3. To find tiiB relation connecting the mutual distdntMs ot four pointa on a 
circle. The investigation ia Prof. Cajley'a [see Lessoai an Miglier Algebra, p. '23). 
Multiply together accoi'ding to the ordinary rule the detormmants 



icj' + y,', - 23^ - 2ya, 



10 , (19)5, [13}', (M)' 
(12)', , (28]», (24)' 
(13)', (23)', , (84)' 
(14)', (24)', (34)', =0, 

where (19)' is tlie Bqnare of the distance between two pointa. TMs detacmlnant 
eipanded is equiraleut to (12) (34) ± (13) (42) ± (14) (33) = 0, 

Ei. 4. To fiod the relation connecting the mutual distBuces of any fonr points in & 
plane. This investigation is alao Prof. Cayley'a (Lesaons on Hii/her Algebra, p. 24), 
Pi-efis a unit and cyphers to each of the determinants In the last example ; thus 



We haTS then fire rows and four columne, the determinant formed from which, accord- 
ing to the rulea of multiplication, must vaaish identically. Eat this is 

0, 1 , 1 , 1 , 1 

1, , (12)', (13)', (14)' 
1, (12)', , (23)=, (24)" 
1, (13)=, (23)', , (34)' 

1, (14)', (34)^ (34)', =0j 



(12)= (B4)' {(12)' + (34)' - (13)' - (14)' - (23)^ ~ (24)') 
+ (IS)' (24)' i(13)' + (24)' - (12)^ - (14)' - (28)' - (34)1 
■i- (14)' (23)' {(14)' + (23)' - (12)' - (13)' - (24)' - (34)'J 
+ (23)' (34)' (42)' + (31)' (14)' (43)' + (12)' (24)' (41)' 4- (23)' (31)' (12)' = 



•ite in the ahove o, i, e for 23, 31, 12 


and S + 7-, S + --', ii + r"forI4, 24, 


et a quadratic in R, whose (oota are the lecgths of the radii of the cli-des 


either all cstemally or internally three cii-clea, vhose radu ai'e t, »■', r", and 


nti-es form a. triangle whose sides are a, b, e. 


A relation connecting the lengths of- the common tangents of any five 


ay be obtained precisely aa in the last ejiample. Write down tho two matrices 


1, 0, 0, 0, 




u, y, u, u, 1 

1, s',s', H, n!' +»■''- r-' 




+ j"s_r"', -23^", -if, iv", 1 




1, a^", j". '■". ^■" + y"'-f"= 




&c. 




ic. 
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1, , (12)', (13)', (14)', (15)' 
1, (12)', , (38)=, (24)', (25)' 
J, (13)', (2B)', , (S4)', (35)' 
1, (14)', (24)', (31)', , (45)' 
1, (16)', (25)', (36)', (45)', =0, 
where (12), io. denote tiia lengtha of the common tangents to each pair of circles. If 
weaBppoaethecireleS to tonch all theothece, then (15), (25), (35), (45), all vanisli, and 
we get, as a partionlar case of the above, Dr. Casey'a relation between tlio common 
tangents of four cii'clea touched by a fifth, In the form 

I , (12)', (18)', (14)' I 
(IS}', , (28)', (24)' 
(18)', (23)', , (34)' 
I (14)', (24)', (34)', 1 = 0, 

V.-r e. Eelation between the angleEatwMohfourcrfcIcB whose raflii are r,r',)-",r'" 
intsrsect. If the drcle r have its centre ab the point 1 in Ei. i, r' at 2, &c. we may 
ptit for l2' = r' + r'' — 2)^ 0OS12, ito. in the determinant o( that example which 
becomes then 



l,r^fr"'-2jT"ooal3, 
l,r*+!-""-2rr"'co8i4. 



r'Hi'' -3r'r C03iT,r"'+j-' -2y"r cosSi; r'"'+r' -2!^'j- cos4l 
,r"=+iJ' -Sr'V cos3^ !-"''+r^ -2j-'")-' COE43 

p-^."i -.2ry COH23, 1 , r"-^+r"'-2r'"i-"coS3 

ri+r"''-2rV"ooa24, r"=+r"''-2r"!-"'cos'34, 



subtracting from Bach row and column the Erst mnltiplied by correapondlng square 
of radiua and wriiing p lot -, p' ba p , 4o. this reduces to 





(■' 


P" 


p"' 


, 


kb21 


cos 31 


cossr 


12, 


1 


cos 32 


COS42 


13, 


OS 23 


1 


COB 43 


Ti. 


03 24 


C0S3T 


I 
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CHAPTER X 



133. The most general form of the equation of the second 
<3egree is 

as? •{ ihxy + hy'' -i: ^gx + 2fy -^ c=0, 
wbere «, 5, c, /, g, h are all constants. 

Tt is our object in this chapter to classify the different cnrvea 
which can be represented by equations of the general form just 
written, and to obtain some of the properties which are common 
to them all,* 

Five relations between the coefficients are sufficient to deter- 
mine a curve of the second degree. For though the general 
equation contains six constants, the nature of the curve depends 
not on the ahsolute magnitude^ but on the mutual ratios of these 
coefficients; since, if we multiply or divide the equation by 
any constant, it will still represent the same curve. We may, 
therefore, divide the equation by c, so as to make the absolute 
teim =1, and there will then remain but five constants to be 
determined. 

Thus, for example, a conic section can be described through 
Jive points, Substituting in the equation (as in Art. 93) the 
coordinates of each point {x'y') through which the curve must 
pass, we obtain five relations between the coefficients, which will 

enable us to determine the five quantities, - , &c. 

134. We shall in this chapter often have occasion to use the 
method of transformation of coordinates; and it will be useful 

* Wa shell prove hercafber, that the section made by any plane in a cone etEuidiiig 
on a oireolar base is a curve of tbe second degise. and, conyerBoly, that there is no 
curve of the second degi'ee which m&y not bs considered as a cimic aeelion. It was in 
this point of view that these curves were first esamined by geometers. We mention 
the property here, because we shflll often find It convenient to use the terms " conio 
section," or " conic," instead of the longer appellation, "curve of the second degree." 
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to find what tlie general equation becomes when transformed to 
parallel axes t!iroug!i a new orij^In {x'y'). We form the new 
equation by substituting x-^ x' for Xy and y-{ y' for y (Art. 8), 
and we get 

a{x-^a^Y-^2}i[x-Vx'){^+y')-Vh{yA-yy-V'if}{xW)+'if[y-Vy')+c=0. 
Arranging thia equation according to tbe powers of the vari- 
ables, we find that the coefficients of ic", xy, and y, will be, as 
before, a, 2A, h; that 

the new^, g' = ax' -\- hy' +ff^ 

the new /, f = hx' + by' +f\ 

the new c, c' = ax"' + %hx'y' + &y + '^gx' + 2^ + c. 
Hence, if the, equation of a curve of the second degree be trans- 
formed to parallel axes through a new origin, the coe£lcienta of the 
highest powers of the variables will remain unchanged, while the 
new absolute term will be the result of substituting in the original 
equation the coordinates of the new origin.'" 

135. Everg right line meets a curve of the second decjree in 
two real, coincident, or imaginary points. 

This is inferred, as in Art. 82, from the fact that we got a 
quadratic equation to determine the points where any line 
y = mx ■+ n meets the curve. Thus, substituting this value of y 
in the equation of the second degree, we get a quadratic to 
determine the x of the points of intersection. In particular 
(see Art. 84) the points where the curve meets the axes are 
determined by the quadratics 

ax^-l-2gx + e = 0, hy" + 2fy -^ c = 0. 

An apparent exception, however, may arise which does not 
present itself in the case of the circle, Tbe quadratic may 
reduce to a simple equation in consequence of the vanishing of 
the coefficient which multiplies the square of the variable. Thus 

xy + 2y' + x + 5y + S = Q 
is an equation of the second degree ; but if we make y = 0, wo 
get only a simple equation to determine tiie point of meeting 
of the axis of x with tlio locus represented. Suppose, however, 
that in any quadratic Ax^ + 2Bx+O=0, the coefficient O 

* This is equally true for Eiquiilioiia of say degree, as can be proved in like maiiiiei'. 
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vanislies, we do not say tliat the quadratic reduces to a ainijilc 
equation; but we regard it still as a quadratic, one of whose 

roots is ai = 0, and the other x=^ — -;-. Now thia quadratic 

may be also written 

and we boo by parity of reasoning that, if A vanishes, we ought 
to regard this still as a quadratic equation, one of whose roots \% 

- = 0, or a! = 00 : and the other - = — 7^, or x = — ^i<. The 

same thing follows from the general solution of the quadratic, 
which may he written in either of the forms 

_ -B+^{B'-AC) _ 

^~ A ~ -Bf>^{B^-ACy 

the latter being the form got by solving the equation for the 
reciprocal of x, and the equivalence of the two forms ia 
easily verified by multiplying across. Now the smaller A is, the 
more nearly does the radical become =±B; and therefore tho 
last form of the solution shows that the smaller A is, the larger 
is one of the roots of the equation ; and that when A vanishes 
we are to regard one of the roots as infinite. When, therefoi^e, 
we apparently get a simple equation to determine the points in 
whict any line meets the curve, we are to regard it as the 
limiting case of a quadratic of the form . ic" + 2Bx + G= 0, one 
of whose roots is infinite; and we are to regard this as indi- 
cating that one of the points where the line meets the curve is 
infinitely distant. Thus the equation, selected as an example, 
which may -be written {y+l){x-\-2^ + b) = 0, represents two 
right lines, one of which meets the axis of a; in a finite point, 
and the other being parallel to It meets it in an infinitely 
distant point, 

In like manner, if in the equation Ax' + ^Bx+ 0=0, both B 
and C vanish, wo say that it is a quadratic equation, both of 
whose roots are a; = ; so if both B and A vanish we are to say 
that it is a quadratic equation, both of whose roots are x= a>. 
With the explanation here given, and taking account of infinitely 
distant as well as of imaginary points, we can assert that every 
right line meets a curve of the second degree In two points. 
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136. The equatioa of the second degree transformed to 
polar coordinates* is 

(a cos'5 + 2A cos Bsind + h sin=5) p' + 2 {g cos $ +fa\a 6)p + c = Q; 
and the roots of this quadratic are the two values of the length 
of the radius vector corresponding to any assigned value of 6. 
Now we have seen in the last article that one of these values 
will be infinite, (that is to say, the radius vector will meet the 
curve in an infinitely distant point,) when the coefficient of p' 
vanishes. But this condition will be satisfied for two values 
of 0, namely those given by the quadratic 

a+2kta.ad-i 6tan'^ = 0. 
Hence, tJiere can he drawn through the origin two real, coincident^ 
or imaginary lines, which will meet the curve at an infinite 
distance ; each of winch lines also meets the curve in one finite 
point whose distance is given by the equation 
2[9co3e+/sin^)p + c = 0. 

If we multiply by p° the equation 

a cosV + 2A cos^ sin^ + & sinV = 0, 
and substitute for p cos6, p sinfl their values x and y, we obtain 
for the equation of the two lines 

ax^ + 2kx^ + hf = 0. 

There are two directions in which lines can be drawn through 
an}/ point to meet the curve at infinity, for by transformation 
of coordinates we can make that point the origin, and the 
preceding proof applies. Sow it was proved (Art. 134) that 
a, h, b are unchanged by such a transformation ; the directions 
are, therefore, always determined by the same quadratic 

a cai'd + 2h cos ff sin ff + 5 sin''^ = 0. 
Hence, if through any point two real lines can he drawn to meet 
the curve at infinity, parallel lines through any other point will 
meet the curve at infinity.'^ 

* Tha following processes applj equally if the original etiuation had been in oblique 
coordinittGs, Wb then eubatitute mp foi' a;, and up fory, wliera m is ■-.- and b la 
— ''^^— '-(Art. 12)i and proceed as in the test. 

:!a]Iy, since parallel lioea may be oonaiiiered oa 
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137. One of the most important questions we can ask, con- 
cerning the form of the curve represented by any equation, is, 
whether it be limited in every direction, or whether it extend in 
any direction to infinity. We have seen, in the case of the circle, 
that an equation of the second degree may represent a limited 
curve, while the case where it represents right lines shows us 
tliat it may also represent loci extending to infinity. It is 
necessary, therefore, to find a test whereby we may distinguish 
which class of locus Is represented by any particular equation 
of the second degree. 

With such a test we are furnished by the last article. For 
if the curve be limited in every direction, no radius vector drawn 
from the origin to the curve can have an infinite value ; but we 
found in the last article that when the radius vector becomes 
infinite, we have a + 2A tan ^ + 5 tan"^ = 0. 

(1) If now we suppose ¥~ah to be negative, the roots of 
this equation will be imaginary, and 
no real value of 6 can be found which 
will render 

a cn^d + 2^ cos ^ an 5 4- 6 sinV = 0. 
In this case, therefore, no real line 
can be drawn to meet the curve at 
infinity, and the curve will he limited 
in every direction. We shall show, in the next chapter, that 
its form ia that represented in the figure. A curve of this class 
is called an MUpse. 

(2) If k' — ab be positive, the roots of the equation 
a+2Atan5 + 5tan'^ = 

will be real ; consequently there 

are two real values of which will 

render infinite the radius vector to 

the curve. Hence, two real lines 

{aa? + 2hx^ H- hy^ = 0) can, in this 

case, be drawn through the origin 

to meet the curve at Infinity. A 

curve of this class is called a 

Ift/perioh, and we shall show In the nest chapter that its form 

ia that represented in the figure. 
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(3) If h? 'oh== 0, the roots of the equation 
« + 2A tan ^ + 6 tan'^ = 
■will then be equal, and, therefore, 
the two directions in which a right 
line can be drawn to meet the 
curve at infinity will in this ease 
coincide. A curve of this class ia 
called a Parabola, and we shall — yf ^ 
(Chap. XII.) show that its form is -■^Z 
that here represented. The condition here found may be other- 
wise expressed, by saying that the curve ia a parabola when 
the first three terms of the equation form a perfect square. 

138. We find it convenient to postpone the deducing the 
figure of the curve from the equation until we have first, by 
transformation of coordinates, reduced the equation to its 
simplest form. The general truth, however, of the statements 
in the preceding article may be seen if we attempt to construct 
the figure represented by the equation in the manner explained 
{Art. 16). Solving for y in terms of a;, we find (Art. 76) 

ly=-{hx+f)±^j{{K'-ab)x' + 2[}if-hg]x^{r~U]]. 
Now, since by the theory of quadratic equations, any quantity 
of the form x* + px-i- 5 is equivalent to the product of two real 
or imaginary factors {x — a) (a? — /3), the quantity under the 
radical may be written [K' — ab) [x — a) [x — ^). If then K' — ab 
be negative, the quantity under the radical is negative (and 
therefore y imaginary), when the factors x — a,x — & are either 
both positive or both negative. Eeal values for y are only 
found when a; is intermediate between a and 0, and therefore 
the curve only exists in the apace included between the lines 
ic = a, 03 = /3 (see Ex. 3, p. 13). The case ia the reverse when 
k" — ah is positive. Then we get real values of y for any values 
of X, which make the factors x— a, x — either both positive 
or both negative; but not so if one ia positive and the other 
negative. The curve then consists of two branches stretching 
to infinity both in the positive and in the negative direction, but 
separated by an Interval included by the lines x = a, x = 0, in 
which no part of the curve is found. II h' — ab vanishes, the 
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quantity under the radical is of the form either a;— a or CL~-x. 
In the one case we have real values of y, provided only that iC 
is greater than a; in the other, provided only that it la less. 
The curve, therefore, consists of a single branch stretching to 
infinity either on the right or the left-hand side of the line x = a. 
If the roots a and ^ be imaginary, the quantity under the 
radical may be thrown into the form {A' — «J) [(a; — 7)" 4- 5^}- 
If then h^ — ab is positive, the quantity under the radical is 
always positive, and lines parallel to the axis of ^ always meet 
the curve. Thus in the figure of the hyperbola, Art. 137, lines 
parallel to the axis of 1/ always meet the curve, although lines 
parallel to the axis of x may not. On the other hand, if ¥ — ah 
is negative, the quantity under the radical is always negative, 
and no real figure is represented by the equation. 

Ex. 1. Construct, as in Art. 16, the fignrea of the following curvea, end aetermiae 
thdr epecies ; 

8z' + icy + S* - 3a - Sy + 21 = 0. Am. Hyperbola. 
53i' + ixy-{-f~5x-2s-l9 = (l. Aas. Ellipae, 
ij! -(. 4^j + js — Si — 2j - 10 = 0. Am. Parabola. 
Ex. a. The cirola is a partioul 
of the equation of tbe citcls, a 
oegatiTe, being = — a' mu'w. 

Ex. S, What is the species of the corva when S = 0? Ant. An ellipse when a . 
b have the same sign, and a hyperbola when they have oppoate agns, 

Bs. 4. If dtbemor b = 0, what is the species? Ans. A parahola if also A = 
otherwise a hyperbola. When a = the ads of x mgota the ourva at infinity i 1 
when 6 = 0, the aiis of (/. 

Ei, 5. Wiiat ia lepresenteS by 



Am. A parabola toncbing the asea at the points x = a, ^ = b. 

1.30. If in a quadratic Ax^ + 2Bx-i 0=0, the coefficient B 
vanishes, the roots are equal with opposite signs. This then 
will be the case with the equation 

{a cob'5 + 2/t cos i9 sin ^ + J sln"5) /)° + 2 (^ cos 5 +/ sin fl) p + c = 0, 
if tlie radius vector be drawn in the direction determined by 
the equation^ cos ^ 4/ sin ^ = 0. 

The points answering to the equal and opposite values of p 
are equidistant from the origin, and on opposite sides of it; 
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tberefore the chord represented by the equation ^ +_/^ = is 
bisected at the origin. 

Hence, through any given point can in general he drawn one 
chord which will be bisected at that point. 

140. There is one case, however, where more cbortis than ooe 
can be drawn, ao aa to be bisected, through a given point. 

If, in the general equation, we had ^ = 0, y^O, then the 
quantity^ coaO+fsmd would be =0, whatever were the value 
of 0; and we see, as in the last article, that in this case every 
chord drawn through the origin would be bisected. The origin 
would then be called the centre of the curve. Now, we can in 
general, by transforming the equation to a new origin, cause 
the coefBcients g and / to vanibh. Thus equating to nothing 
the values given (Art. 134) for the new g and/, we find that 
the coordinates of the new origin must fulfil the conditions 

a3/-\-h2i'-\-g = (t, hx'-i- hy' ^f= 0, 

These two equations arc sufficient to determine x' and y', and 
being linear^ can be satisfied by only one value of x and y ; 
hence, conic sections have in general one and only one centre. Its 
coordinates are found, by solving the above equations, to be 

ab — W ab — h' 

In the ellipse and hyperbola ah - A' ia always finite (Art. 137); 
hut in the parabola ab- h^ = 0, and the coordinates of the centre 
become infinite. The ellipse and hyperbola are hence often 
classed together as central curves, while the parabola is called 
a non-central curve. Strictly speaking, however, every curve 
of the second degree has a centre, although in the case of 
the parabola this centre is situated at an infinite d 



141. To find the locus of the middle points of chords, parallel 
to a given line, of a curve of the second degree. 

We saw (Art. 139} that a chord through the origin is bisected 
if,9 C09^ + /Minfl = 0. Now, transforming the origin to any 
point, it appears, in like manner, that a parallel chord will be 
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bisected at the new origin if the new g multiplied by cos d 4 the 
iiew/imiUiplied by siiii9 = 0, or (Art. 134) 

C08^ (aa/ 4 hy' + g) 4 sin^ (^a:' 4 h^ 4/) = 0. 
This, therefore, ia a relation which must be satisfied by the co- 
ordinates of the new origin, if it be the middle point of a chord 
making with the axis of x the angle 9. Hence the middle point 
of any parallel chord must tie on the right line 

co^e {c^ -It hy + g)^ sin 6 [hx + hy +/) = 0, 
■which is, therefore, the required locus. 

Every right line bisecting a system of parallel chords is called 
a diameter, and the lines which it bisects are called its ordinate. 

The form of the equation shows (Art. 40) that every diameter 
must pass through the intersection of 
the two lines 

03:4%+^ = 0, and ^a;4%4/=0; 
but, these being the equations by 
which we determined the coordinates " 
of the centre (Art. 140), we infer that 
&eery diameter passes through the centre of the curve. 

It appears by making 9 
alternately = 0, and = 90° in 
the above equation, that 

oa^ 4 % 4 ^f = 





is the equation of the diameter 
bisecting chords parallel to the 
axis of X, and that 

Aa;4%+/=0 

is the equation of the diameter bisecting chords parallel to the 
axis of y.* 

h 



In the parabola J^ = ah, or 



h b 



and hence the line 



* Tha equation (Art. 138} which is of the form 63 = - (*^ +/) ± -R is most easily 
constnictedbj first laying down the line hc + by+f, and then taking on each ordi- 
nate MP of that line portions PQ, PCg, aboTe and below P and eqaal to R. Thua 
also it appears that each ordinate is bisected by Si + Sy +/. 
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ax-^hy 4-_9 ia parallel to the line 
hx-\-iy+f\ coxisv^aea'iXy, all dia- 
meters of n parabola are pairallel 
to each other, 1h\&; indeed, is 
e'^ident, since we have proved 
that all diameters of any eouic 
section must pass through the 

Centre, ^tiich, in the case of the — ._— 

parabola, is at an infinite distance, / 

and siuee parallel right lines may be considered as meeting in 

a point at infinity.* 

The famiJmr example of the circle will sufficiently illustrate to 
the beginner the nature of the diameters of curves of the second 
degree. He must observe, however, that diameters do not in 
general, as in the ease of the circle, cut their ordinates at right 
angles. In the parabola, for instance, the direction of the dia- 
meter being invariable, while that of the ordinates may be any 
whatever, the angle between them may take any possible value. 

142. The direction of the diameters of a parabola is the. same 
fas that of the line through the origin which meets the curve at an 
infinite distance. 

For the lines through the origin which meet the curve at in- 
finity are (Art. 136) 

ax' + 2hxy + by" = 0( 
or, writing for A its value -Jiab], 

But the diameters are parallel to ax + hy — O {by the last article), 
which, if we write for /* the same value ^{ai), wiit also reduce to 

V{o)«+*/(i)y = 0. 
Hence, every diameter of the parabola meets the curve once af 
infinity, and, therefore, can only meet it in one finite poiut. 

* Hence, a portion ot any conio Beotjon being drawn on papef, wa can find its 
Centre and deteraime its epecies. For if wh draw any two parallel chords, and joia 
their middle points, we have one diameter. In lilte manxier we can find another dia- 
meter. Then, it these two diameters be parallel, the curse is a parabola ; but if not, the 
point of intersection ia the centre. It will be on the concave side when the ourva is an 
ellipse, and on tlio convex ivlieu it is a hyperbola, 

U 
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143. If two diameters of a conic section be such that one of 
them hiaecis all chords parallel to the other, ihen^ conversely^ the 
second will hisect all chords parallel to the first. 

The equation of the diameter which bisects chorda making; 
an angle 6 with the axis of a; ia (Art. 141) 

{ax. + hj-^g)^(hx-^by^f) tan5 = 0. 
But (Art. 21) the angle which this line makea with the axis is 6' 
where 

^ ., a + A tan ^ 

tan = — y— q jr , 

/( + 6 tan y ' 

whence h tan ^ tan ^ + A (tan 9 4 tan d']^a = 0. 

And the symmetry of the equation shows that the chorda making 

an angle 6' are also bisected by a diameter making an angle 6. 

Diameters so related, that each bisects every chord parallel 
to the other, are called conjugate diameters.* 

If in the general equation ^ = 0, the axes will be parallel to 
a pair of conjugate diameters. For the diameter bisecting chords 
parallel to the axis of x wiU, in this case, become 03;+^ = 0, 
nnd will, therefore, be parallel to the axis of)/. In like manner, 
the diameter bisecting chords parallel to the axis of y will, in 
this case, be hy +f= 0, and will, therefore, be parallel to the 
axis of X. 

144. If in the general equation c=0, the origin is on the curve 
{Art. 81); and accordingly one of the roots of the quadratic 

{a cai'd + 2A cos 5 sin i9 -f- & sin'^) p" + 2 ((? cos fl 4-/sin5) p = 
is always p — Ci. The second root will be also p = 0, or the 
radius vector will meet the curve at the origin in two coincident 
points, if ^cos^+/ain^ = 0. Multiplying this equation by p, 
we have the equation of the tangent at the origin, viz. gx-\^fy=(i.'\ 
The equation of the tangent at any other point on the curve 
may be found by first transforming the equation to that point 
as origin, and when the equation of the tangent has been then 
found, transforming it back to the original axes. 

* It ia eyident that none but central currea can have conjugate diametera, since in 
tiie parabola, the direction ot all diameterB is the same. 

t The same ai^nient proves that in an equation of any degree when the absolute 
term vanishes the origin is on the curve, and ttat then the terms of the first degi-ee 
represent tlie tangent at the origin, 
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tranFform the equation to immlla! una throi 
Ant. Etc — 6j = rafcrrod to tlie new t 
tlie old. 

If this method is applied to the general equation, wo get for 
the tangent at any point x'y' the same equation aa that found 
by a different method (Art. 8G), via. 

ax'x + k [x'y + y'x] + hy'y +g [x + x'] +f{if + y') + c = 0. 

145. It was proved (Art. 89) that if it be required to draw 
a tangent to the curve from any point x'y', not supposed to be 
on the curve, the points of contact are the intersections with 
the curve of a right line whose equation is identical in form 
with that last written, and which is called the polar of x'y'. 
Consequently, since every right line meets the curve in two 
points, through any point x'y' there can be drawn two reat, coin- 
cident, or imaginary tangents to the curve.* 

It was also proved (Art. 89) that the polar of the origin ta 
gx+fy-t- c = 0. Now this line is evidently parallel to the chord 
gx+fy, which (Art. 139) is drawn through the origin so as to 
be bisected. But this last ia plainly an ordinate of the diameter 
passing through the origin. Hence, the polar of any point ia 
parallel to the ordinatea of the diameter passing through that point. 
This includes as a particular case : The tangent at the extremity 
of any diameter is parallel to the ordinates of that diameter. Or 
ngain, in the case of central curves, since the ordinates of any 
diameter are parallel to the conjugate diameter, we infer that 
thepolar of any point on a diameter of a central curve is parallel 
to the conjugate diameter. 

146. The principal properties of poles and polars have been 
proved by anticipation in former chapters. Thus it was proved 
(Art. 98} that if a point A lie on the polar of B, then B lies on 
tlie polar of .d. This may be otherwise stated: Ifapointmove 
along a fixed line [the polar of B] its polar passes through a 
filled point \_B']; or, conversely, If a line [the polar of A~] pass 

' A ourro 13 said to be of tbe n"' class when tlironsh an)' point n tflngenta can ba 
diawn to the curve. A conic i% therefore, a curve of tlie Hcoond degree and of the 
6..cond eloaa ; but in hifU^r curves the augree and class of a cuive are comraonlj not 
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through a fixed point, then the locus of its pole [^] is a fi,x&l 
right Unc. Or, again, The intersection of any two lines is the 
pole of the line Joining their poles/ and, conversely, The line 
joining any two points is the polar of the intersections of the polars 
of these points. For if we take any two points on the polar 
oi A, the polara of these points intersect in A. 

It was proved (Art. 100) that if tu>o lines le drawn through 
any point, and the points joined where thetf meet the curve, the 
joining lines will intersect on the polar of that point. Let the 
two lines coincide, and we derive, as a particular case of this, 
If through a point any line OR be drawn, the tangents at J^ 
and It" meet on the polar of ; a. property which might also be 
inferred from the last paragraph. For since BfR', the polar of 
P, passes through 0, P must lie on the polar of 0. 

And it was also proved (Ex. 3, p. 96), that if on any radius 
vector through the origin, OR be 
taken a harmonic mean between OR' 
and OR', the locus of R is the polar 
of the origin ; and therefore that, 
any line drawn through a point is 
cut harmonically by the point, the 
curve, and the polar of the point; as 
was also proved otherwise (Art. 91), 

Lastly, we infer that if any line 
OR be drawn through a point 0, and 
Pthe pole of that lino be joined to 0, then the lines OR, OR 
■will form a harmonic pencil with the tangents from 0. For 
since OR is the polar of P, PTRT is cut harmonically, and 
therefore OP. OT, OR, OT form a harmonic pencil. 




ion, any of tlie poiata 



Bince EC, ED aro two lines drawn tlirmigli 
the point E, and CD, AB, one pair of lines join, 
ing the points where they meet the conic, tlitso 
1inC3 must iutcrscct on the pclai of E ; to must 
t.\ft,AD and CJi; therefore the line 0/" is the 
jiolaj of E. In like mnnner it cnn be proved thttt 
EF is the polar of O and £0 the polar of F. 

Ei. S. To draw a tnngcnt to a giTeii 
ilection from n point outside, with tlio iiolp of tlio ruler only. 

Uraw any two liuco tljiuin;li the given imiut £, and com 
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In the figure, then the line OF will meet the oonio in two points, which, being joined 
l« B, will give the two tangentB requited. 

Bs. 3, It a quadrilateral lie ciroumgcdbed about a conic section, any diagonal \a 
the polar of the intersection of the othar two. 

We almll prove this Example, aa we might hare proved Ei. 1, by meaoa of the. 
harmonic properties of a quadrilateral It was p^ved (Es, 1, p, 57) that EA, E(\ 
EB, EF are a harmonic pendl. Hence, since EA, EB are, by hy[>otlieas, twp 
tangents to a oonio section, and EF a line through their point of intersection, by 
Art, US, EO must pass tlrottgh the pale of EF; for the same reason, FO must poiB 
through the pole of EF; this pole must, therefore, he 0. 

147. We have proved (Art. 92) that the equation of the pair 
of tangents to the cui've from any point x'^' is 
(oa;'"+ 2k<^i/'+ bi/"+ •2gx'+ 2fy'+ e) {ax'+ 2lixi/. + h/+ ^gx + 2/j/ + c> 
= [ax'x + h {xy, + y'x) + ly'y ^■g[x' + te) +/{/ + 1/) 4 c)^ 
The equation of the pair of tanf^enta through the origin may be. 
derived from this by making x'—y'^O ; or it may be got directly 
by the same process aa that used Ex. 4, p. 78, If a radius, 
vector through tlie origin touch the curve, the two values of p. 
must he equal, which are given by the equation 
(aco9''^+2Aco3flsin5 + Ssin''^)p'' + 2(^cosfl+/sin^/) + c = 0. 
JJow this equation will have equal roots if 6 satisfy the equation, 

(a cos'i? + U cos e ain d + h s.m'd) c-{g cos +/ain 6)'. 
Multiplying by p' we get the equation of the two tangents, viz., 

[ac - /) x' + 2{ch- gf) xy + [he -/^) f = 0. 
I'his equation again will have equal roots; that ia to say, the. 
two tangents will coincide if 

{ac-9^)[hc-r) = [c]i-fg)\ 
or C {ahc + ifgh - af - Ig' - ck') = 0. 

This will be satisfied if c = 0, that is if the origin be on th& 
curve. Hence, any point on ike curve may he considered as ike' 
intersection of two coincident tangents, just as any tangent may 
be considered as the line joining two consecutive points. 

The equation will have alao. equal roots if 

ale + 2fgh - af - hg' - ch" = 0. 
Now we obtained this equation (p. 72) as the condition that the 
equation of the aecond degree should represent two right lines.. 
To explain why we should here meet with this equation again^ 
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it must be remarked that by a tangent we mean in general a line 
which meets the curve in two coincident points; if then the 
curve reduce to two right lines, the only line wbii,h can meet 
the locus in two coincident points la the line drawn to the point 
of intersection of these right lines, and since tmo tangents can 
always be drawn to a curve of the second degree, both tangent? 
must in this ease coincide with the line to the point of inter- 
section. 

148. If through any point two chordi he clrawn^ meeting the 
curve in ihepoints Sf, ^', (S*, 8", then the ratio of the rectamjba 

08'. OS" 
provided that the directions of the lines OB, OS he constant. 

For, from the equation given to determine p in Art. 136, 
appears that 

on: 0U'= acoBV-f2Atos0siiii3 + Ssin""^ ' 
In like 



08. 08'=' 
hem 



|-2^cos^sinff' + 6sin'6" 
OK. OE' __ acos"^' + 2A coBfl'Biny + 6 sin"^ 
^ OSVOS"' a'eos'0 + )!hcos0 9md + b8m'0 ' 
But this is a constant ratio ; for n, h, 5 remain unaltered 
wbcn the equation is transformed to parallel axes through any 
new origin (Art. 134), and 0, 6' are evidently constant while the 
direction of the radii vectores is constant. 

The theorem of this Article may be otherwise stated thus: 
If through two fixed points and 0' any two parallel lines OR 

and (/p he drawn, then the ratio of the rectangles -., -, f-j—,, will 

he constant, whatever he the direction of these lines, 
For these rectangles are 



a cosV + %h cos ^ sin ^ + 5 sin^^ ' a cos't* + 2/i cos 6 sin d + b %m'0 
[c' being the, new absolute term when the equation is transferred 
to 0' as origin) ; the ratio of these rectangles =-,, and is, there- 
fore, independent of &. 

This theorem is the generalization of Euclid in, 35, 3G. 
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149. The theorem of the last Article includes under it several 
particular cases, which it is useful to notice separately. 

I. Let 0' be the centre of the curve, then Vp' = (Xp" and 
the quantity (Xp'. O'p" becomes the square of the semi-diameter 
parallel to OR'. Hence, Th» rectangles under ike segments of 
tico chords which intersect are to each other as the squares of the 
diameters parallel to Uiose chords, 

II. Let the line OE be a tangent, then OBf = OB", and the 
quantity Ol^.OR' becomes the square of the tangent; and, 
siuce two tangents can be drawn through the point 0, we may 
extract the square root of the ratio found in the last paragraph, 
and infer that Tvyo tangents drawn through any point are to each 
other as the diarnefers to which they are parallel. 

III. Let the line 0(7 be a diameter, and OR^ (fp parallel to 
Its ordinates, then OR' =0R" and (yp'= (Xp". Let the diameter 

meet the curve in the points A, B, then _ , ., = ~AO' <Yn' 
Hence, The squares of the ordinates of any diameter are propor- 
tional to the rectangles under the segments which they make on the 



150. There ia one case in which the theorem of Article 148 
becomes no longer applicable, namely, when the line 08 is 
parallel to one of the tines which meet the curve at infinity ; the 
segment OS" Is then infinite, and 08 only meets the curve ia 
one finite point. We propose, in the present Article, to inquire 

whether, in this ease, the ratio Ttiv-a™* "'V''^ ^^ constant. 

Let us, for simplicity, take the line 08 for our axis of x, and 

OR for the axis of y, iSince the axis of x is parallel to one of 

the lines which meet the curve at infinity, the coefficient a will = 

(Art. 138, Ex. 4), and the equation of the curve will be of the form 

•ihxy 4- %" + 'igx + 2/2f + c = 0. 

Making y = 0, the intercept on the axis of x is found to be 
Off= ; and, making ic = 0, the rectangle under the inter- 
cepts on the axis oi y is = 7 • 
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Now, if we transform (he axes to parallel axes through any point 
x'y (Art, 134), b will remain unaltered, aud the new g = li-y' + g- 
Ilence the new ratio will he 



2 (V +y) ■ 

Now, if the curve be a parahola, h—0, and this ratio is con- 
Btant; hence, If a line ^rallel to a given one meet any diameter 
(Art, 142) of a 'parabola-f tke rectangle under its segments is in a 
constant ratio to ike intercept on the diameter. 

If the curve be a hyperbola, the ratio will only be constant 
while y is constant ; hence, Th6 intercuts made by two parallel 
chords of a hi/perhbla, on a given line meeting the curve at infinity ^ 
are proportional to the rectangles under the segments of the chordsi 

*15l. To fnd the condition that the line %jx-\-ny + v may 
touch the conic r^nesented iy t-he general equation. Solving for y 
from Xa! -^ jujr H- r = 0, and substituting in the equation of the 
conic, the absciasje of the intersections of the line and curve arc 
determined by the equation 
(o/*"- ihXfj. + b\') x' + 2 (gfi.''—hfi.v-fft\.-i b\v) X 

+ (c/*'' -2>f 4 £»-'') = 0.- 
The line will touch when the quadratic has equal roots, or wheil 
(o/i' — 2hXjj. + bX") (c/j.^ — 2f/j.v ■+ bv') = (j/i' — hfiv —ff^X + b\v)'. 
llnltipjying out, the equation proves to he divisible hy ^^, and 
becomes 
{be -f) X" + (ca - .9") m' + (aJ - h^) >-' + 2 [gh - af) /iv 

+ 2 {hf- bg) i-X + 2 {fg - ch) X/i - 0. 

We shall afterwards give other methods of obtaining this 

equation, which may be called the tangential equation of the 

eurve. We shall often use abbreviations for the coefficients, and 

write the equation in the form 

AX^-\- Bfi + Cv' + 2Ffiv + 2 QvX + 'illXiJ. = 0. 
The values of the cooflicients will be more easily remembered hj 
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the help of the foliowing rule. Let A denote the discriminant 
of the equation ; that is to say, the function 
ahc + %fgh ^af- Ig^ - ch% 

whose vanishing Is the condition that the equation may represent 
right lines. Then A is the derived function formed from A, 
regarding a as the variable; and jB, G, 2F, 2G, 2H are the 
derived functions taken respectively with regard to b, c,/, g, It. 

The coordinates of the centre (given Art. 140) may be written 
G F 
6" Ts' 

iflSOELtAHHODB SxAUPtira. 

El. 1. fo[Tn the eqaation of the conic making iiitei-cepfa X, V, fi, // on tie ases. 
Since if we make j; = or i = in the equation, it must reduce to 

!C= - (X ^- *.■) a; + XV = 0, ff'-(M + /<')ff + w' = l>i 
the eilnation is 

P/i'i= + 2Sij 4- \XV - PP' (^ + V) a - XV + |k') 3( + XX Vj"' =^ 0, 
and h is undetermined, unlepa another condition be given. Thus two pniabolaa can 
be drawn thronBh the four giVen points ; foe in this casa 

fti=±J(XXV). 
Ei. 2. Given tour poihtB on a conio, the polar of any ijied point pasBea throngh 
a Hned point. We Jaaj choose the aies so tluit the given points may lie tn-o on each 
aaia, and tlie equation of the curve is tha,t found in Es, 1 . But the equation of the 
polar of any point iiV (Art. 145) involves the indeterminate ft in the first degree, 
and, therefore, passes throngh a liied point. 

Es. 3. Eind the looua of the centre of a conic passing thratigh four fised pointa. 
The centre of the conic in Ei. I is given by the equations 

Sw^'a; + % - fi/.' (X + X") ^ 0, 2XXV + 2^k - XX' (^ + (.') = 1 
whence, eliminating the indeterminate h, the locus is 

2^V - 2XXy - V (X + XO » + XX' (,u + /i') J = 0, 

a conic psEmng through the intersections of each of the three pairs of lines which 
can he drawn through the four points, nod through the middle pointa of these, lines. 
The locus will he a hyperbola when \, \' and /i, /i' have either hoth like or hoth 
nnlike signs ; and an ellipse in the contrary case. Thus it trill be an ellipse when the 
two points on cue axis lie on the same side of the origin, and on the ether asia on 
opposite sidea ; in other words, when the quadrilateral fimneS by the four given 
pointa has a re-entrant angle. This is also geometrically evident ; for a qnadnlateral 
with a re-entrant angle evidently cannot be inscribed in a figure of the shape of the 
ellipse or parabola. The circumscribing conic roust, therefore, always be a hyperbola, 
60 that some vertices niay he in opposite branches. And smoe the centre of a hyper- 
bola ia never at infinity, the locus of centres is in this case an ellipse. In the otheir 
case, two positions of the centre will be at infinity, corresponding to the two paraholaa 
ivbich can he described through the given poiuts. 
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152. In investigating the properties of the ellipse and hyper- 
bola, we shall find oar equations much simplified by choosing 
fhe centre for the origin of coordinatea. If we transform the 
general equation of the second degree to the centre as origin, we 
saw (Art. 14f)) that the coefficients of x and y will =0 in the 
transformed equation, which will be of the form 

ax" + 2]ixy ■+ bf + c' = 0. 
It is sometimes useful to know the value of c' in terms of the 
coefficients of the first given equation. We saw (Art. 134) that 

c' = ax" + 2hx'T/ + hi/'' + 2ga^ + 2// + c, 
where x\ ■if are the coordinates of the centre. The calculation 
of this may be facilitated by putting c' into the form 

c' = (ffa/ + ly' +3]a^ + {hxf + &/ 4/) i/ -Vgx' + fy' ^ c. 
The first two sets of terms are rendered = by the coordi- 
nates of the centre, and the last (Art. 140) 

- ■-, ^^- ^9 , fh-^'f .^_ '^'■^ -I- ¥a^ - <^ f - V - c^- * 

~^ ab-h' ^^ ab-h'^ ab-h" 

153. If the numerator of this fraction were =0, the trans- 
formed equation would be reduced to the form 

ax" -i 2Jixy -f by^ — 0, 
and would, therefore [Art. 73), represent two real or imaginary 

* Observing that when f sad p Taniah the diBcriminant reducea to c (nj — ft*), wo 
can see that what has been heis proved shows that truasfarniatioii to parallel axe? 
does not alter the value of the disciimiuant, a pacticnlai; case of e. theorem to be 
proved aftevwards (Art. 371). 

It is evideat in like maonsF that the I'esnlt of substituting x'y', the coordiaateii 
of the centre, in the equation of the polar of any point ic'y, vis. 

{oi" + %■ +ff) y + (4i' + V +/) S" + jra' +/j' + e, 
is the same as tlie result of Bnbatltuting a/j' in tlie equation of the curve. For the 
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right lines, according as a&-A' is negative or positive. Hence, 
as we have already seen, p. 72, the condition that the general 
equation of the second degree should represent two right lines, is 

abc + ^fgh - af - bf - c¥ = 0. 
For it must plainly be fulfilled, in order that when we transfer- 
the origin to the point of intersection of the right lines, the 
absolute term may vanish. 

Ex. I. Transforai Bi' + 41^ + j' - 5a; - Sji - 3 = to the centre (J, - i). 

Am. 12LC= + 16a^ + 4j' + l = 0' 
Ex. 2. Transform a' + acj - y + Sa + 4j - 8 = to the centra (- 3, - 1), 

154. We have seen (Art. 136) that when 6 satisfies the 
condition 

a cos^e + 2A eos i9 sin ^ + 6 sin'^ = 0, 
the radius vector meets the curve at infinity, and also meets 
the curve in one other point, whose distance from the origin is 



" ^9cosS-t-/sin(J ■ 

But if the origin be the centre, we have 5r = 0, /=0, and this 
distance will also become infinite. Hence two lines can be drawn 
through the centre, which will meet the curve in two coincideni 
points at infinity, and which therefore may be considered as tan- 
gents to the curve whose points of contact are at in6nity. These 
lines are called the asymptotes of the curve ; they are imaginary 
in the case of the ellipse, but real in that of the hyperbola. "We 
shall show hereafter, that though the asymptotes do not meet the 
curve at any finite distance, yet the further they are produced 
the more nearly they approach the cui've. 

Since the points of contact of the two real or imaginary tan- 
gents drawn through the centre are at an infinite distance, the 
line joining these points of contact is altogether at an infinite 
distance. Hence, from our definition of polos and polars (Art. 89), 
the r^ntre may he considered as thej>ole of a line situated altogether 
at an trtfinite distance. This inference may be confirmed from 
the equation of the polar of the origin, gx+fy -Vo^Q, which, 
if the centre be the origin, reduces to c = 0, an equation whiehi 
(;\rt. 67) represents a line at infinity. 
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155. We have seen that by taking the centre for origin, the 
coefficients g and f in the general equation can be made to 
vanish; but the equation can be further simplified by taking a 
pair of conjugate diameters for axea, since then (Art. Ii3) A wiil 
vanish, and the equation be reduced to the form 

It is evident, now, that any line parallel to either axis is bisected 
by the other ; for if we give to x any value, we obtain equal and 
opposite values for y. Now the angle between conjugate diame- 
ters is not in general right ; but we shall show that there is 
always one pair of conjugate diameters which cut each other at 
right angles. These diameters are called the axes of the curves 
and the points where they meet it are called its vertices. 

We have seen (Art, 143) that the angles made with the axis 
by two conjugate diameters are connected by the relation 
b Xme ta.aB' + h (tan 6 + tan e')-^a = 0. 

But if the diameters are at right angles, tan^ = — - — -j 
(Art. 25). Hence 

k isxL^e + (a - J) tan - A = 0. 

We have thus a quadratic equation to determine 6. Multiply- 
ing by p", and writing ic, y, for p coa^, p sin^, we get 

h^ ~-{a — b)xy — hy' = 0. 
This ia the equation of two real lines at right angles to each other 
{Art. 74) ; we perceive, therefore, that central curves have two, 
and only two, conjugate diameters at right angles to each other. 

On referring to Art. 75 It will be found that the equation 
which we have just obtained for the axes of the curve is the same 
a that of the lines bisecting the Internal and external angles 
between the real or imaginary lines repreaented by the equation 

a^ + 'ihxy + 6^" = 0. 
The axes of the curve, therefore, are the diameters which bisect 
the angles between the asymptotes; and (note, p. 71) they will 
be real whether the asymptotes be real or imaginary ; that ia to 
say, whether the curve be an ellipse or a hyperbola. 

156. We might have obtained the results of the last Article 
fcy the method of transformation of coordinates, since we can 
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thua prove d'u-ectly that it is always possible to transform the 
equation to a pair of rectangular axes, such that the coefficient 
of xy in the transformed equation may vanish. Let the original; 
axes be rectangular; then, if we turn thorn round through any 
angle 6, we have (Art. 9) to substitute for a:, x co^d ~y ain^, 
and for y, x ^ind + y ao%0; the equation will therefore become 
a{x COS0 — 1/ 6inOf + 2h{x coaO — y sin^) {x sin^+y cos^) 

•\-h{x s\ad + y cos $)' + c = 9 
or, arranging the terms, we shall have 

the new a = a cos'6 + 2h cos^ sin^ f J sin'^; 

the new h = h s\n9 cos8 + h{cos'$ ~BiD''d) — aslu0 cos^; 

thenew& = a sin'^-2A C08flsin^ + ^' cos"^. 
Now, if we put the new A = 0, we get the very same equation 
as in Art. 155, to determine tan^. This equation gives us a 
simple expression for the angle made with the given axes by 
either axis of the curve, namely, 

tan2^ = -?^. 
a-b 

157. When it la required to transform a given equation to 
the form ax' + by' + c = 0, and to calculate numerically ihe value 
of the new coefficients, our work will be much facilitated by the 
following theorem : If we transform an equation of the second 
degree from one set of rectangular axes to another, ihe quantities 
a + h and ab — h' will remain unaltered. 

The first part is proved immediately by adding the values of 
the new a and b (Art. 156), when we have 

a'-f 6' = a-f J. 
To prove the second part, write the values In the last article 
2a'==a + h + 2h sin25-[- (a-b) co925, 
2b' =a + h-2k 6m20 -{a-b) cos2^. 
Hence ia'lf = {a + bf - {U sin2fl + {a-h) c<,&29]\ 
But ih"=[^kcos2$-{a-b) sin2£'j"; 

therefore 4 {a'h' - h'^) = {a + bf - ih^ -{a-hY = i (ah - h"). 

M'hen, therefore, we want to form the equation transformed 
to the axeSf we have the new A = 0, 

a' + b' = a-l-b, a'b'^ab-h'. 



y Google 



158 CENTRAL EQUATIONS OF THE SECOND DEGKBG. 

Having, therefore, the sum and the product of a and J', we can 
form the quadratic which determiDea these quantities. 

Bx, 1. Pind the ases of tlia ellipse 143;'- 43^+ lly' = GO, and tranaform tlia 
equntion to them. 

TliBaKe3are(Art.l65)4K= + 6ai/-4i/» = 0, or (2a;-(/) (s + 2j) = 0. 
We have «' + i' = 25 ; a'i' = 150 ; o' = 10 ; i' = 15 ; and tlie transfonned equation 
J3 2re= + Bj' = 12. 

Es. % Transform the hypei-bola lla;= + Siarj - 249^ = 15G to the axes. 
a' + *' = -13, o'6' = -2023i a' -39; i' = - 52. 

IVanaformed equation is i^ — 4y = 1 2. 
Ek. 3. Ttansfonn in^ + Ihsy + it,'' = c to the asea. 

Am. (a + S - ^) 3!= + (o + i + ^) j' = 2c, where B? = ih.^ + (a - by, 

*158. Having proved that the quantities a + b and ab — h^ 
remain unaltered when we transform from one rectangular system 
to another, let us now inquire what fheao quantities become if 
we transform to an oblique system. We may retain the old axis 
of a;, and if we take an axis of ^ inclined to it at an angle <o, 
then (Art. 9) we are to substitute x + y cosm for x, and y ainm. 
for 7/. We shall then have 

a' = a, h' = a coso> + h slnoi, 

Hence, it easily follows 

a' + J' — 2A' cosm , a'b' — Ji"' , ,„ 

i— 5 — - = a + o, — ^-^ — =ab — it. 

sin £0 ' sm w 

If^ then, we transform the equation from one pair of axes to any 



We may, by tho help of this theorem, transform to the axes 
an equation given in oblique coordinates, for wo can still 
express the sum and product of the new a and b in terms of 
the old coefficients. 
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*159. We add the demonstration of the theorems of the last 
two articles given by Professor Boole {Camhridge Math. Jour.^ 
III. 1, lOS, and New Series, VI. 87). 

Let ns suppose that we are transforming an equation from 
axes inclined at an angle w, to any other axes inclined at an 
angle fi ; and that, on making the substitutions of Art, 9, the 
quantity ao^ -^^hxy + hy^ becomes a'X^-\-'ik'XY-^h'Y^. Now 
we know that the effect of the same substitution will be to make 
the quantity a;'-t- 2a;j'cosM+/ become Z' + 2Xrcosi2+ Y', 
since either is the expression for the squai'o of the distance of 
any point from tho origin. It follows, then, that 

= a'X' + 2h'XY+h'Y' + \[X' + 2XYaosSl+Y'). 
And if we determine X so that the first side of the equation may 
be a perfect square, the second must be a perfecl square also. 
But tho condition that the first side may be a perfect square is 

(a + X)(5-i-X)-(A4XcosQ>)", 
or \ must be one of the roots of the etjuation 

X' sin^w + (a + & - 2/( cos mj'X + ah- W = 0. 
We get a quadratic of like form to determine the value of X, 
which will make the second aide of the equation a perfect square ; 
but since both sides become perfect squares for the same values 
of X, these two quadratics must be identical. Equating, then, 
the coefficients of the corresponding terms, we have, as before, 
a + & - 2A COS (u a' -\-h' — 2A' cos Q. ^ ah — k^_ a'b' - h"' 
sin'w sin'^il ' siu^il sin^ii 

Ex. 1. The snm of the fquaies of the reciprocals of two semi-diametera at right 
angles to each other is constant. 

Let their lengths be a and ff ; then making alternately x - 0, ij = 0,jn the equation 
o{ the cnrre, we hare on' = e, h^ = c, and the theorem just stated is only the 
geometrical interpretation of the fact that o + i is constant. 

Ex. 2. The area of the triangle formed by joining the extremities o£ two conjugate 



Tho equation referred to two conjugate diameters la 



ab-h' 
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160 THE EQUATION EEPERRED TO THE AXES. 

THE EQUATION EEPEKEED TO THE AXES. 

160. We saw that the equation referred to the axes was of 
the form 

Ax' -V JBy^ = G, 
B being positive io the case of the ellipse, and negative in that 
of the hyperbola (Art. 138, Es. 3). We have replaced the 
small letters hy capitals, because we are about to use the letters 
a and b with a different meaning. 

The equation of the ellipse may be written in the following 
more convenient form : 

Let the intercepts made by tlie ellipse on the axes be * = «, 
y = it then making ^ = and ic = a in the equation of the curve, 

we have Aa*=Gf and A = '-^. In like manner 5=^. Sub- 
stituting these values, the equation of the ellipse may be written 
x^ y" 



Since we may choose whichever axis we please for the axis 
of X, we shall suppose that we have chosen the axes so that a 
may be greater than b. 

The equation of the hyperbola, which we saw only differs 
from that of the ellipse in the sign of the coeiBcient of j', may 
he written in the corresponding form : 

The intercept on the axis of a; Is evidently ~ + a, but that on 
the axis of y, being found from the equation ^'=—6^, is imaginary ; 
the axis of y, therefore, does not meet the curve in real points. 

Since we have chosen lor our axis of x the axis which meets 
the curve in real points, we are not in this case entitled to 
assume that a is greater than b. 

161. To find the j)olar equation of the ellipse, the centre being 
the pole. 

Write p COS0 for a:, and p sinff for y In the preceding equa- 
tion, anil we get 
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THE EQUATION REFERRED TO THE AXES. 161 

an equation which we may write in any of the equivalent forma, 

,_ a'^ a'5' ^ aV 

f ~ Wm^-V 5" cos'^ ~ JH (a' - U') sinV ^ d' - [d' - b") cosV ' 
It IB customary to use the followin;^ abbreviations : 

a^ - 6" = c ; — ^— =■ e ; 

and the quantity e \a called the ecoentricity of the curve. 

Dividing by a" the numerator and denominator of the fraction 
last found, we obtain the form moat commonly used, viz. 



'^ 1 - e' cosV 

162. To investigate the figure of the ellipse. 

The hast value that 6^ + (a'— 6') sin"^, the denominator in 
the value of p^, can have, is when 6 = 0; therefore the greatest 
value of p is the intercept on the axis of », and is = a. 

Again, the greatest value of 5' 4 {a' — h") sin^fl is when 
Ginf^^l, or fl = 90°; hence, the least value of p ia the intercept 
on the axis of y, and is = h. The greatest line, therefore, that 
can be drawn through the centre ia the axis of a;, and the le^t 
line the axis of y. From this property these lines are called 
the axis major and the axis minor of the curve. 

It is plain that the smaller is, the greater p will be ; hence, 
(he nearer any diameter is to the axis 
major, the greater it will he. The 
form of the curve will, therefore, 
that here represented. 

We obtain the same value of p 
whether we suppose 5 = a, or 8 = - a. 
Hence, Two diameters which make ' 

equal angles with the axis will be equal. And it is easy to show 
that the converse of this theorem is also true. 

This property enables us, being given the centre of a conic, 
to determine its axes geometrically. For, describe any concen- 
ti'ic circle intersecting the conic, then the semi-diameters drawn 
to the points of intersection will be equal ; and by the theorem 
just proved, the axes of the conic will he the lines internally 
and externally bisecting the angle between them. 
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162 THE EQUATION iJEFERRED TO THE AKE8. 

163. The equation of the elh'pse can be put into anotlier 
form, which iviil make the figure of the rarve still more 
apparent. If we solve for y we f^et 

Now, if we describe a concentric cir 
equation will be 

Hence we derive the following conelruction : 

'^Pescnbe a circle on tie axis major, and take o 
LQ a point P, such that LP may he to 
LQ in the constant ratio 6 : «, then the 
locus of P will be ike required ellipse." 

Hence the circle described on the 
axis major lies wholly without the curve. 
We might, in like manner, construct the 
ellipse by describing a circle on the axis 
minor and increasing each oi-dinate in 
the constant ratio a:l. ^ 

Hence the circle described on the axis minor lies wholly 
within the curve, 

The eqr.^ition of the circle is the particular form which the 
equation of the ellipse assumes when we suppose 5 = a. 

164. To find the polar equation of the hyperbola. 
Transforming to polar coordinates, as in Art. 161, we get 

^ ~'ViiQ^^e~d'sm'8~ h'- [a? + b") sin" (?"(«'' + b') cos^f - d' ' 
Since formulas concerning the ellipse are altered to the corre- 
sponding formulfe for the hyperbola by changing the sign of S", 
we must in this case use the abbreviation c" for a^+Z*'' and 

(? for — li — , the quantity e being called the eccentricity of the 

hyperbola. Dividing then by of the numerator and denominator 
of the last found fraction, we obtain the polar equation of the 
hyperbola, which only differs from that of the ellipse in the sign 
of h', via. 
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THE EQUATION SiEFEKRED TO Tlltl AXES. 163 

165. To investigate ih& figure of the hyperbola. 

The terms axis niajor and axis minor not being applicaWe 
to the hyperbola (Art. 160), we shall call the axis of x the 
transverse axis, and the axis at y the conjugate axis. 

Now h"— {a' +b^)sW9^ the denominator in the value of p°, 
will plainly be greatest when & = 0, therefore, in the same case, 
p will be least; or the transverse axis is the shortest line which 
can he drawn from the centre to the curve. 

As 9 increases, p continually increases, until 

'slid'+b')' \ a)' 

when the denominator of the value of p becomes =0, and p 
becomes infinite. After tbis value of 0, p' becomes negative, and 
the diameters eease to meet the curve in real points, nntil again 

sin 9 = -TT-j — J5T , f or tan ^ = ] , 

when p again becomes infinite. It tben decreases rcgnlarly as 
increases, until & becomes =180", when it again receives its 
minimum value =«. 

The form of tbe hyperbola, therefore, is that rcpresentei^ by 
tbe dark curve on the figure, next article. 

166. We found that tlie axis of y docs not meet the hyper- 
bola in real points, since we obtained the equation y'^ — b' to 
determine its point of intersection with the curve. We shall, how- 
ever, still mark off ,• ^^ 
on the axis of y por- '^";- 
lions GB, CB'=±b, 
and we shall find 
that the length OB 
has an important ^ 
connexion with the 
curve, and may be conveniently called an axis of tbe curve. 
In like manner, if we obtained an equation to determine the 
length of any other diameter, of the form p^ = — £'-, although 
this diameter cannot meet the curve, yet if we measure on it 
from tbe centre lengths = ±^, these lines may be conveniently 
spoken of as diameters of tbe hypcrboli 
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164 THE EQUATION EEFEEEED TO THE AXES. 

The hcus of the extremities of tlieae diameters which do not 
meet the curve ia, hy changing the sign of p" in the equation of 
the curpe, at once found to he 



or i.-^-l• 

a 

This is the equation of a hyperbola having the axia of y for 
the axis meeting it in real points, and the axia of x for the axis 
meeting it in imaginary points. It is represented by the dotted 
cui-ve on the figure, and is called the hyperbola conjugate to the 
given hyperbola. 

167. We proved (Art. 165) that the diameters answering to 

tan ^ = ±- meet the curve at infinity ; they are, therefore, the 

same as the lines called, in Art. 154, the asymptotes of the curve. 
They are the lines GK, CL on the figure, and evidently separate 
those diameters which meet the curve in real points from those 
which meet it in imaginary pointa. It is evident also that two 
conjugate hyperbola have the same asymptotes. 

The expression tanfl = ±- enablca us, being given the axes 

in magnitude and position, to find the asymptotes, for if we 
form a rectangle by drawing parallels to the axes through B 
and -4, then the asymptote GK must be the diagonal of tbia 
rectangle. 

Again cosg= ■ ^ ,-., = -• 

But, since the ^ymptotea make equal angles with the axia of x, 
the angle which they make with each other must be = 2^. 
Hence, being given the eccentrtcilg of a hyperbola, we are given 
the angle between the asymptotes^ which is double the angle whose 
secant is the eccentricity. 

Es. To find the eocentridtj oJ a coniG given by the general equation. 

We oaa (Ait. 74) write down the tangent of the angle between the lines denoted 
by oiF + ihxy + by- = 0, and ttience form the espreasion for the secant of its half ; 
OS we may proceed by the help of Art, 167, Ex. 3, 
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We httTB 


2^ .p'- 


where 


lt' = 4h'+(a-iy = U'' 


Hence 


i-_i. = ;?, "°~^ 



CONJUGATE DIAMETERS. 
168. We now proceed to investigate some of the properties 
of the ellipse and hyperbola. We shall find it convenient to 
consider both curves together, for, since their equations only 
diifer in the sign of &*, they have many properties in common 
which can be proved at the same time, by considering the sign 
of 6" aa indeterminate. We Bball, in the following Articles, use 
the signs which apply to the ellipse. The reader may then 
obtain the corresponding formulse for the hyperbola by changing 
the sign of b'. 

.^ . y , 



We shall first apply to the particular form - 



^F 



of the results already obtained for the general equation. Thus 
(Art. 86) the equation of the tangent at any point x'?/' being 
got by writing x'x and y'l/ for a)* and y is 

-r + Sf = I. 
a 

The proof ^ven in general may be repeated for this particular 

case. The equation of the chord joining any two points on 

the curve is 

l^x-x'){x-x") {y-y'){y -■}/') _ ic' / 

"a' ¥ — " — ' ~ ^ i' ~ ' 

{a/ + x")x {y' + y")y _ a;V y'y" _ 

which, when x', y' = a/', y", becomes the equation of the tangent 
already written. 

The argument here used apphes whether the axes be rect- 
angular or oblique. Now if the axes be a pair of conjugate 
diameters, the coefficient of a;^ vanishes (Art.143); the coefficients 
of X and y vanish, since the origin is the centre ; and if a and V 
be the lengths of the intercepts on the axes, it is proved exactly, 
as in Art. 160, that the equation of the curve may be written 



Ji + Si-l' 



y Google 



166 COSJUGATB DIAMETERS. 

And it follows from this article that in the same case the 
equation of the tangent is 



169, The equation of the polar, or line joining the points 
of contact of tangents from any point tc'/, is similar in form to 
the equation of the tangent [Arts. 88, 89), and la therefore 

XJ^ v^ , xx' inf 

-. + ,.- = 1) or -Ti- + 7^ = 1 S 
(C h ' a^ b' ' 

the axes of coordinates in the latter case being any pair of 
conjugate diameters, in the former case the axes of the curve. 

In particular, the polar of any point on the axis of x is — jj- = 1. 

Hence the polar of any point P is found by drawing a diameter 
through the point, taking t7P.CP' = to the square of the semi- 
diameter, and then drawing through P' a parallel to the 
conjugate diameter. This includes, as a particular case, the 
theorem proved already (Art. 145), viz., The tangent at the 
extremity of any diameter is parallel to the conjugate diameter. 

Ex. 1. To find the coodition that Xo: + /a/ = 1 may touch — 2+ 7^ = !■ 

Comparing —7 + ^ = ^i \x + /'!l = i,ye find — = Xa, i- =/ii, and a-\.''+ b''ix^ = 1, 

Ex. a. To fLwX tlio equatioQ of the pair of tjingenta from I'y' to the curve (see 

Ai-t. ai). 

Ex, 3. To finci tliB angJo <p between the pair of tangents from it's' to the onrve. 

"When ea eqaalion of the second degree I'epresents two right lines, the three highest 
terms being put = 0, denote two lines thiough the origin parallel to the two foi-mec ; 
hence, the angle incladoil by the first psir of right lines depends solely on the three 
highest terms of the general equation. Arranging, then, the equation found in tho 
last Example, we find, by Art 74, 

, , "IS-?-) 

Ex. 4. Find the looua of a point, the tangents throngh which intersect at right 
angles. 

Equating to the denominator in the value of tanifi, we find x' + ^'' = a- + h°, the 
equation of a circle concentiio with the ellipse. The looua of the uiteiEectlon of 
tangenia which out at a given angle is, in genei'al, a corTe of the fourth degree. 

170. To find the equation, referred to the axes, of the diameter 
conjugate to that passing through any point x'y' on the curve. 
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The line required passes through tbc origin, and (Art. 169) Is 
parallel to the tangent at x^ i '^^ equation is therefore 



Let 8, 6' be the angles made with the axis of x by the original 
diameter and its conjugate; then plainly tanS= '4 j ^'"^ from 



The corresponding relation for the hyperbola {see Art. 168) is 
tanS tan 6'= ■^. 

171. Since in the ellipse tan^tan^' is negative, if one of 
the angles 8, 6' be acute {and, therefore, its tangent posltiv^j 
the other must be obtuse (and, therefore, its tangent negative), 
Hence, conjugate diameters in the ellipse lie on different sides of 
the axis minor (which answers to ^ = 90°). 

In the hyperbola, on the contrary, tan tan 0' is positive; 
therefore 6 and 0' must be either both acute or both obtuse. 
Hence, in the hyperbola^ conjugate diameters lie on the same side 
of the conjugate axis. 

In the hyperbola, if tanff be less, tan^' must be greater than 

- , but (Art. 167) the diameter answering to the angle whoso 

tangent is - , is the asymptote, which (by the same Article) 

separates those diameters which meet the carve from those which 
do not intersect it. Hence, if one of two conjugate diameters 
meet a hyperbola in real points, the other will not. Hence also 
it may be seen that each asymptote is its own conjugate. 

172. To find the coordinates a:"/' of the extremity of the 
diameter conjugate to that passing through x'lj. 

These coordinates are obviously found by solving for x and y 

between the equation of the conjugate diameter and that of 

the curve, viz. 

^^' w' ^ ^' v" 
-a H- -.r^O) ^+ 7^ = lj 
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Substitnfing in tlie second the values of x and y found from the 
first equation, and remembering that x, y" satisfy the equation 
of the curve, we find without difficulty 



173. To express the lengths of a diameter (a'), and its conju- 
gate (£'), in terms of ike abscissa of the extremity of the diameter. 
(1) We have (^ = x'^+y"'. 



But 


.-■4:(=---)- 


Hence 


<.- 6-+ "■-'"»'■ i'- 


(2) Again, 


m ha™ 




=x +y ~py "*"/ 


or 


= («'-a!")+?af'i 



hence h"' = a' — eV. 

From these values we have 

or, The sum of the squares of any pair of conjugate diameters of 
an ellipse is constant {see Ex. 3, Art. 159). 

174. In the typerbola we must change the signs of P and 
&", and we get 

a" — y* = a' — l^, 
or, The difference of the squares of antf pair of conjugate diameters 
of a hyperbola is constant. 

If in the hyperbola we have a = b, its equation becomes 
x'-y' = a\ 
and it is called an equilateral hyperbola. 

The tJieorem just proved sbows that every diameter of an 
equilateral hyperbola is equal to its conjugate. 

The asymptotes of the equilateral hyperbola being given by 
the equation 
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are at right angles to each other. Hence this hyperbola is often 
called a rectangular hyperbola. 

The condition that the genera! equation of the second degree 
should represent an equilateral hyperbola isa = — h; for (Art. 74) 
this is the condition that the aaymptotea {ax' + Ihxy + l>}f) 
should be at right angles to each other ; hut if the hyperbola be 
re tangular it must be equilateral, since (Art. 167) the tangent 

of half the angle between the asymptotes = - ; therefore, if 

this angle = 45°, we have 

b = a. 

175. To find the length of the perpendicular from the centre 
on the tangent. 

The length of the perpendicular from the origin on the line 

is {Art. 23) ,, „ ^. = — ,,,. >j v K \ 

but we proved (Art, 173) that 

, ab 

hence i* = T- • 

176. To find the angle hettoeen any pair of conjugate dia- 
meters. 

The angle between the diametera is equal to the angle be- 
tween either, and the tangent parallel to 
the other. Now 



„.' ay. 



nCPT-- 



CT _f_ 



'CP 
Hence sin <j> (or PCP') = "Z, 

The equation a'h' sin^ = aj proves that the triangle formed 
iy j&mhtg the extremities of conjugate diameters of an ellipse or 
ligperbola has a censtant area (see Art. 159, Ex. 2J. 
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177. The sura of tbe sfjuares of any two conjugate diameters 
of an ellipse being constant, their rectangle is a raaxiimim when 
they are equal ; and, therefore, in this case, sin<^ isaminimum; 
hence the acute angle between the two equal conjugate dia- 
meters is leas (and, consequently, the obtuse angle greater) than 
the angle between any other pair of conjugate diameters. 

The length of the equal conjugate diameters is found by 
making a' = b' in the equation a'* + i'* -=«'' + &'', whence a'' is half 
the aura of a" and J"j and in this case 
. , 2(i5 



The angle which either of the equi-conjugate diameters makes 
■with the axis of x is found from the equation 

tan^ tan 5'= j , 

by making tan^ = - tan ^'; for any two equal diameters mako 
equal angles with the axis of x on opposite sides of it (Art. 162J. 

Hence tan^ = - . 

It follows, therefore, from Art. 167, that if an ellipse and hyper- 
bola have the same axes in magnitude and position, then the 
asymptotes of the hyperbola will coincide with the equi-conjugate 
diameters of the ellipse. 

The general equation of an ellipse, referred to two conjugate 
diameters (Art. 168), becomes x^ + y' = a'^, when a' = h'. AVe 
see, therefore, that, by taking the equi-conjugate diameters for 
axes, the equation ai any ellipse may be put into the same form 
as the equation of the circle, x'-i-y" = r^, but that in the case of 
the ellipse the angle between these axes will be oblique. 

178. To express the perpendicular from the centre on the 
tangent in terms of tlte angles which it makes with the axes. 
If we proceed to throw the equation of the tangent 

(—^^J^^- = \\ into the form a: cosa + !/ sina=^ (Art, 23), 
we find iraracdiatc'j, by comparing these equations, 
w cosa y' _ sina 

u' ~ p ' 0'^ p ' 



yGoosle 



COSJUGATE DIAMETERS. 171 

Substituting in the equation of tlie curve the values of o:', y\ 
hence obtaiued, we find 

1^ = a' cos°a + h' 8in''a.* 
The equation of the tangent may, therefore, be written 

arcosa + jsina — Vfffl" cosset + &' sin' a) = 0. 
Hence, by Avt. S4, the perpendicular from any point (x'l/'} on 
the tangent is 

V(a"co3''a + S*sin''a) — a;' cos a — ji' sin a, 
where we have written the formula so that the perpendiculars 
shall be positive when x'l/' is on the same side of the tangent 
as the centre. 

Bi. To find the looua of the interaecHon of tangents whioh out at riglit angles. 

Let J!, p' be tlie pecpendiculara on those tangents, tlion 

jj2 — a^ 009^ + ^ ein^ p'^ = a^ ^^a + d'' cos^a, p' + p'^ = n^ 4- i'. 
But the square of tJie distance fiom the ceatre, of the mleiEEction of two lines which 
cut at rjglit angles, ia equal to the sum of the squares of its distances fi-om the lines 
themselTos. The distance, therefore, is constant, and the reijuiiiid locus is a circle 
(seep. 16G, E2.4). 

179. The chords which join the extremities of any diameter 
to any point on the curve are called supplemental chords. 

Diameters parallel to any ^air of svpph'mental chords are 
conjugate. 

For if we consider the triangle formed by joining the extre- 
mities of any diameter AB to any point on the cuiwe D ; since, 
by elementary geometry, the line joining the middle points of 
two sides must bo parallel to the third, the diameter bisecting 
AD will be parallel to BD, and the diameter bisecting BD will 
be parallel to AD. The same thing may be proved analytically, 
by forming the equations oi AD and BD, and showing that the 
product of the tangents of the angles made by these Unes with 

the axis is = ,. 

This property enables us to draw geometrically a pair of con- 
jugate diameters making any angle with each other. For if we 
describe on any diameter a segment of a circle, containing the 
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given angle, and join the points where it meets the cnrre to the 
extremities of the assumed diameter, we obtain a pair of supple- 
mental chords Inclined at the given angle, the diameters parallel 
to which will be conjugate to each other. 

Ex. 1. Tangenta at the eitremitiea of any diameter are parallel. 

Their equations are T" + ^ - ± '• 

This also follovFS from the flrat theorem of Ait 146 and f m conajdering that the 
centre is the pole of the line at infinitj' (Art 154) 

Ex. 2. If any variable tangent to a central sect meet two filed parallel 

taneents, it will intercept portions on them wh ett gl a constant, and equal 
to the Equare of the semi^diameter parallel to th m 

Let us take for axes the diameter parall 1 to th t g t nd its conjugate, then 

the equations of the curve and of the variaW tang t will be 

€-+^ = i ^ + S' = i 

The intercepts on the flsed tangents are found by making x alteniatdly = ± a' in the 
latter equation, and we get 

and, theitfore, their product is -j, (l ^1 i 

which, snhstituting tot j"* from the equation of the curve, reduces to i^. 

Ex. 3. The same construction lemaining, the rectangle under the segments of tie 
variable tangent is equal U> the sqnare of the semi-diameter pci^lel to iL 

For, the intercept on either of the parallel tangents is to the adjacent segment 
of the variable tangent as the parallel semi-diameters (Art. 149) ; therefor*, the rect- 
angle under the intercepts ol the fiied tangent is to the rectangle under the segments 
of the variable l<ingent aa the sijwirss of these semi-diameters; and, »nce the first 
(ecUngle is equal to the sijuare of the semi-diameter parallel to it, the second rect- 
angle mu«t be equal to the square of the semi-diameter parallel to it. 

Ex, 4. If any tangent meet any two conjugate diameters, the rectangle under ita 
segments is equal io the square of the parallel semi-diameter. 

Take tor Bses the semi-diameter parallel to the tangent and its conjugatei then 
the eqnationa of any two conj ugate diameters being (Art. 170J 

the intercepts made by them on the tangent are found, by making i = h', to bo 

y- , b-i X' 

9 = ^, a, KndsF = --r-;, 

vfhosa teotangle is evidently = i''. 

We might, in like manner, have given a purely algebraical proof of Ex. 3. 

Hence, also, if the cenice be joined to the points where two parallel tangents meet 
any tangent, the Joining lines will be conjugate diameters. 
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The following 
Example:— Through o the 

draw a parallel to the other ; it must of course be a tan- 
gent to the curve. Now, on Oa take a point F, such 
that the rectangle Oa.aF= Ob'' (on the side retnoie from 
O for tiie ellipse, on the same eide for the hyperbola), 
and describe a drele through 0, P, having its centre on 
aC, then the lines OA. OS are the axes of the curve; 
tor, since the rectangle Aa.aB t= Oa.aP = Ob', the lines 
OA, OB are conjugate dlametere, and since AB is s. dia- 
meter of the circle, the angle AOB is right. 

Ex. 6. Given any two eerai-diamoters, if from the extremity of each an ordinate 
be drown to the other, the triangles so formed will be equal in area, 

Bi. 7. Or if tangents be drawn at the extremity of each, the triangles so formed 
will be equal ia area. 

THE NOEMAL. 
180. A line drawn through any point of a curve perpen- 
dicular to the tangent at that point is called the Normal. 

Forming, by Art. 32, the equation of a line drawn through 

{x'^) perpendicular to f — ;■ H- ^ = 1 I , we find for the equation 
of the Qonual to a conic 



J(,-,') = f^(.-x'), 



c* being used, a3 in Art. 161, to denote a' - 6^ 

Hence we can find the portion CN intercepted by the normal 
on either axis ; for, making j/ = in 
the equation just given, we find 



a; = -^ a; , or a; = 



eV. 




of the point through 



We can thus draw a normal to 
an ellipse from any point on the asis, 
for given ON we can find x\ the ( 
which the normal is drawn. 

The circle may be considered aa an ellipse whose eccentricity 
= 0, since c' = a' — S' = 0. The intercept ON, therefore, is con- 
stantly = in the case of the circle, or ever}/ normal to a circle 
pctsses through its centre. 
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181. The portion MN intercepted on the axis between the 
normal and ordinate 13 called the Subnormal. Its length is, by 
the last Article, 

a a 
The normal, tberefore, cuts the abscissa into parts which are in 
a constant ratio. 

If a tangent drawn at the point P cut the axis in 2", the In- 
tercept MT is, in like manner, called the Sahtangent. 

Since the whole length CT=% (Art. 1G9), the subtangent 



a:' £c' 

The length of the narmal can also be easily found. For 

iW' = FM^ + ISM' = y-' + ^, a:'= = ^, ^~ y-' + ^ a:'') . 

But if y be the semi-diameter conjugate to CP, the quantity 
within the parentheses =5'' (Art. 173). Hence the length of the 

normal PW= — . 

If the normal be produced to meet the axis minor, it can be 



angle under tJie segments of the normal ia equal to the square of 
the conjugate semi-diameter. 

Again, we found (Art. 175) that the perpendicular from the 

centre on the tangent = -y? . Hence, the rectangle under the 

normal and the perpendicular from the centre on the tangent it 
constant and equal to the square of the semi-axis minor. 

Thus, too, we can express the normal in terms of the anglo 
it makes with the axis, for 

^ (Art. 178); =■ ^ 



p V[«' cos'a + J" 



V(i- 



Ek, 1. To draw a normal to an ellipse or hyperbola passing througli a S'vea point. 

The equation, of the nonnal, a'i'j - iVy = '^^y, expresses a relation betwean 
the coordinates a^y of any point on the curve, and xg the coordinates of any point 
on the normnl at si'i/. We express that the point on tlie normal is known, and the 
point on, the curve sought, by removing the accents from t!ie coordinates of the lattei: 



y Google 



THE NORMAL. 173 

pcant, and acccntnating those o( the former. Thus we find that the polnta on the 
Pnrve, whose normab will pass through (x'y') are the points of iuteraeotion of the 
given ciuTe with the hjptrbola 

e'xg = oVy - jya. 
Es. 2. If throngh a given point on a oonio any two lines at right anglaa to each 

a fi^eil point oi) the normal. 

I^t ua take for axes the tangent and normal at the given point, then the equation 
of the cuEvG must bs of the foim 

oi' + 2iaj/ + by' + %fy = 0, 
ffor = 0, hettauM the origin is on the curve, and ff = (Art. 144), heeause the tan- 
gent is supposed to be the axis of x, whose equation is y = 0). 
How, let the equaUon of anij two lines through the origin ba 
ar! + ■ipxg + sj= = 0. 
Multiply this equation bj a, and aubtvaot it from that of the curve, and wo get 

2 (i - ap) sy + {b- aq] f- + yy = 0. 
This (Art. 40) is the equation of a loons pnssing through the points of intersection 
of the hnea and conic ; but it may evidently be resolved hito j = (the equation of 
the tangent at the given point), and 

2 (4 - arf a + (S - OS) jr + 2/= 0, 
which must be the equation of the chord joining the eitremiHes of the given lines. 

The point where this chord meets the normal (the asis of jr) is j = . — i-, - but if 
the lines are at right angles g = — 1 (Ai't, 74), and the intercept on the aorraai has 
the constat length 

If the curve be an equilateral hyperbola, o + S =^ 0, and the line in question la 
constantly parallel to the normal. Thus then, if through any point on an equilateral 
hyperbola be drawn two chorda at right angles, the perpendicular let fall on the lina 
joining theii extremities is the tangent to the curve. 

Ex. 3. To find the coordinates of the intersection of the tangents at the points 







$-«=■. 


■^-"h 


= 1, 




-W- 


S- 


To find the coordinates of the 


intersection 


. of the nomials 


3,„(a'-^=''^"-^ 


(»'-' 


^^)yYY 



• This theorem wiil be equally true if the lines be drawn so 
normal anglea the product of whose tangents is constant, i 

constant, and, Uieicfore, the intercept — ■' - ia conslcLut. 
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where JT, 1" are tha coordinalea ot the intersection of tangEnts, touni in ihe last 

Bifnmpta. 

The values ot j: and r may be written in other forms. Snca by combining the 
equations ^ ^- ^V, 

we get the resulta, a^V'^ -s"^'" = ** (i^ - O = - "' (l/= - ff"^ ) 
We csn also pwve 



181 [a). Let (7P, CQ be a pair of conjugate serai-diameters 
of an ellipse; let the normal p' 

iWnieet CQ'mE; take I'D, 
PU each equal to CQ ; then 
the lengths of the lines CD, 
CD are a — 6, a + & i 
tively. 

For 

but 

CP'+p/r=a'4J" (Art. 173), 
and 2Pi>'.P£= 2aS (Art. 175). 

Hence CZ)^ = (a + 6)'. Similarly for CD. 




The axia-major bisects the a 



D DCD. For the line 



DN=iyp-k-PN=h'-\- 



W h' 



(a + J). 



Similarly DN=-{a-'b). At the point N, therefore, the 
base of the triangle DCD is divided in the ratio of the sides, 
and, therefore, CN is the internal bisector of the vertical angle. 
In like manner, it is proved that CW is the external bisector. 

Hence then, being given two conjugate semi-diameters 
CP, CQ in magnitude and position, we are given the axes in 
magnitude and position. For we have only from P to let fall 
on CQ the perpendicular PB; to take PD, PD each equal CQ; 
then the axes are in direction the bisectors of the angle DCD ; 
while their lengths are the sum and difference of CD, CD'. 
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THE FOCI. 

182. If on the axis major of an ellipse we take two points 
equidistant from the centre whose com- 
mon distance 

= ±V[o*-5=), or =±c, 
these points are called ihe foci of the 
curve. 

The foci of a hyperbola are two points on the transverse 
axis, at a distance from the centre still =:±c, c being Jn the 
hyperbola 

To express the distance of any point on an ellipse from the 
focus. 

Since the coordinates of one focus are (ai = + c, J = 0}, the 
square of the distance of any point from it 

= (x' — a)' + y = ic" + ^^ — 2ox' + c'. 
But (Art. 173) 

ic'^ + j" = &" + c'a:'^, and h' + c' = a\ 
Hence FP'' = a" - 2cx' + eV ; 

and recollecting that c = ae, we have 
FP=a-ex'. 

[We reject the value (a/ — n) obtained by giving the other 
sign to the square root. For, since x' is less than a, and e less 
than ], the quantity ex'~a is constantly negative, and there- 
fore does not concern us, as we are now considering, not the 
direction, but the absolute magnitude of the radius vector i^.J 

We have, similarly, the distance from the other focus 
F'F=a + ex\ 
since we have only to write - c for + c in the preceding formula. 

Hence FF+F'P=2a, 

or, The sum of the distances of any point on an ellipse from the 
foci is constant, and equal to the axis major. 

183. In applying the preceding proposition to the hyperbola, 
we obtain the same value for FP* ; but in extracting the square 
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root we must change the sign in the value of FP, for in the 
hyperbola x' is greater than a and e is greater than 1. Hence, 
a — ex' ia constantly negative ; the absolute magnitude there- 
fore of the radius vector is 

FP= ex' - a. 
In like manner F'P = ex' + a. 

Hence F'P~FP=ia. 

Therefore, in the JiJ/perhola, the difference of the focal radii is 
constant, and equal to the transverse axis. 

The rectangle under the focal radii =±((1" — eV), that is, 
(Art. 173) = S". 

184. The reader may prove the converse of the above results 
by seeking the locus of the vertex of a triangle, if the base and 
either sum or difference of sides be given. 

Taking the middle point of the base {= 2c) for origin, the 
equation ia 

^/{f-\■{c + xY]±>J{f+{c-xy] = 2a, 
which, when cleared of radicals, becomes 
a:' y' 

Now, if the sum of the sides be given, since the sum must 
always be greater than the base, a is greater than c, therefore 
the coeflSciciit oi y" is positive, and the locus ao ellipse. 

If the difference be given, a is leas than c, the coefficient of y 
is negative, and the locus a hyperbola. 

185. By the help of the preceding theorems we can describe 
an ellipse or hyperbola meclianically. 

If the extremities of a thread be fastened at two fixed points 
ii'and -F", it ia plain that a pencil moved about ao as to keep the 
thread always stretched will describe an ellipse whoso foci are F 
and F", and whose axis major is equal to the lengthof the thread. 

In order to describe a hyperbola, let a ruler be fastened at 
one extremity [F), and capable of moving 
round it, then if a thread, fastened to a 
fixed point F, and alao to a fixed point on 
the ruler {E), be kept stretched by a ring , 
at Pj as the ruler is moved round, the point 
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PwHl describe a hyperbola; for, since the sum of F'PanA Pit 
is constant, the difference of FP and F'P will be constant. 

186, The polar of either focus is called l!ie directrix of the 
conic section. The directrix iiinst, therefore 
(Art, 169), be a. line perpendicular to the as 

major at a distance from the centre =± ~ . 

Knowing the distance of the directrix fro 
the centre, we can find its distance from any 
point on the curve. It must be equal to 

l"- a;-, or =?(„-„') -!(»-»,=-). 

Btit the distance of any point on the curve from the focua 
= a—ex'. Hence we obtain the important property, that the 
distance of ani/ point on the curve from the focus is in a constant 
ratio to its distance from ike directrix, viz, as e to 1. 

Conversely, a conic section may be defined as the locus of a 
point whose distance from a fixed point {the focus) is in a con- 
stant ratio to its distance from a fixed line (the directrix). On 
this definition several writers have based the theory of conic 
sections. Takinff the fixed line for the axis of a:, the equation 
of the locus is at once written down 

which it is easy to see will represent an ellipse, hyperbola, or 
parabola, according as e is less, greater than, or equal to I. 

Ex, If B curve be such that tho distance of any point of iC from a filed point 
can be eipreaeed aa a. rational function of the fii'st degree of its coordinates, then the 
curve must to a conic aeotion, and the fiied point its focus (see O'Btien'a OwrfiKofe 
Geomary, p. 85). 

For, if Hie distance can bo espreaaed 

p = Ax + By+G, 
^oe Ar,-i-By-\- C is propoi-tional to the perpendiculiir let fall on the right Haa whose 
equation is {Ax + By+ = ^) the equation signifies that the distance of any point of 
the curve f torn the fixod point ia in a constant ratio to its diatanca from this line. 

187. To find the length of the perpendicular from thefocus on 
the tangent. 

The length of the perpendicular from the focus (+c, 0) on 
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the line f 



but, Art. 175, 
Hence (see fig. 



l) is, by Art. 3i, 



ve 



VU' 6V ah' 
177) 



Likewise FT = ^, (a + ea/) = r, F'P. 

FT.FT' = F (sincea'-cV° = r}, 

'der the focal perpendiculars on the tangent ii 



Hence 
or, The 

constant^ and e^ual to the square of the 



This property applies equally to the ellipse and the hyperbola. 
188. The focal radii make eg 
For we had FT=\-,FP,i. 



■lal angles with t 

FT _h 
^ 'FP'b'' 



FT 
FF 



= sm FPT. 



Hence the sine of the angle which the focal radius vector FP 



makes with the tangent = 



But we find, in like manner, 



the same value for s.mF'PT', the sine of the angle which the 
other focal radius vector F'P makes with the tangent. 

The theorem of this article is true both for the ellipse and 
hyperbola, and, on looking at the 
figures, it is evident that the tangent 
to the ellipse is the external bisector 
of the angle between the focal radii, 
and the tangent to the hyperbola the 
internal bisector. 

Hence, if an ellipse and hyperbola, 
having the samefocd, pass through the ( 
each other at right angles^ that is to say, i 
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at that point will be at right anglea to the tangent to the 
hyperbola. 



satisfy the relation obtained by subtracting the eqnaljoaa ona (rom tLe other, ri 
But ii the oonics be confocal, a^~a'^^b^- b"^, and this relation becomes 



But t^is is tliG condition (Art, 32) tliat the two tangenta 



ehoold be perpendictdiir to each other. 

Ei. 2. Pind the length of a line drawn through the centre parallel to either fooa! 
Tndins voctor, and tei'minated by the tangent. 

This lengtih ia found by dividing the perpendicular from the centre on the tangent 
( lA ' ^y KlA ^^ '^^ °^ '^ angle between the radius yeotor and tangent, and is 
therefore = a. 

Ei. 3. Verify that the normal, which is a bisector of the aagle between the focal 
radii, divides the diatance between the foci into parts which ai-e proportional in the 
focal radii (Buc. Vi. 3). The distance of the foot of the normal from the centre is 
(Art. ISO] = e'x'. Hence its distances from the foci are o + eV and i: — eV, quantities 
which aie evidently e times « + ei' and a — ea/. 

Es. 4. To draw a normal to the ellipse from any point on the aiis minor. 



189. Another important consequence may be deduced from 
the theorem of Art. J87, that the rectangle under the foeal per- 
pendiculars on the tangent is constant. 

For, if we take any two tangents, we have (see figure, next 
page) 

FT.F'r = Fl.F-t; or ii -fr^; 

'Fi'-"- --"•■-■'-"= "^"'- 

FF divides the angle at F, and -1, L is the ratio of the sines of 
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the parts into which i^'P divides tbe same angle; we have, there- 
fore, the angle TPF= t'PF'. 

If we conceive a conic section to pass 
through P, having F and F' for foci, It 
was pi-oved in Art. 188, that the tangent 
toit must be equally inclined to the lin* 
FP, F'Px it follows, therefore, from 
the present Article, that it miist he also 

equally inclined to PT, Pt; hence we learn that if through a 
point [P] ofacpnic- section we draw tangents [PT, Pt) to a con- 
focal coniG section^ these tangents will he equally inclined to the 
tangent at P, 

190. To find the locus of the foot of tlie perpendicular let fall 
from either focus on the tangent. 

The perpendicular from the focus is expressed in terms of 
the angles it makes with the axis by putting a/ = c,>/' = in the 
formula of Art. 178, viz., 

p = \'(a^ cos^ a + 6" sin' a) ~ x' cos a,~y' sin a. 
Hence the polar equation of the locus is 

p = '/{a' Qos'cu + b' sin" a) — c cos a, 
or p' 4- 2cp cos a + c" cos" (x = d' cos' a + l/ sin" a, 

or p^ + 2Gp cos a = 5''. 

This (Art. 95) is the polar equation of a circle whose centre 
is on the axis of a;, at a distance from the focus = — c; the circle 
is, therefore, concentric with the curve. The radius of the circle 
is, hy the same Article, = a. 

Hence, If we describe a circle having for diameter the trans- 
verse axis of an ellipse or hyperbola, the perpendicular from the 
focus will meet the tangent on the circumference of this circle. 

Or, conversely, if from any point F (see 6gure, p. 177) we 
draw a radius vector FT to a given circle^ and draw TP perpen- 
dicular to FT, the line TPwill always touch a conic section, having 
Ffor its focus, which will be an ellipse or hyperbola, aec&rding as 
F is within or without the circle. 

It may be inferred from Art. 188, Ex. 2, that the line CT, 
whose length = a, is parallel to the focal radius vector F'P. 
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191. To find (Se angle svhtended at the focus hy the tangent 
Srawn to a central conic from, any point {xy). 

Let the point of contact be {x'lf), the centre being the origin, 
then, if the radii from the focus F lo the points [xy), {x'y')y 
be p, p, and make angles 9, &\ with the axis, it Is evident that 

„aT4C ■ n H /v X' + C ■ a, V 

P P P P 

XT ,a ar\ {x + c)[x'-\-G)-\-yy' 

Hence cos {d~ff) = - — —^ — -, — -^^ ; 

PP 
but from the equation of the tangent we must have 



Substituting this value of yy', we get 

pp' cos {0 — 6'] = xsl + ca; + ca;' + c" 5 xa: + S', 

or = e'asc' + cir + caj' + a° = (« + eai) (a + ex') ; 

or, since />' = « + ^^ we have, {see O'Brien's Coordinate 

Geometry, p. 156), 

cos(^-^) = ^i^. 

Since this value depends solely on the coordinates xy, and does 
not involve the coordinates of the point of contact, either tangent 
drawn from xy subtends the same angle at the focus. Hence, 
The angle subtended at ike focus hy any chord is bisected hy the 
line joining the focus to its pole. 

192, The line Joining the focus to the pole of any chord 
passing through it is perpendicular to that chord. 

This may be deduced as a particular case of the last Article, 
the angle subtended at the focus being in this case 180"; or 
directly as follows : — The equation of the perpendicular through 
any point afy' to the polar of that point f ~j + ^- = 1 j is, as in 

Art. 180, a'x S^_ ^ 

af y' ~°' 
But li x'y' be anywhere on the directrix, we have x' = — , and 

it will then be found that both the equation of the polar and tliat 
of the perpendicular arc satisfied by the coordinates of the focus 
[x^c^y^O). 
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When in any curve we use polar coordinates, the portion 
intercepted by the tangent on a perpendicular to the radius vector 
drawn through the pole is called the folar suhtangent. Hence 
the theorem of this Article may be stated thus ; The focus heinij 
the pole, the locus of the extremity of the polar svhtangent is the 
directrix. 

It will be proved (Chap, xii.) that the theorems of this and 
the last Article are true also for the parabola, 

Ex. 1, The angle is constsnt which is unblended at the focus, by the portion iii- 
toroepted on a variable tangent between two fixed tangents. 



xed tangents. 



ByArt, I91,it is half tbe angle enbtended by 

Ex, 2. If anyebocdPP'cottheditac- 
trix in J), tlien FS is the external biEeotor 
of the angle PFP'. For FTie the internal 
bisector (Art. 191) ; but i) is the pole of 
J"r(BinoB it is the interaeotjon of PP', the 
polar of T, with the directrix, the polar of 
F); therefore, i>i*'ia perpendicular to FT, 
and is theiefote the external bisector. 

[The following theorems (commnni- 
cated to me bj tlie Rev. W. D. Sadleur) are 
founded on the analogy between the equations of the polar and the tangent.] 

Ex. 3. If a point he taken anywhere on a fixed perpendicular to tte axis, the per- 
pendicular from it on its polar will pass through a fixed point on the aits. For tho' 
intercept made by Uie pcipendionlar will (as in Art. IBO) be eV, and will therefore be 
constant when x* is constant. 




Ex. 4. Find the Ieng;tliB of the peipendi 
the polai of jiy, 

Ex.6, Prove CM, PJV = i'. This is ar 
under the normal and the 
tangent 



II from the cen 



d from the foci 



the theoiem that the rectangle 




expi'ession for the 

Ex.r. PmreFG.rG'=Cif.NN: Whi 

19S. To find the polar equation of the ellipse or hyperbola^ 
the focus F' ieing tTie pole. 

The length of the focal radius vector (Art. 182) = a-e/; 
hut a;' (being measured from the centre) =/)cos^ + c. 

Henco p = a~ep cos $ — eo, 

_ a (\~e' ) _&' 1 

"'■ ''"l+ecos^ a ■ 1 + ecosf* 
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The double ordinate at the focus is called the parameter / its 
half is found, by making S = 90° in the equation juat given, to be 

= — = a (1 - e'^). The parameter is commonly denoted by the 

letter p. Hence the equation is often -written 



'^ 2 1+ecoafi 

The parameter is also called the Lafus Eectwni. 

Ex. I. Tlio hormonio mean between the segments ol a focal choid is cor 
and egnal to the cemi-paiametei. 

For, if the rsdiuB vector FP, when produced hactwsida thtongh the focus. 



FP ^ FP' p ■ 
E::. 2. The rectangle under the segments of a focal chord is proportional to the 

This is merely another way of stating the result of the last Example ; but it may 
be pKjved directly by calculating the quantities FP , FP', and FP + FP', which ate 
easily seen to be t^pectiTCly 

Bk, 8. Any focal chord is a third proporlioiial to the tracBverBe aais and the 
parallel diameter. 

For it will be remembered that the length of a semi-diameter making an angle 
with the transverse axis is (Art. Ifil) 



Hence the length of the chord FP + FP' found in the last Example = — . 

Ek. 4. The Enm of two focal choi-ds drawn parallel fo two conjugate diamctcrE is 
constant. 

For the sum of the Equares of two conjugate diameters is constant (Ait. 17S). 
Ex 5. The sum of the redptcoak of two focal chords at right angles to each other 

194 The equation of the ellipse, referred to the vertex, is 
(x - aY v^ 

'«■+!-'■ 

or y = — X — ^x =^x — -^x. 
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licnce, in the ellipse, the square of the ordinate is less than the 
rectangle under the parameter and abscissa. 

The equation of the hyperbola is found iq like manner, 

y =2'^'^ — 2 ^ ■ 

Hence, in the hyperbola, the sqnare of the ordinate exceeds the 
rectangle under the parameter and abscissa. 

We shall show, in the next chapter, that in the parabola 
these quantities are equal. 

It was from this property that the names parabola^ hyperbola, 
and ellipse, were first given (see Pappus, Math. Coll., Book viiO- 

CONFOCAL CONICS.* 
194(a). Since the distance between the foci is 2r., where 
c" = «" — £*, two concentric and coaxal conies wii! have the same 
foci when the difference of the squares of the axes is the same 
for both ; and if we take the ellipse whose semi-axes are a 
and h, any conic will be confocal with it, whose equation is 
of the form 

^^. + 'f 
a" ± \^ S V A 

If we give the positive sign to X^, the confocal conic will bo 
an ellipse; it will also be an ellipse when X,' is negative as 
long as it is less than V. "When X' is between b" and a', the 
curve will be a hyperbola, and when X* is greater than a", the 
curve is imaginary. If X' = b", the equation reducing itself 
to y = 0, the axis of x is itself the limit which separates con- 
focal elhpses from hyperbolas. But the two foci belong to this 
limit in a special sense. In fact, through a given point can 
in general be drawn two conies confocal to a given one, since 
we have a quadratic to determine X'', viz. 

c'_V^i'-X' ^> 
or X' - X" {a' + b'~ x" -f')+ a'b' - 5V' - aY' = 0. 

When ^' = 0, this quadratic becomes (X" - V) [X' — «' + x") — 0, 
and one of its roots is X'^b", but if we have also a:" = «" — &*, 

* Tliis section may be omitted on a first i-eadvng. 



= 1. 
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the second root ia also \' ~ !/, and therefore the two foei are iu 
a special sense pointa corresponding to that value of X'. 

If in the quadratic for X' we substitute X* = a°, we get the 
positive result {a°— i")a;''; if we substitute X* = &° we get the 
negative result {b" — a*) t/''' ; if we substitute negative infinity we 
get a positive result ; hence, one of the roots lies between 
a' and h", and the other is less than b"; that is to say, one 
of the eonics is a hyperbola and the other an ellipse, as la 
evident geometrically. In fact, through a given point JP can 
clearly be described two conies having two given points F, F' 
for foci ; viz. the ellipse, whose major axis is the sum of .FP, 
F'F^ and the hyperbola whose transverse axis is the difference 
of the same lines. Conversely, if a', a" be the semi-axes major 
of the ellipse and hyperbola, FP and F'F are «' + a" and 



194 (Jl. This theory can be made to furnish a kind of 
coordinate system which is sometimes employed ; viz. any point 
Pis known when we know the axes of the two conies, confocal 
to a given one, which can be drawn through it ; and in terms 
of these axes can bo expressed the ordinary coordinates of P, 
and the lengths of all other lines geometrically connected with 
it. Perhaps the easiest way of getting such expressions is 
to investigate anew the problem of drawing through P a conic 
with given foci, taking for unknown quantity the transverse 
axis of the conic. Then since c' is known, we write t^ — c^ for 
5°, and have 



or a' - a' (x" + f + c") + cV = 0. 

In like manner, if }?■ had been taken as the unknown qaantlly 

we shouM have had 

V-F!^c'^y"-e)-cY' = ^- 
The products of the roots of these equations are respectively 
cV™ and —e'y"- Hence, we !iave at once expressions for the 
coordinates of the intersections of two confocal conies, viz. 
c^x" = «"«"*, c'*/" = — h'^'". The last value being negative, 
it follows that one of the values of 6' is positive and the other 
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negative; that h to say, that one of the conies is an ellipse 
and the other a hyperbola. Considering then h"^ as containing 
implicitly a negative sign, the values we have obtained for the 
coordinates may be written symmetrically 

„ a^a"" „ 1%'" 

194(c), From the second terra in either of the equations 
we get an expression for the square of the radius vector to 
the point P, viz. 

This also may be got by adding the expressions for a:" and */" 
just found, since 

d'd" - VW = a'-' [a"' - b"') + b'" {a" - h"), 
and of' — b"^ = a"' — h'"' = c*. 

The square of the semi-diameter of the ellipse conjugate to 
CjP is given by the equation ;S'' = «'" + &''- (a'^ + t""), and is 
therefore b'^ — V' or a'* — a"". 

\( jf be the perpendicular on the tangent to the ellipse at P, 
we have ySp' = a'6', and therefore 

d''b-' 

In like manner M y" be the perpendicular on the tangent to 
the hyperbola we have 

,^ _ a'^h"^ 

The reader will observe the symmetry which exists between 
these values for p'^, p'", and the values already found for 
a:'*, j". If the two tangents at P be taken as axes of coor- 
dinates, p', p" are the coordinates of the centre C. The 
analogy then between the values for p', p" and those for ic', if 
may be stated as follows : With the point P as centre, two 
confocal conies may be described having the tangents at P 
as axes, and intersecting in G. The axes of (he new system 
are a', a" ; &', b" ; and the tangents at C to the new system 
are the axes of the old system. 
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19i{d). Eeturnmg to the quadratic of 194(a), if X,", V 
be the roots, we have X'^X"' = a'V — b'x'' — a'l/'^. Now if a/3' 

be a point external to — +^^ = 1, we have X'^ = a'''-a', 

\"^ = a"^ — a'; and it will be observed that V is essentially 
negative, since the axis of any hyperbola of the system is less 
than that of any ellipse. Thus we have 



5^-^-1 = 1^ 



')K- 



a'b' 

Tbe expression given {Ex. 3, Art. 160) for the angle between 
the tangents to an ellipse from an external point may be thrown 
into the form 



(a'"-a^)+(a--a'} ' 
2X 



Now, when we have a formula tan^ = , ^ - ^ , we have at once 



tan^^= -, or in the present case =^ \/{—;i ;) ■ 

We have seen (Art. 189) that the tangents FT, Ft are 
equally inclined to the tangent to the confocal ellipse at F, or, 
in other words, that ihat tangent is the external bisector of the 
angle TFt. If then that tangent make an angle i}r with FT, 
■^ will be the complement of ^^, and we have 

Cob. 1. We have always 

a" cos'^^ + a'" sjn'ylr = a\ 

COE. 2. If on the tangents FT, Ft be taken from P 
portions, equal respectively to the focal distances FF, FF', 
the length of the hne joining their extremities will be 2tt. For 
if we consider the triangle whose sides are o'-f o", a' ~ a" (see 
Art. 194a) and 2«, and apply the ordinary trigonometric formula 

tan*^C=^ ' ■ ■--, we find for the angle between the first 

s{8— c) 

two lines the same value as that just found for •}>. 

CoK. 3, If from a point P tangents be drawn to two fixed 

confocal elliitses, the ratio {sin'f' : sim/^') of the sines of the 
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angles which these tangents make with the tangent to the 
tionfociil ellipse passing through P will be constant while P movea 
on that ellipse. For if a and A be the semi-axes of the 
interior ellipses, we have, from what has been just proved, 

an expression not involving a'™, and therefore the same for 
every point on the ellipse a'. 

THE ASYMPTOTES. 

195. We have hitherto discussed properties common to the 
ellipse and the hyperbola. There is, however, one class of pro- 
perties of the hyperbola which have none corresponding to them 
in the ellipse, those, namely, depending on the asymptotes, 
which in the ellipse are imaginary. 

We saw that the equation of the asymptotes was always 
obtained by putting the terms containing the highest powers of 
the variables =0, the centre being the origin. Thus the equation 
of the curve, referred to any pair of conjugate diameters, being 

a 
that of tlie asymptotes Is 

tH - i^ = 0, or -7 - ^ = 0, and - + f', = 0. 

Hence the asymptotes are parallel to the diagonals of the paral- 
lelogram, whose adjacent sides are any pair of conjugate semi- 
diameters. For, the equation of ^ 

CTh 




coincide with one asymptote, while 

the equation of AB (-, + f- = 1 ) 

is parallel to the other(see Art.167). ■ 

Hence, given any two conjugate diameters, we can find the 
asymptotes ; or, given the asymptotes, we can iind the diameter 
conjugate to any given one ; for If we draw A parallel to one 
asymptote, to meet the other, and produce it till OB = AO, wo 
find ^, the extremity of the conjugate diameter. 
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196. The portion of any iangmt intercepled iy the asymptotes 
is bisected at the curve, and is equal to the conjugate diameter. 

This appears at once from the last Article, where we have 
proved ^2'= 6' = -fl 2"; or directly, taking for axes the diameter 
through the point and its conjugate, the equation of the asymp- 



Hence, if we take x = a', we have y==±l,'; but the tangent at 
A heing parallel lo the conjugate diameter, this value of the 
ordinate is the intercept on the tangent. 

197. If any line cut a hyperbola^ the portions DE, FG, in- 
tercepted between the curve and its asymptotes^ are equal. 

For, if we take for axes a ;- 
diameter parallel Xo DO and 
its conjugate, it appears from 
the last Article that the por- 
tion SG is bisected by the 
diameter ; so is also the portion 
EF; honcQ DE=FG. 

The lengths of these lines can immediately be found, for, 
fi-om the equation of the asymptotes (-^ - L =0J, we have 

Again, from the equation of the curve 
we have y (= EM= FM) =±h' V( J, - l) . 

Hence BE (= FG] = h' j| - J(^^ - l)| , 

and DF{=EG) =5'|j + ^(J - l)} • 

198. From these equations it at once follows that the rect- 
angle DE. DF is constant, and = b'". Hence, the greater BF is, 
the smaller will BE he. Now, the further from the centre wo 
draw D^tbe greater will it be, and it is evident from the value 
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given in the last article, that by taking x suiRcieutly large, we 
can make DF greatci than any assigned quantity. Hence, 
the further from the centie tee dia/a any line, the ?ess wtU be iht 
intercept between the curve and its att/niptote, and ly tncieaainq 
the distance from the centie, vie can make this intercept Jess than 
any assigned quantity. 

199. If the asymptotes he taken for asea, the coefficients g 
and / of the general equation vanigb, since the origin is the 
centre; and the coefficients a and 5 Tani=ih, since the axes meet 
the curve at infinity (Art. 138, Ex. 4)j hence the equation re- 
duces to the form 

ay = h\ 

The geometrical meaning of this equation evidently is, that 

the area of the parallelogram formed hy the coordinates is constant. 

The equation being given in the form ay = 1e', the equation 

of any chord is (Art. 86), 

{x-af){y-y") = xy-T^, 

or x'y + y"x = 1^ ■\- aftf'. 

Making x' = x" and y' = y", we find the equation of tho tangent 

x'y + y'x = 2i'^, 

or (writing a/y' for /;") 

o: V ^ 
—, + -,-2. 
X y 

From (his form it appears that the intercepts made on the 
asymptotes by any tangent =2ic' and 2y' ; their rectangle is, 
therefore, 4^. Hence, the triangle which any tangent forms with 
the asymptotes has a constant area, and is equal to double the area 
of the parallelogram fcrrmed hy the coordinates. 

Bs. 1. If two fixed pointa ix'y', a^'y") on a hyperbola be joined fo anj variiible 
point on the curve {x"'s'"), lie portion which the ioiaiug lines intei'cept on either 
asj^ptote is eonstont. 

The equation of one c£ the joining lines being 



the intercept made by it from tlie origin on the axis of e ia founfl, by making j = 0, to 
be x'" + ffi'. Similarly Uie intei-cept from the origin made by the other joining line is 
a-"' + a", and the difference between tliete two (a;" - it") is independent of the position 

of the point ^"V". 
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is of the iatersection o£ tha ta 



_ aF (a* - a") 



which if we eubstitute toe i/, y", —; , — , heoODies -^^7-7. ■ 

200. To express the quantity Jc' in terms of the lengths of the 
axes of the curve. 

Since the axis bisects the angle between the asymptotes, tbe 
coordinates of its vertex are found, by putting ai=y in the 
equation xy = y, to be a;=^=fe. 

Hence, if 6 be the angle between the axis and the asymptote 
a = 2/ccos^, 
(since a is the base of an Isosceles triaHgle whose sides = k and 
base angle = 6), but (Art. 165) 



hence 






And the equation of the curve, referred to its asymptotes, i 



201. The perpendicular from the focus on the asymptote i 
'.i-axis b. 



For it is CJ^'sIu^, but CF^^/{a'-]- h'), andsini9 = 



''Jia' + b')- 

This might also have been deduced as a particular case of the 
property, that the product of the perpendiculars from the foci on 
any tangent is constant, and = — b''. For the asymptote may be 
considered as a tangent, whose point of contact is at an infinite 
distance (Art. 154), and the perpendiculars from the foci on it 
are evidently equal to each other, and on opposite sides of it. 

202. The distance of the foous from, any point on the curve ta 
equal to the length of a line drawn through the point parallel to an 
asymptote to meet the directrix. 
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tlie hyperbola 



For the distance from the focus is e times the distance fi'o 
the directrix [Art, 186), and the distance from the directrix is 1 

the length of the parallel line as cos 5 ( = - , Art. 167 1 Is to 1. 

Hence has been derived a method of desci 
by contimied motion, A ruler ABE, hent 
at B, slides along the fixed line DB' ; a 
thread of a length = MB ia fastened at the 
two points B and F, while a ring at P keeps 
the thread always stretched ; then, as the 
ruler is moved along, the point P will de- 
scribe an hyperbola, of which F is a. focus, 
DB' a directrix, and BB parallel to an 
asymptote, since Pi^must always =P!S, jj» 
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CHAPTER XII. 

THE PARABOLA. 
REDUCTION OF THE EQUATION. 

203. The equation of the second degree (Art. 137) will re- 
present a parabola, when t!ie first three terms form a perfect 
square, or when the equation is of the form 

[ax + &yf + 2gx + 2/r/ + c = 0. 
We saw [Art. 140) that we could not transform this equation 
so as to malce the coetfieients of x and y both to vanish. The 
form of the equation, however, points at once to another method 
of simplifying it. We know (Art. 34) that the quantities 
ax + 0y, 'igx •!■ ^fy + c, are respectively proportional to the 
lengths of perpendiculars let fall from the point {xy) on the 
right lines, whose equations are 

ax + ^ij^Q, 2gx-^%fy-^c = 0. 
Ilence, the equation of the parabola asserts that the square of 
the perpendicular from any point of the curve on the fii-st of 
these lines is proportional to the perpendicular from the same 
point on the second line. Now if we transform our equa- 
tion, making these two lines the new axes of coordinates, then 
since the new x and y are proportional to the perpendiculars 
from any point on the new axes, the transformed equation must 
be of the form y' —px. 

The new origin is evidently a point on the curve ; and eince 
for every value of a; we have two equal and opposite values of y, 
our new axis of x will be a diameter whose ordinales are parallel 
to the new axis of y. But the ordinate drawn at the extremity 
of any diameter touches the curve [Art, 145) ; therefore the new 
axis of ^ is a tangent at the origin. Hence the line ax + /9y is 
the diameter passing through the origin, and ^gx + 2^ + c Is 
the tangent at the point where this diameter meets the curve. 
And the equation of the curve referred to a diameter and 
tangent at its extremity, as axes, is of the form y^ =^ic. 



y Google 



196 THE PAKABOLA. 

204. The new axes to which we were led in the last article 
are in general not rectangular. We shall now show that it is 
possible to transform the equation to the form y^=px, the new 
axes being rectangular. If we introduce the arbitrary constant 
h, it is easy to verify that the equation of the parabola may be 
written in the form 

(aa: + /3i/ 4 fc)" + 2 (if - aA) a: + 2 (/- ^/c) J/ + c - F = 0. 
Hence, as in the last articic, aa: -f jSy + ^ is a diameter, 
2[g~ak)x-\-^{f—^k)y-\-c—¥ is the tangent at its ex- 
tremity, and if we take these lines as axes, the transformed 
equation is of the form y'=px. Now the condition that these 
new axes should he perpendicular is (Art. 25) 

Whence ^=fif. 

Since we get a simple equation for /c, we see that there is one 
diameter whose ordinates cut it perpendiculaiiy, and this dia- 
meter is called the a:cts of the curve. 

205. We might also have reduced the equation to the form 
y'^=px by direct transformation of coordinates. In Chap. xi. 
we reduced the general equation by first transforming to parallel 
axes through a new origin, and then turning ronnd the axes so 
as to make the coefficient of xy vanish. We might equally 
well have performed this transformation in the opposite order ; 
and in the case of the parabola this is more convenient, since 
we cannot, by transformation to a new origin, make the coelfi- 
cients of a; and y both vanish. 

We take for our new axes the line ax + ,81/, and the line 
perpendicular to it ^x — ay. Then since the new X and Y are 
to denote the lengths of perpendiculars from any point on the 
new axes, we have (Art. 3i) 

ax + ffy 0x-ai/ 

'^[a'^U-)' VCa^ + ^y 

If for shortness we write a" + /3' = 7"", the formula! of trans- 
formation become 

7Y=a;c+ 0y, jX—^x — af/, 
whence yx^aY + ^X, yi/^ BY-aX. 
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Making these substitutions in the equation of the curve it becomes 

y^Y" 4 2 (g^^fa) X+ 2 {g<x+/0) F+ 70= 0. 

Thus, by turning round the axes, we have reduced the equation 

to the form ^y ^ 2g-x + 2f'y + <! = 0- 

If we change now to parallel axea thiough any new origin ic'^j 

substituting a; 4- a/, j + j" for x and y, the equation becomes 

I'f + %fx + 2 (jy -I-/') y 4 jy + 2/*' + 2/y + c' = 0. 

The coefficient of x is thus unaltered by transformation, and 

therefore cannot in this way be made to vanish. But we can 

evidently determine ^ and ?/', so that the coefficients of y and 

the absolute term may vanish, and the equation thus be reduced 

to i^=fx. The actual values of the coordinates of the new 

' f . f'-h'c' , . ., ,, 2/ 
origin are y =—■'—, x = ■ ^ , , ■ ; s,nap is evidently - -^7-, or 

in teiins of the original coefficients 

2{fa-gS) 
I'- -^■ 

When the equation of a parabola is reduced to the form y^ = px, 
the quantity p is called the parameter of the diameter, which is 
the axis of x ; and if the axes be rectangular, p is called the 
principal parameter (see Art. 194). 

Es. 1. Find tie ptindpal parameter of tha paiabola 

9ar^ + 24x^1 + 10^' + 221 + 4Gj + 9 = 0. 
First, if we proceed aa in Art. 304, we determine i = 6. The equation may then 
lie written 

(SsT + 4j + 5)= = 2 (4k - 3^ + S). 

Now if the distances of any point from 3a! + 4j + 5 and Ac - S j + 8 be T and X, we 

6 r = 3s + ijii- 5, hX = i!c-iy + 8, 
and the equation may be written y= = %X. 

The process of Ait. 205 is fii-st to transform to the lines 3a 4- %, ix-Sy sa ajios, 
when the eijuation becomes 

25r' + 60r-10X+9 = O, 
or 25 {¥+ If = 10^+ 15, 

which becomes 1' » = JX when tmnEformf^ lo parallel ases through (- f , - I). 
Es. 2. Find the pai-ametec of the parabola 

a_»_2is sf_^_^.,_0 Am *°'^' 

This Talue may also be deduced direclly by the help ol tho following theorem, 
nhich will be proved afteiwards:— "The focus of a parabola is the foot of a petpendi- 
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cular let fall from the intersection of two tangents which cut at eight angles on their 
choi'd of contact;" and "The parameter of a conic is fonnd by dividing four times 
the rectangle under the segments of a focal choid by the length of that choi'd" 
(Art, 193, Ei. 1). 

Ex. 3. If (S and S he the lengths of two tangents to a parabola which intersect at 
right angles, and ni one qnarcer of the parameter, prove 

206. If in tbo original equation g0-fa, the coefficient of ie 
vanishes in tbe equation transformed aa in the last article ; and 
that equation S'y+ ^/V + ^'^O, being equivalent to one of the 

represents two real, coincident, or imaginary lines parallel to the 
new axis of x. 

We can verify that in this case the general condition that 
the equation should represent right lines is fulfilled. For this 
condition may be written 

c {ah - A') = af - 2hfg 4- hf. 
But if we substitute for a, S, 5, respectively, a', a^, 0^, the left- 
hand side of the equation vanishes, and the right-hand side 
becomes {fa—ff^f. Writing the condition /a = y/3 in either 
of the ioimsfa' — c/a^jfa^ — ff^'', we see that the general equa- 
tion of the second degree represents two parallel right Unes 
when A° = aJ, and also either a/^ hg, or/k = bg. 

*207. If the original axes were oblique, the equation is still 
reduced, as in Art. 205, by taking for our new axes the lino 
ax + ^7/, and the line perpendicidar to it, whose equation Is 
(Art. 26} (^-acoso,)a;-(a-/3coso,)?/ = 0. 

And if we write 7^ = a* 4 yff^ — 2af3 cos oi, the formula of trans- 
formation become, by Art. M, 

7 T= (ax 4- /S?/) sin m, yX = [8 — a cosai) x - {a - cos w} y ; 
whence yx sin o> = (a - /3 cos 10) Y+ 0X sin <o ; 

yy sin ft) = (/3 — a cos m) Y~ aX sin «. 

Making these substitutions, the equation becomes 

+ 2 sin» (,<; (a- 3 cosi») +/(/3 - a co.«)J 1"+ 70 sin'o -0. 
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And the transformation to parallel axes proceeds as m Art. 205. 
The principal parameter is 

^_ 2/ ^ 2f/a- g/3)sin°&> 

Ex. Find tlie principal pai-ameter of 



FIGURE OP THE CURVE. 

208. Fi'om the equation y' = 'px we can at once perceive the 
figure of the curve. It must be symmetrical on both sides of the 
axis of a;, since every value for x gives two „ 

equal and opposite for y. None of It can .„-'-'''K^ 

lie on the negative side of the origin, since /^Z 

if we make x negative, v will be imae-i- / / I 

nary, and as we give mcreasing positive \ 

values to a:, we obtain increasing value.? ^■■.^^ 

for y. Hence the figure of the curve is ^~'~~-- 

that here representei3. 

Although the parabola resembles the hyperbola in having in- 
finite branches, yet there is an important difference between the 
nature of the infinite branches of the two curves. Those of the 
hyperbola, we saw, tend ultimately to coincide with two diverg- 
ing right lines ; but this is not true for the parabola, since, if we 
seek the points where any right line {x^hy-^- 1) meets the 
parabola [y'^^px]^ we obtain the quadratic 

y^-pky-pl^a, 
whose roots can never be infinite as long as k and I are finite. 

There is no finite right lino which meets the parabola in two 
coincident points at infinity; for any diameter l^ — tn), which 
meets the curve once at infinity (Art. 142), meets it once also in 

the point x= ~ ; and although this value increases as m in- 
creases, yet it will never become infinite as long as m is finite. 

209. The figure of the parabola may be more clearly con- 
ceived from the following theorem : If we suppose one vertex 
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and focus of an ellipse given, while its axis major Incvea! 
oat limit, tlie carve will ultimatel}- become a parabola. 

The equation of tbe el- 
lipse referred to its vertex 
is {Art. 194) 




We wisb to express h in terms of the distance VF[= 
which we suppose fixed. We have m = a- ^[d' - 1)') (Art. 182), 
whence b' = 2am — m", and the equation becomes 

^={im-—]x-'(^-—](G' 

Now, if we suppose a to become infinite, all but the first term of 
the right-band side of the equation will vanish, and tbe equation 
becomes y' — 4^^. 

tbe equation of a parabola. 

A parabola may also be considered as an ellipse whose eccen- 
tricity is equal to 1. For e" = 1 j . Now we saw that —^ , 

which is the coefficient of a:" in the preceding equation, vanished 
as we supposed a increased, according to the prescribed condi- 
tions ; hence e" becomes finally = 1. 

THE TANGENT. 

210. The equation of the chord joining two points on tho 
curve is (Art. 86} (^ _ ^-j (^ _ ^") ^ y^ _ ^^^ 

or {^'+f)y = px + 2/y. 

And if we make y" =y' , and for y'^ write its equal ^.c', we have 

the equation of the tangent 

Ixjy =p [x + x). 
If in this equation we put ^ = 0, we get x= —x\ hence TM 
(see fig. next page), which is called tbe Subtangent, is bisected 
at the vertex. 

These results hold equally if the axes of coordinates are 
oblique; that is to say, if the axes are any diameter and the 
tangent at its vertex, in which case we saw (Art, 203) that the 
equation of the parabola is still of the form y^ =p'x. 
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DIAMETERS. 

This Article enables us, there- 
fore, to draw a tangent at any 
point on the parabola, since we 
have only to take TV= VM and 
join FT", or again, having found 
this tangent, to draw an ordinate 
from P to any other diameter, 
since we have only to take VM' = T'V, and join PJ/'. 

211, The equation of the polar of any point a;'/ is similar 
in form to that of the tangent [Art. 89), and is, therefore, 

ej/'y=p{a; + rc'). 
Putting ^ = 0, we find that the intercept made by this polar 
on the axis of a: is - a/. Hence the intercept whtch the ■polara of 
any two points cut off on the axis is equal to the intercept between 
perpendiculars from those points on that axis ; each of these 
quantities being equal to (;/ — aj"}. 

DIAMETERS. 

212, We have said that if we take for axes any diameter 
and the tangent at its extremity, the equation will bo of the 
form y'—p'x. 

We shall prove thia again by actual transformation of the 
equation referred to rectangular axes iy'^px), because it is 
desirable to express the new^' in terms of the old^. 

If we transform the equation y' = px to parallel axes through 
any point [nfi/) on the curve, writing x-Vt^ and ?/ + ^ for x and 
J/, the equation becomes 

y' + 2yy =j7x. 

Now if, preserving our axis of x, we take a new axis of y, 
inclined to that of x at an angle 6, we must substitute (Art. 9), 
y sin 6 for y, and x-\-y cos 9 for x, and our equation becomes 
y sin''^ + 2i/y i\.ii0=px -\-py mad. 
In order that this should reduce to the form y''=px, we must 
have 

2w'sin^=pcos^, or tan^ = -^,. 

Now this is the very angle which the tangent makes with the 
axis of a;, as we see from the equation 

2y'y=p{x + xy 
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202 THE NOIiMAL, THE FOCUS. 

The equation, therefore, referred to a diameter and tangent, 
■will take the form 

The quantity / is called tlie parameter corresponding to the 
diameter V'M\ and we aee that ike parametet- of any diameter is 
inversely proportional to the square of the sine of the angle which 

its ordinates make with the axis, since p' = ~rr^ • 

We can express the parameter of any diameter in terms of the 



hence f ~p + ix'. 

THE NOEMAt. 

213. The equation of a line through (xY) perpendicular to 
the tangent 2^^/" =p [x + *') is 

If we seek the intercept on 
the axis of x we have 

X {= YN) = x' + \p; 
and, since VM=x', we mu^t have 

MN {the subnormal, Art. 181) = ^p. 
Hence in the parabola the subnormal is constant, and equal to 
the semi-parameter. The normal itself 
= ^iPM' + MN') = V{3/'" + i/) - V[p ¥ 4 ip)} = ^ ^/{pp']. 

THE FOCUS. 

214. A point situated on the axis of a parabola, at a distance 
from the vertex equal to one-fourth of the principal parameter, 
is called the focits of the curve. This is the point which, 
Art. 209, has led us to expect to find analogous to the focus 
of an ellipse ; and we shall show, in the present section, that a 
parahola may in every respect be considered as an ellipse, 
having one of its foci at this distance and the other at infinity. 
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THE FOCUS, 203 

To avoid fractions we shall often, in tbe following Articles, use 
the abbreviation m = ^p. 

To find, the distance of an^ point on the curve from the focus. 

The coordinates of the focus being {*«, 0), the square of its 
distance from any point is 

(a;' - mf ■\-^ = x"'— 2mx' + m^ + imco' = {af-i- m'f. 
Hence tbe distance of any point from the focna = a;' + m. 

This enables us to express more simply the result of Art. 212, 
and to say that the parameter of any diameter is four times the 
distance of its extremity from the focus. 

215. The polar of the focus of a parabola is called the 
directrix^ as in the ellipse and hyperbola. 

Since the distance of the focus from the vertex = m, its polar 
is (Art. 211) a line perpendicular to the axis at the same dis- 
tance on the other side of the vertex. The distance of any point 
from the directrix must, therefore, =ii^ ^m. 

Hence, by the last Article, the distance of any point on the 
curve from the directrix is equal to its distance from, the focus. 

We saw (Art. 186) that in the ellipse and hyperbola the 
distance from the focus is to the distance from the directrix in 
the constant ratio e to 1. We see, now, that this is true for the 
parabola also, since in the parabola e = 1 (Art. 209). 

The method given for mechanically describing an hyperbola, 
Art. 202, can be adapted to the mechanical description of the 
parabola, by simply making the angle ABR a right angle. 

216. The point where any tangent cuts the axis^ and its point 
ofcontactf are equally distant from the focus. 

For, the distance from the vertex of the point where the 
tangent cuts the axis ^^x' (Art. 210), its distance from the focus 
is therefore x' 4- m, 

217. Any tangent malces equal angles with the axis and with 
the focal radius vector. 

This is evident from inspection of the isosceles triangle, 
which, in the last Article, we proved was formed by the axis, 
the focal radius vector, and the tangent. 

This is only an extension of the property of the ellipse 
{Aft. 188), that the angle TPF= T'PF'; tor, if we suppose the 
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204 THE FOCUS. 

focus F' to go off to infinity, the line PF' will become parallel 
to the axis, and TPF^FTF. [See figure, p. 200) 

Hence the tangent at the extremity of the focal ordinate cuts 
the axis at an angle of 45°. 

218. To find the length of the perpendicular from the focus on 
the tangent. 

The perpendicular from the point (m, 0) on the tangent 
\iiy' = 'im{x-\-x')] ia 

_ %m [x' + m) _ 2m (x' -i- m) ^ ., . , .-, 

Hence (see fig., p. 202) FB ia a mean proportional between FV 
and FP. 

It appears, also, from this expression and from Art. 213 that 
FR is half the normal, as we might hare inferred geometrically 
from the fact that TF=FN. 

219. To eJipress the perpendicular from, the focus in terms of 
the angles which it m.akes with the axis. 

We have 

cosa = sini^rS = (Art. 212) a/(7?J ■ 
Therefore (Art. 218) 

FB^^'{m{x' + m)] = £^. 

The equation of the tangent, the focus hemg the origin^ can 
therefore be expressed 

a; cos a + 1/ sin a -i — 0, 

and hence we can express the perpendicular from any other 
point in terms of the angle it makes with the axis. 

220. The locus of the extremity of the perpendicular from the 
focus on the tangent is a right line. 

For, taking the focus for pole, we have at once the polar 
oquatioQ 

m 
'^ cosa' '^ ' 

which obviously represents the tangent at the vertex. 

Conversely, if from any point F we draw FR a radius vector 
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to a right line VR, and draw FB perpendicular to It, the line 
FE will always toucb a parabola having i^for Its foeas. 

We shall show hereafter how to solve generally questions of 
this class, where one condition leaa than is sufficient to determine 
a line is given, and It is required to find its envelope, that is 
to say, the curve which it always touches. 

We leave, as a useful exercise to the reader, the investiga- 
tion of the locus of the foot of the perpendicular by ordinary 
rectangular coordinates. 

221. To find the locus of the intersection of tangents which 
cut at right angles to each other. 

The equation of any tangent being (Art. 219) 
arcos'ce-l-j/ sina cosa + wi = 0; 
the equation of a tangent perpendicular to this (that is, whose 
perpendicular makes an angle = 90° + a with the axis) Is found 
by substituting cosa for sina, and — sina for cosa, or 

Ksin^ct — ^sinacosa + w = 0. 
a. is eliminated by simply adding the equations, and we get 

a; + 2m = 0, 
the equation of tJie directrix, since the distance of focus from 
directrix = 2m. 

222. The angle between any two tangents is half the angle 
between the focal radii vectores to their poinU of contact. 

For, from the isosceles PFT, the angle PTF, which the tan- 
gent makes with the axis, is half the angle PFN, which the foeal 
radius makes with it. Now, the angle between any two tangents 
is equal to the difference of the angles they make with the axis, 
and the angle between two focal radii is equal to the difference 
of the angles which they make with the axis. 

The theorem of the last Article follows as a particular case 
of the present theorem : for if two tangents make with each 
other an angle of 90°, the foeal radii must make with each other 
an angle of 180°, therefore the two tangents must be drawn at 
the extremities of a chord through the focus, and, therefore, 
from the definition of the directrix, must meet on the directrix. 

223. The Unejoining the focus to the intersection of two tangents 
bisects the angle which their ■points of contact subtend at the focus. 
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Siiblracting one from the other, the equations of two tan- 
gents, viz. 
X cos^a + !/ sina cosa + m = 0, x cos^^ + ^ sin/3 cos^ + m = 0, 
we find for the line joining their intersection to the focus, 

X sin (a + /3) - jf cos (a + /3) = 0. 
This 19 the equation of a line malting the angle a + ^ with the 
axis of ic. But since a and are the angles made with the axis 
by the perpendiculars on the tangent, we have YFP=%a. anil 
F^P' = 2,S; therefore the line making an angle with the axis 
= a + ;S must bisect the angle PFP'. This theorem may also be 
proved by calculating, as in Art. 191 , the angle {S — 6") subtended 
at the focus by the tangent to a parabola from the point xy, when 

it will be found that cos {9—8') = , a value which, being 

independent of the coordinates of the point of conta.ct, will 
be the same for each of the two tangents which can be drawn 
through xi/. (See O'Brien's Coordinate Geometry^ p, 156.) 

Cor. 1. If we take the case where the angle PFP' =180°, 
then PP' passes through the focus; the tangents TP, TP' will 
interBect on the directrix, and the angle TFP^dO' (See Art. 
192). This may also be proved directly by forming the equa- 
tions of the polar of any point [— m, y') on the directrix, and 
alao the equation of the line joining that point to the focus. 
These two equations are 

/y = 2M(cc-w), 2mf^-/)+/(a: + m)=0, 
which obviously represent two right lines at right angles to 
each other. p' 

CoR. 2. If any chord PP' 
cut the directrix in Z), then FD 
is the external bisector of the 
angle PFP'. This Is proved as 
at p. 184. 

Cor. 3. If any variable tan- 
gent to the parabola meet two fixed tangents, the angle sub- 
tended at the focus by the portion of the variable tangent 
intercepted between the fixed tangents la the supplement of 
the angle between the fixed tangents. For (see next figure) 
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the angle QST is half fFg^ (Art. 222), and, by the present 
Artiele, PFQ is obviously also half ^-Fg, therefore PFQ is = QR T, 
or ia the supplement of PEQ. 

CoK. 4. The circle circumscribing the triangle /armed hy ani/ 
three tangents to a 
parabola will pass 
through the focus. 
For the circle de- 
scribed through 
PRQ must 
through F, since 
the augle contained 
in the segmeut PFQ will be the supplement of that contained 
in PEQ. 

224. To find the polar equation of the parahoJa, the focus 
being the pole. 

We proved (Art. 214) thsit the focal 
radius 

FM+2m=pco&9+'2m. 




2m 
Tyco's y ' 




=x'+m-VM+ 
llence p 

This is exactly what the equation of Art. 193 becomes, if 
we suppose e=l (Art. 209). The properties proved in the 
Examples to Art. 193 are equally true of the parabola. 

In this equation B is supposed to be measured from the side 
FM-f if we suppose it measured from the side FV, the equation 
becomes 

- 2m 

This equation may be written 

or p^ coa^d — {?n)^, 

and is, therefore, one of a class of equations 

p" cos/i^ = w", 
some of whose properties we shaU mention hereafter. 
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CHAPTER XIII. 

EXAMPIiES AUD MISCBLLAtTBOUS PROPERTIES OE CONIC SECTIOKa. 

225. The method of applying algebra to problems relating 
to conic sections is essentially the same rs that employed in the 
case of the right line and circle, and will present no diiEculty to 
any reader who has carefully worked out the Examples given in 
Chapters iii. and vii. We, therefore, only think it necessary 
to select a few out of the great multitude of examples which 
lead to loci of the second order, and we shall then add some 
properties of conic sections, which it was not found convenient 
to insert in the preceding Chapters. 

Ex. 1. Tkrongli a fixBd point P ia drawo a line LK (eeb fig., p. 40) tetminated fay 
two given lints. Knd tlie locua of a point Q taken on the line, so that FL = QK. 

Ei. 2. Two equal rulers AB, BC, are connected by „ 

a pivot at B ; the extremity A is fised, while the es 
tramity C ja made to ti'averse the right liaeJOi find 
the loonB described by any fixed point P on BC. 

Ex. B, Given base and the product of the tangents < 
of the halves of the base angles of a triangle ; fiixd the 
locus of vertss, 

Espreasing the tangents of the half angles in terms of the sides, it will he fonnd 
that the sum of sides is given ; and, therefore, that the locus is an ellipse, of which the 
estremities of the base are the focL 

Es. 4. Given base and euni of ades of a triangle ; find the loons of the centre of 
Iha inscribed circle. 

It may be immediately inferred, from the last example, and from Es. 4, p. 47, that 
the locna is an ellipse, whose vertices are the extremities of the given base. 

Ex. 5. Given base and sum of sides, find the locus of the intersection of bisectjica 

Ex. 6. Find the locus of the centre of a circle which makes given intereepts on 
two given lines. 

Ex. 7. Find the locus of the centre of a circle which touches two given circles, or 
which touches a right line and a given circle. 

Ex. 8, Find locus of centre of a circle which passes through a given point and 
makes a ^ven intei^cept on a given line. 

Ex. 9. Or which passes tln-ough a given point, and maizes on a given lino an in- 
tercept subtending a given angle at that point, 
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Ei. 11, A triangle -4B(7 circumscribes a given dtcle; the angle at CisBiren, and 
B moTea ^ong a fixed line ; End the locua of A. 

Let us use polar coordinates, the centre being the pole, and tlie angles beini; 
measured from the pcrpendioulac on the filed line ; let the coordinates of A, B, be p 
0; p', 6'. Then we have p' coafl' =p. But it is easy to see that the angle AOB ia 
given (=: a). And since the perpeniiicnlar of the triangle JOB is given, we have 




Let a^be any point of the locus, and \x + /ly + u its polar with respect to tlie conic 
J, then (Art, 89) \,i',v are functions of the first degree in a, (3. But (Art. 151] the 
condition that >iS! + iiy + u should touch B is of the siMS>nd degree in X, /i, v. The 
locus is therefore a conio. 



Ans. The corresponding dir 
Ex. 14. Find the locus of the intersection of the perpendicular from the cen 

■ny tangent, with theradius vector from a focus to the point of contact. Am. A 
Ex. 15. Eind the locua of the intersection of tangents at the extremities of 

gate diameters. , ^ 

This ia obtained at once by squaring and adding the equations of the tn-o tar 
attending to the relatiouH, Art. 172. 

Bs. 16. Trisect a given are of a circle. The points of triseotion are found as the 
intersection of the cii-cle with a hyperbola. See Ei. 7, p. 47, 

Ei. 17. One of the two pa 11 1 6 fa trapezium is given in magnitade and 
portion, and the other in magn t d Th m f the remaining tivo sidcE is given ; 
find the locus of the intereeotio f di inal 

Ex. 18, One vertex of a p II 1 gram amscrihing an ellipse moves along one 
directrii ; prove that the opp t -te m along the other, and that the tvro 

remaining veitiooa are on the o 1 descnb d the asis major ns diameter. 

226. We give ia this Article some examples oo Ihe focal 
properties of conies. 

Ex. 1. The distance of any point on a conic from the focus is eqnal to the whole 
length of the ordinate at that point, produced to meet the tangent at the extremity of 
the focal ordinate. 

Ex. 3. If from the focus a line be drawn matieg a given angle withany tangent, 
find the locuB "of the point where it meets it. 

Ex. 3. To find the locus of the pole of a fixed line with regard to a seri' s of con- 
centric and confocal conio sections. 

We know that the pole of any line (■" + 1 = ' ™'"' rog'"^ to ^^''^ "''^'"^ 
(■=^' + S^ = 1 V is found fi-om the equations wx = n' and m, = b'- (Art- 169). 
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)f the conic are giTen, a' — 6' = c' ia given ; hence, tlie iocua of the 



the equation of a right line perpendiculat to the given line. 

If tlie given lino toiioh one of the couio, its pole will be the point of contsKt. 
Hence, given two confocal oonios, il we draw any tangent to one and taagents to the 
second where this line mests it, these tangeats will intersect on the nonnal to the 

El. 4. find the locns of t^ points of contact of tangents to a ^ries of confoc^ 
ellipses from a :&sed point on the axis major, Ans. A circle. 

Ex. 6. The lineB joining each focns to the foot of fia perpendicular from the other 
focus on any tangent intersect on the oorresponfling normal and bisect it. 

Es. 6. The focns being the pole, prove that the polar equation of the chord 
throngh points whose angular coordinates are b + ft a — ;3, is 

This eipi'easion is due to Mr. Fiost [Cambridge and DBilin Math. Joia-aal, I., 68, 
cited by Walton, Examples, p. 375). It follows easily from Ez. 3, p, 37. 

Ex. 7. The focus being the pole, prova that the polar eq.uation of the tangent, at 
the point whose angular coordinate ifl a, la ^ = e COH ft + coa (9 - a). 

This esprcssion is duo to Mr. Davies (PMloiopMeal Magazine for lSil3| p. 192, 
citod by Walton, Examples, p. S68), 

Ek. 8. If a choi-d PP' of a conic pass through a fised point 0, then 
tan !iPFO . tan {P' FO 

The reader will find an investigation of this theorem by the help of the equation oi 
Es. 6 (Walton's ExampleB, p. 377). I insert here the geometrical proof given by 
Mr. Mac Cull^h, to whom, I believe, the theorem is due. Imagine a point taken 
anywhere on PP' (see figure p. 206), and let the distance TO be e' times the distance 
of f TOm the directrix ! then, since the distances ol P and from the directrix are 
proportional to PD and OD, we have 

fP_^FO _e sin PDF BinO/)f-_ e 

i-D ■ oh" e" °^ ^nPFD* ^uOFD~ ^" 
cos OFT e 
Hence (Art. 1 92) cos PFT ~ e' ' 

or, since (Art. 191) PFT is half the sum, andO/Thalf the difference, of PFO and F'FO, 

tmx\PFO.tRniP'FO -l~^^. 

It is obvious that the product of these tangents remains constant if O be not fixed, bat 
be anywhere on a conic having the aame focus and directrix aa the ^ven conic. 

Ex. 9. To express the condition that the chord joining two points x'y', re"j" on the 
curve pMses through the focus. 

This condition may be expressed in several equivalent forma, two of the most 
useful of which are got by expressing that 6" = & + 180°, where 6', 6" are the angles 
made with the axis by the hnea joining the focus to the points. The condition 
sin 6" = — sin 6" gives 



• (■/ +»-)=• (.'»"+."»■)■ 
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The aondiUon co3 6" = - cos fl' gives 

Ei. 10. If normals be drawn at the extremities of any focal oliorfl, a line drawn 
throi^h their intersaction parallel to the axis major will biaeot tlia chord. [This 
solution ia by Larrose, NouMltes Aniiaki, xix. B6.] 

Since each normal bKeote the angle between the focal radii, the intersection of 
normals at the extramitiss of a focal chord is the centre of the circle inscribed in the 
triangle whose base is that chord, and Mdeathelinesjoiningits extremities to the other 
foeus. How if If, i, c be the sides of a triangle whose Terticee are a^g', s!'y", 'rt"y"', 
then, Es. 6, p. 6, the coordinates of the centre of the inscribed circle are 
__ oy + &k" + cs"' _ oi/' + iy" 4- C(/"' 

!e the cooi-dinatea of the 

(a + eaOy" + (« + «?")/ 

or, reducing by the first relation of the last Example, y = \\ii' ■¥ 'J'], which proves the 
theorem. 

In like manner we have 

_ (a + CT") j^ 4- (n + 83/) x" - (2a ~ tx' - tm") c 

which, reduced by the second relation, beoomea 

_ {a + «;) i,x - + a: ") - 2ot 

We could find, similarly, expressions for the coordmates of the intereeotJon of 
tangents at the extremities of a focal chord, ainoa this point ia the centre of the drole 
esEoiibed to the base of the triangle just considered. The line joining the intersection 
of tangonta to the corresponding Intersection of normals evidently passes through a 
focus, being the bisector of the vertical angle of the same triangle. 

Ex. 11. To find the locus of the intersection of normals at the extremities of a 
focal chord. 

Let n, fi he the coordinates of the middlo point of the chord, and we have, by the 
last Example, 

If, then, we knew the equation of the locus described by aft we should, by making 
the above substitutiona, have the equation of the locus described by i^. Now the 
polar equation of the locus of middle point, the focus being origin, is (Art. 193) 

which, translorrned to i-ectangular axes, the centre being origin, becomes 



The equation of the locus sought is, therefoi'e, 
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foci, pvoYB tbat coaa = "— . ^; [see also 

Art. 191 rf). 

FoY {Art. 18B) 

_ FT.F' T' _ 1^ 
" PF.I'F'~ pp'' 
-jsFFF' - coBTn=2 an TPF.BmlFF; 



aTPF.^lFF^-, 




and 2pp' cob fPF' = />' + />■« - 4i;'. 

Ex. 13. If from any poiut tn-o lines be drawn to fhe foci (or touching any 
confocai conic) meeting the conic in if, .B' ; S, S' ; then (see elso Ek. 15, Art. 231) 

It appeata from the qnadratio, by wliich the radins vi 
that the difEerence of the xeciprocala of 
of d, which give the same value to 

(«c - ff=) 009' + 2 (=S - sf) cos e Bin e + {6e ~f^ eln' 0. 
Now it is easy to aee that A coa'fl + 2JI cob fl sin B + £ Bin^^e has equal values for ony 
two values of 6, which correspond to the direclions of lines equally inclined to the 
two represented by Ax' + 2Jiij + Bj= = 0, But the function we aia considering 
hecomea = for the direction of the two taugenta tbrongh (Ait, 147) ; and tangents 
to any confocai are equally inclined to these tsngenta (Art, 189). It follows from this 
example that chorda which touch a, coufocal conis ate proportional to the fquaras of 
the paruUel diameters (see Es. 15, Art. 231). 

227. We give in this Article some examples on the parabola. 
The reader will have no difficulty in distinguishing tbose of the 
examples of the last Article, the proofa of which apply equally 
to the parabola. 

Ei. 1. Eind the ooordinalfis of tho intereection of the two tangenta at the points 

x'y', a^'j", to the parabola ^ = px, , _ y' + y' _ y'y' ' 

ns. y- y , X- ^ . 

ction of the perpendicular from focus on tan- 
I to the poiat of contact. 
Bi. 3. The three perpendiculars of the triangle formed by three tangents interfecE 
on the directrix {Steinor, Gergonne, Annalei, six. 59 ; Walton, p. 119). 
The equation of one of those perpendiculais is (Art. 82) 

which, after dividing by y'" — )f, may be written 



-■("D^ 



n shows that the three perpendiculars intci 



Ex, 4. The area of the triangle formed by thi'ee tangents is half that of the tri- 
angle formed by joining their points of contact (Gregory, Canthfiigi Journal, ir, 16 
Walton, p. 137. See also Lessoaa on Ilf^her Alsebra, Ex. 12, p. 15). 
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Subatituting the cooi-diiiates of the vertices of the triangles in the expression of 

Art. Se, we find for the latter area i {y' - ji") (ff" ~ ff"') (ff"'-j') ; and tor the foimer 

area half this quantity. 

Ek, 5. Pind an expression for tie radius of the circle circumscribing a tiianglo 

inscribed in a parabola. 

The radius of the circle taiuumsoribing a triangle, the lengths of whcse Bides are 

d, e,f, and whose area = Z is easily proved to be ji , But if li be the length of the 

chord joining the points ic"?" x"'s"% ^"^ ^ ^^ angle which this chord niaieB with 
the axis, it is obvious that daiaB' = >/" — ^". Using, then, the expression for the 
area found in the last Example, we have .B— -- r- „ - , - .- ^,/" - . ■ „,„ . We might ex- 



iae = -!' . Eence^=-^. 

It follows from Art. 312 that c", c", c"' are the parameters of the diameters which 
bisect the sides of the triangle. 

Bt. 6. Express the radius of the dicle circumscribing the triangle formed by threa 
tangents to a parabola in terms of the angles which they make with the axis. 

Am. g =--■ „; ? . „,„ ; or ^=^5-^, wlierey,j)",y" are the para- 
meters of the diameters through the points of contact of the tangents (fieo Art, 212). 

Ex. 7. Find the angle contained by the two tangents through the point £3' to 
the parabola y^ = 47^^. 

The equation of the pair of tangents is (as in Art. 92) found to be 
ii'^ - 4™-) {y^~4m£) = {^/-2m<.^-i- a/)l=. 
A parallel pMr of linea through the origin ia 



Tlie angle contained by which is (Art. 74) tan ip 



(c' + m • 

Et. 8. Find the locus of intersection of tangents to a parabola wliich cut at 
a given angle. 

Am. The hyperbola, j' - 4tB3: = (x + tayUn'iji, or 1/' + {x - my = (s + my setfiji. 
From the latter form of the equation it is evident (see Art. 186) that the hyperbola 
has the same focus and directrix as the parabola, and that ite eccentricity = seci^. 

Ex. 9. Find the lociB of the foot of the perpendicular from the focus of a parabola 
on the normal. 

The length of the perpendicular from {m, 0) on 2m (t/ - ^ -i- 3' (1: ~ i/j - is 

But if e bo the angle made with the axis by the perpendicular (Art, 212) 

■"■Jt-y . '-"Ml.)- 

Eonce the poke equation of the loons is 
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^14 EXAMrLES ON CONIC SECTIONS. 

Bs, 10. Find the cooniiiiatra of the intersection of the normals at the points 
It's', a;";/"- 

Am ic = 2m + ?l±-^'^lJ:il'' ,, - y's" ^S' + ^"> 

Or if a, bo the coordinates of the con'espondmg interEeclioa of taagcnls, 
thtn (Ex. 1) 

^^2m + ^-a, S = - — - 

Ex. II. Find the cooi-Jinates of the points on the curve, the normals at which 
pass through a given point aft^. 

Solving between the equation of the normal and that of the cuive, we find 
2/ + ip' - ip^-) y =p'y', 
and the three roofs are connected by the relation >/i + l/i + lls = ^- ^^ eeometrio 
meaning of this is, that the chord joining any two, and tho lino joining the third to 
the vertex, make equal angles with the asis. 

Bi. 12. Find the locus of the intersection of norm ala at the estremitiea of diords 
which pass through a given point ai'y'. 

We have then the relation j3j' = 2m (a/ + h) ; and on substituting in the results 
of Es. 10 the value of a derived from this relation we have 

imx + jV = ^™' + 2(5" + 2mx' ; 2to's i 2^nx' - ^y' ; 
whence, eliminating ft we find 

3 12!» (y - J,') + j' (a - ^)r = (4™/ - s") iy'y + a^'s - ^'"s' - 2^"^, 

the equation of a parabola whcee axis is perpendicular to the polar of the given 
pomt. If the chorda bo parallel to a fixed line, the locus reduces to a right line, as 
is also evident from Bs. 11. 

Ex. 13, Fmd the locus of the intersection of normals at light angles to each other. 

In this case «=-»!, » = S +?^ y = ii g =m(.x- &m). 

Ex. 14, If the lengths of tw tan t b h, and the angle between them », 
find the parameter. 

Draw tho diameter bisecting th h d f oo tact; then the parameter of that 

diameter is J)' = °. , and the prm pil p tc %.p = ^ -= ^^ (where o is tho 

length of the perpendicular on tl h d f m th nterscotion of tie tangents). Eut 
'iay = ai sin OP, and IGa)' = a' + i' + 2ai cos w ; hence 

t = — '*''''"'* — i (■" p. "»)■ 

(.■ + !■ + 2.i 00. .)• 
Ex. IB. Show, from the equation of the circle circumscribing three tangents it, 
a parabola, that it passes through the f nous. 

The equation of the circle circumscribing a triaogle being (Art. 124) 
Py sin4 + ya sinB + a(5 EinC= 0; 
the absolute term m this equation ia found (by writing at full length for a, 
BCoea + jsiu«-jj, ic) to be //' sin (p- y) +jj> sin (y - a) +pp' sin(a - ^). 
But if the line a be a tangent to a pai'abola, and the origin the focus, we have (Ar-t, 219) 
p = . , and the absolute term 

= ooTi^lVo^y 1™ 'I' "»''"" + "° ''""'"' I" + ■"'" ~ "' ""'' 
which vanishes identically. 
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Ei. 16. ITiiid the loonfl of the intersection of tangents to a parabola, being given 
either (1) the product oi anes, (2) the product of tangents, (3) the Bom or (4) di " 
of ootangentB of the angles they make with the axis. 

Am. (1) a circle, (2) a right line, (3) a ri; 

228. We add a few miscellaneous examples 

Ek. 1. If an equilateral hyperbola cimamscribe a triangle, il 
the intersection of its pecpendionlars (Br 
XL, 205; Walton, p. 283). 

The equation of a conic meeting the axes in given points ia (Eht. 1, p. 148) 
^3= + 2&XS + W-Y - /^i' (X + \') x-Wlji-!-n')y + W'/i/i: ~ 0. 

And if the axes be rectangular, thia will represent an equilateral hyperbola (Art. 
171) if \K' = -pn'. If, therefore, the axes be any aide of the given triangle, and 
the perpendicular on it from the oppoate vertcs, the portions X, V, n are given, there- 
fore, /i' is also given ; or the curve meets tlie perpendicular in the fiscd point ^ = — , 
which is (Es. 7, p. 27) the intersection of the perpendicnlars of the triangle. 

Es. 2. What is the locus of the centres of equilateral hyperbolas through three 
given points ? 

Am. The divde through the middle points of sides (see Bs. 3, p. 153). 

Ex. 3. A conic being given hy the general equation, find the condition that the 
pole of the asis of s should he on the asis of y, and viee versa. Am, Jtc =fg. 

Ex. 4. In tbe same case, what is the condition that an asymptote shonld pass 
through the origin? Ans. o/^- 2/jS + iij^^ 0. 

Es. 5. The circle circumscribing a triangle, self -con jugate with regard to an equi- 
lateral hyperbola (see Art. 99), passes through the centre of the curve. (Brianchon 
andPoncelet; Gei^onne, Xl. 2[0; Walton, p. 304), [This is a particular case of the 
theorem that the six vertices of two self-conjugate triangles Be on a conic (see Ek. I, 
Art. S76).] 

The condition of Ek. 3 being fulfilled, the equation of a cii'ole passing through 
the origin and through the polo of each asie is 

Ti (a' -t- 2!cy,C03» -1-9=) +/=+ ^ - 
or a {Jix + 6y +/) -^ » (aa: -f ftj + s) ( w) agi, 

an equation which will evidently be satisfied by h oo of the centre, pro- 

vided we have o -f i = 2S cos ui, that is t« say p vi ui e be an equilateral 

hyperbola (Arts. 74, 174). 

Ei. 6. A circle described thwugh the oe 
through any two points, will also pass throng 
each of these points parallel to the polar of th 

Ek. 7. Find the locus of the intersection tmig w h intercept a given 
length on a given fixed tangent. 

The equation of the pair of tangents from a point ly to a conic ^ven by tiie 
general equation is given Art. 92. Ma3cey = l)anl eh a qu drat hose ofs 
are the intevcepis on the aiia of e. 

Forming the difEeraaoe of the roots of tbi quat n and p tt ng t qual t« a 
constajit, we obtam the equation of the loou^ quedwhhwHb £,nalf 

the fourtli degree i butifff' = ao, the axis of t w 11 t I tl n and ti 

equation of the locus will become divisible bj a d n II rt 1 tl i 
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EXAMPLES UN CONIC SECTION'S. 



degree. We could, by the help of the same equation, find the locns ot t:l)e !i 
of tangents ; if the ELim, product^ ^o., of the inter(^ts cm tho sxia he ^TCn. 

Hi. 8. Given four tangenlB to a conic to find the locus of the cenln 
solution here given is by P. Serret, Noune'ka Annales, 2nd series, iv. 145.] 

Takoany aies, and let the equation of one of thetsngentabeicosa+jisini 
then a is the angle the porpBndloular on the tangent makes with the asis c 
if fl be lie unknown aiigla made with the same asis by the axis major of t 
then a — e is the angle made by the same perpendicular with the asis raojor. 
a and s be the coordinatea of the centre, the formula of Art. 178 giyes ua 

We have four equations of this form from which we have to elimi 
three unknown quantities a', i', 6, Using for sliortnesa tbe ahbioviatii 
a!COSa + jsma— p (Art. 53), this equation expanded may be written 
a'= (a' cos'e + *=eio'9) cos'« + 2 (a= - S») coa6 sine cosa Sinn + («' sin'fl +5' COE 
It appears then that the three quantitiea n' cos'fl + i' sin-ff, (n' — li^c 
o* sin'S + i' coa^e, may be eliminated linearly from the foui: equations; 
result comes out iu tlie form of a dctoiminanC 



I a=, cos' *, 003 S^X, sinsa = 0, 
which espanded ia of tlie form Aa' + JB^ + Cy'' + US' = 0, where J, B, (7, D arc 
known constants. But this equation, though apparently of the second degree, is in 
reality only ot the first ; for if, before espanding the determinant, we write o', Ac, 
at full length, the eoefficienta of a? are cos^a, cos'ft coa=iy, coa'^ ; but these being 
the same as one column of the determinant, the part multiplied by x^ vanish^ ou 
eipanaion. Similarly, tiie coefficients of tlie terms sry and y- vanish. The locua is 
therefore a right line. The geometrical determination of the line depends on prin- 
ciples to be prayed afterwards ; namely, that the polar of any point with regard to 



■,. + B^'^ + Cy'y 



- Hfi 



and, therefore, that the polar of the point aft passes through yi. But when a conic 
reduces to a line by the vanishing of the three higheat terms in ita equation, the polar 
ot any point is a parallel line at double the distance f om the pomt Thus t een 
that the hue represented by the equation bisects the hues jo nrng the po nt ajS yo 
ay, pi J aS, Py. Conversely, if we are given in any form the eqnat ons ot lo 
lines a = 0, Ao, the equation of the line joining the three m ddle p( nts of d ag al 
of the quadrilateral may, in practice, be most eas ly formed b} determm g tho 
Constanta so that Aa' + B^+ Cy' + BS' = ehall represe t a n^l 1 1 e 

Ex. 9. Given three tangents to a conic and the sum of the squires ot tl e axe 
find the locua ot the centre. We have three equations a- n the la t eiampl a i 
a fourth a'' + i' = &', which may be written 



and, as before, the result appeaii 



- b' sin'8) + («' s 

n the form ot a determinant 



>■'»), 
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which expanded is of the form Aa^ + Sjl' + Cy' + D = 0, It is seen, BS in the last 
example, that the ccefScient of asy vanishes in the espan^on, und that the coefficients 
of a;' and I/' are the same. The locus is therefore a circle. THovi H Aa" + B^ + Cy' = fl 
represents a circle, it will afterwards a.ppear that the centre is the intersection of 
perpendicnlara of the triangle formed by the lines a, A y. The present equation there- 
fore, which differs from this hy aoonstant (Art. SJ) represents a circle whose centre 
ie the intersection of perpendiculars of the triangle formed by the three tangents. 

If we consider the esse of the equilateral hjperhola a' + 6= = 0, we see that two 
equilateral hyperbolas can be described to touch four ftiren lines, the centres being 
the intersections of the line joining the middle points of diagonals with any one ot 
four circles whose centres are the intersections of perpendiculars of the four triangles 
formed by any tliree of the fom' gfiven lines. !Fr6m the fact that the four circles 
have two common points it follows that the four intersections of perpendiculars lie 
on a right line, perpendicular to the line joining middle points of diagonals (soo 
Ai-t. 268, Es. 3). 



/> . 's , K , 1 

p"', ^•■■, y"'', I = 0, 
which expanded is of the form Ip + mp' + up" + pp'" = 0. If wo look to the actual 
values of the coefadents I, m, n, p, and their geometric meaning (Art. 3fi), this 
equation geometrically interpreted gives ua a theorem of Mobius, viz. 
0A.SCI}+OC.ABII = 0S.ACD+ OD.ABC, 
where is the focus, and BCD the area of the triangle formed by three of the po nts 
(compai-e Art, 94). It is eeen thus that i + m + n + p = 0. If we sub^t tate fo p 
ha value J{{x — s')' + (j — i/']'}. Ac, and clear of radicala, the equat o of the 1 c s 
though apparently of the eighth, is found to be only of the sistii degree In fact 
we may dear of radicals by giving each radical its double sign and multiplj mg 
together the eight factors ^ ±i»p' ± %j"±?/)"'; and then it is apparent that the 
highest powers in a and g will be (s' + j^' mulliphed hy the product of tlie factors 
l±!a±a±p; and that these terms vanish m virtue of the relation l + m + ii + p = 0. 
It the four given points be onacirele, Mr. Sylvester has remarked that the locus 
breaks up into two of the third degree, as Mr. Burnaide has thus shewn, We have 
by a theorem of Feuerbach'e, given Art. 94, 

Ip- + HI))'* + tip"' + pp'"' = 0. 

We have then (l + m) (V + oip"^ = {» + p) (fip"^ +pp"% 
{Ip + mp-)' = {up" +y/>"')', 
whence, subtracting fot (p — /)')' = up ip" — p"'j', 

which obviously breaks up into factors. 

THE ECCESTEIC ANGLE.* 

229. It is always advantageous to express the position of a 
point on a curve, if possible, by a single ^dependent variable, 

* Tlie use of this angle was reooramenaed by Mr, O'Brien, Cambridge MMheiaatliial 
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218 THE ECCENTEIC ANGLE. 

rather than by tlie two coordinates x'y'. We shall, therefore, 
find it useful, lu discussing properties of the ellipse, to make a 
substitution similar to that employed (Art. 102) in the case of 
the circle, and shall write 

x' = a cos <l>, y' = i sin 0, 
a substitution evidently consistent with the equation 



The geometric meaning of the angle <^ is easily explained. 

If we describe a circle on the axis major as diameter, and 
produce the ordinate at P to meet the circle at Q, then the angle 

h 
QOL=^,{or CL^GQcosQCL, or x'=a cos 4); mdFL = -QL 

(Art, 163); or, since §Z/ = a sin0, we havey = & sin0. 

230. If we draw through I> a parallel PN to the radius OQ, 
then PM:CQ::PL:QL::h:a, 
but GQ = a, therefore PJf = b. 
JW parallel to CQ is, of course, =a. 

Hence, if from any point of an ellipse A' l. 
a line = a be inflected to the minor axis, 
its intercept to the axis major =b. If 
the ordinate PQ were produced to meet 
the circle again In tbe point Q', it could D' 

he proved, in like manner, that a parallel througit F to the 
radius CQ' is cut into parts of a constant length. Hence, con- 
versely, if a line MN, of a constant length, move about in the 
legs of a right angle, and a point P be taken so that MP may 
be constant, the locus of P is an ellipse, whose axes are equal 
to MP and NP. (See Ex. 12, p. 47.) 

On this principle has been constructed an instrument for 
describing an ellipse by continued motion, called the ElUptic 
Compasses. GA, CD' are two fixed rulers, MN a third ruler of a 
constant length, capable of sliding up and down between them, 
^hen a pencil fixed at any point of MN wilt describe an ellipse. 

If the pencil be fixed at the middle point of MN, it will 
describe a circle. (O'Brien's Coordinate Geometry, p. 113.) 
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THE ECCENTRIC AKGLB. 219 

231. The consideration of the angle ^ afforda a simple 
method of constructing geometrically the dianaeter conjugate 
to a given one, for 

tan ^ = ^, = - tan <b. 
X a ^ 

Hence the relation 

tanfltan5' = - -, (Art. 170) 



hecomes 



tan tan i^ 



-1, 



Hence we obtain the following constniction. 
nate at the given point P, when produced, 
meet the semicircle on the axis major at 
§, join GQ, and erect CQ perpendicular 
to it; then the perpendicular let fall on 
the axis from Q will pass through P\ a 
point on the conjugate diameter. 

Hence, too, can easily be found the coordinates of P' given 
in Art. 172, for since 

cos d>' = sin d, we have — = , , 




and since 



3 have -- = 



From these values it appears that the areas of the triangles 
PCM, F CM' are equal. 

Bs. 1. To cspiesa tlie lengths of two conjugate Eami-diametera in terms of the 

Es. 3. To eKptefs the equation of any chord of the ellipse in terms o£ ip and 0' 
{Beep.94). ^^^ 5 cosj (^ + .J.') + f^inH* + *') = oo*4 (* - *'). 

Es. 3. To express similarly the equation of the tangent. 

Es. 4. To express the length of the ohoni joining two points a, A 
V . .■ (ra. - oosffl" + r (sin. - smffi', 
-B = ! sta i (■ - ffl I' "in'i (. + ffl + '■ o-'H« + ffll'- 
But (Ex. 1) the quantity between the parentheaea ia the semi-diameter conjugate to 
that to the point i (a + (9) ; and (Bi, 2, 3) the tangent at the point J (o + ^ is parallel 
iM the chord joining the points o, fi; hence, if b' denote the length of the semi- 
diameter parallel to the given ohoi-d, D = 2b' sinj {a - (S), 
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Ex. 0. To find the ai'ea of tlie tciangle formed by thiee gi 
By Art. 36 we hare 

2S = ai {^n (« - ^) + sin 03 - y) + ein (y - a)] 

= 4ui6ini (a -(3) ami (P-T)s!ni (y-a) 

2 = 2Qjeiiit(--ftsmitft-7)8mi{y-a). 

Es. 6. It the bisectoiB of sides of an jnacribed ti 



ngle meet in ti.e a 



Es. 7. To find the radios of tbo drcle droumsoiibing tlie trianj 
giyen points a, ^, y. 

If li, e,/be the aides of the triangle formed by the thi'ee points, 



where i', h", V" are tlie pemi-diametiira paraJlcl to the eidea of the^ triani 

d,c", <f" be the parallel focsd chords, then (see Ex. 5, p. 213) if =^---. 

expresaons are due to Mr. Mac Cullagh, Ifuhliit Bamm. Papers, 1836, p. 23.) 

Es. 8. To findthfl equation of the ciiolB- cireumsoribing tl)E triangle^ 

Am. a= + y' - 2-5^^^^="- ct8M« + ffl cos 1(^ + 7)^0=4(7 + ") 

^)Bini(^ + y)sinKy + «) 



g W - "^ i 



Erom tliis w 



+ i=) _ J (ai _ js) ;co3 (a + ffl + cos (p + V) + c 
le coordinates of the contra of tliis circle are at oi 
Ei, 9. The area of the triangle formed by three tBiigenl« is, by Art. 3: 

ni tani (tt - ^) tfiEi (^ - V) tan^ (y - c). 
Ex. 10. The area of the triangle formed by three normals js 
^ taiiH" - « tani (^ - y} tani (V - a) {sin (^ + y) + sin (y + c) + i 
consequently three normals meet in a point if 

sin (^ + v) + sin (7 + a) + ein (= + (3) =^ 0- [Mir. Bumside J 
Es. II. To find the locus of the intersection of the focal radius 
the radius of the circle CO.. 

Let the central coordinates of /* be x'y', of 0, x!/, tliea 
triangles, FON, FPM, 



Now, since ^ is the angle made with the asis by the 
radios vector to the point O, we at once obtain the polar 
eqiution of the locus by writing /> cos 4> for sc, p sin ij> for y. 
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Ei. 12. Tlie noi'mal at P is produced to meet CO, ; tlic k 
s s. circle conoenttic witi. tlie ellipse. 
The equa,tioii of the normal is 



but we may, aa in the last esample, write p co3 $ and p sin ij> for b and y, and the 
equation becomes 

(a-S)p = == orp = « + J. 

Es.lS. PtOTet]iattanlJ'FC= J^^^tanii^. 

Ek. 14. It from the veites of an ellipse a radius vector be drawn to any point 
on tlie cnrye, iind the looua of the point where a parallel radius through the centre 
meets the tangent at the point. 

The tangent of the angle made witti the axis by the radius vector to the vertei 
= ^ — ■ i therefore the equation of the parallel radius through, the centre is 



and the locus of the intersection of this line with the tangent 

is, ohvionsly, - = 1, the tangent at the other extremity of the aaia. 

The same investigation will apply, if the firat radius vector he drawn through 
ony point of the ourye, by substituting a' and b' for a and b ; the looua will then ho 
the tangent at the diametrically opposite point, 

Es. lo. The length of the chord of an ellipse which touches a confooal ellipse, 
the squares of whose semiaxes are a' — h', i' — k% is — r- [Mr. Bumside]. 

The condition that the chord joimng two points a, (S should touch the confocul 

^,- «••»(. + /!) +-S^'"'l(. + ffl = ~'l (.-ft 
or Bn'l(.-fl = ^'i Feci (• + ffl + .'m'i (• + /!)) = 5j,l'". (Ei- 4). 
But the length of the chord is 

2i'.ini(«~ffl = ^". 
By the help of this Example sevei'al theorems cone -n g h ha 

may be extended to chords touching confocal conies H ce med y 

derived a proof of Ex.13, p. 212, for OB. OR' is to O'i &- ta h 

parallel diameters (Art. H9), and it is here proved ha h h rda 0^ OR 
OS - OS' are to each other in the same ratio. 

232. The methods of the preceding Ar les do not apply o 
tbe iiyperbok. For the hyperbola, however wen j uhs ue 
ic' = a sec A, y' = h tan di 



©"-«)■- 
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This angle may be represented geometrically by drawing 
a tangent MQ from the foot of 
the ordinate M to the circle de- 
scribed on the transverse axis, 
then the angle QCM= <^, since 

CM=OQsecQOM. 

We have also QM=ai!m^, but PM=h taxi<f). Hence, if 
from the foot of any ordinate of a hyperbola we draw a tangent 
to the circle described on the transverse axis, this tangent Is in 
a constant ratio to the ordinate. 

Ei. If any point on the coiijngato hyperbola be eipresied similarlj'.v'' = isec^i', 
x"=atAJ\'p', prOTe that the relation connecting the extremities o£ conjugato dia- 
meters is ^ = *'. [Mr. Turner.] 

SIMILAR CONIC SECTIONS. 

233. Any two figures are said to be similar and similarly 
placed if radii vcctores drawn to the first from a certain point 
are in a constant ratio to parallel radii drawn to the second from 
another point o. If it be possible to find any two such points 
and o, we can find an ^ t* _ ^^ ^ — ^^ 

infinity of others ; for, take /^'/o\ ^^\ b^— ^v — -^ 

anypoint (7, drawee parallel { y — "|c ' — ') ''~~ — — 

to OC, and in the constant ^^^___|\_^^'''^ 

ratio -^-p , then from the similar triangles OOP, ocp, cp is parallel 

to CP and in the given ratio. In like manner, any other radius 
vector through o can be proved to be proportional to the parallel 
radius through C. 

K two c&ntral conic sections be similar and similarly placed, 
all diameters of the one are proportional to the parallel diameters 
of the other, since the rectangles OP.OQ, op.oq are propor- 
tional to the squares of tbe parallel diameters (Art. 149). 

234 To find the condition that two conies, given by the 
general equations, should be similar and similarly placed. 

Transforming to tbe centre of the first as origin, we find 
{Art. 152) that the square of any semi-diametor of the first is 
equal to a constant divided by a aos'0 + 2h cos &md + b sinV, 
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and, in like manner, that the square of a parallel semi-diameter 
of the second is equal to another constant divided by 

a' cos'^ + 2^' cos ^ sin ^ 4 V sin'^. 
The ratio of the two cannot be independent of Q unless 

d~ K~ h" 
Hence two contc sectw w w ill hp stmilm avd similarli/ placed, 
if thi J3 0iLt(tit3 o/ the htgheat poucrs of ike imiablts aie the 
same tn both or only difer by a constant midtq het 

2^5 It IS e\ident that the dnections of tbe axes of the'-e 
comes must be the ^ame, smce tbe gieatest ■uid Ieas>t dnmetera 
ot one must be pirallel to the greatest and least diimeters ot 
the othei If the diameter of one become mfamte, so must ilsj 
the pal^llel dnmeter of the othei, that is to say, tht, aiynplotes 
of svmtlar and similarly placed hyperbolas are paialld The 
same thmg tollows fiom the result of the last Aitide, sm^e 
(Art. 154) the directions of the asymptotes are wholly determined 
by the highest terms of the equation. 

Similar conies bave the same eccentricity; for — ^— must 

be = ;-5 — . Similar and similarly placed conic sections 

have hence sometimes been defined aa those whose axes are 
parallel, and which have the same eccentricity. 

If two hyperbelas have parallel asymptotes they are similar, 
for their axes must be parallel, since they bisect the angles 
between the asymptotes (Art. 155), and the eccentricity wholly 
depends on the angle between the asymptotes (Art. 167). 

236. Since the eccentricity of every parabola is = 1, we 

should be led to infer that all parabolas are similar and similarly 

placed, tbe direction of whose axes is the same. In fact, the 

equation of one parabola, referred to its vertex, being ^'=pj:, or 

p cos 6 

it is plain that a parallel radius vector through the vertex of the 
Other will be to this radius in the constant ratio p : p. 
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Es. I. If on any radius vector to a conic section throngh a fiied point 0, OQ be 
taken in a constant ratio to OP, find tlie locna of Q. We hsTs only bo substitute 
inp for p in the polai equation, and the loona is found to be a conic eimilat to tlie given 
conic, and similarly placed. 

. Tlie point O may be called the centre ofsimilitwle of the two conies; and it is 
obviously (see dso AyC 115) the point where common tangents fo tiie two conica 
intersect, dnce when the radii vectores OP, OP" to tlie first conic become equal, so 
must also OQ, OQ- the radii vectores to the other, 

Ee. 3. If a pair of radii he drawn through a centre of similitude of two similar 
conica, tbe cboids joining their erti^emities will be either parallel, or will meet on the 
chord of intersection of the conies. 

This is proved ptedsely as in Art. 116. 

Ek. 3. Given tiiree conica, similar and similarly placed, their six centres of simili* 
tnde will lie three by three on right lines (see figra-e, page 108). 

Ex. 4, If any line cot two similar and concentric conica, its parts intercepted 
between the conies wiU be equal. 

Any chord of the outer conio which touches the interior will lie bisected at the 
point of contact. 

These are proved in the same manner as the theorems at page 191, which are but 
particalar cases ol them; for the asymptotes of any hyixa-bola may be considered 
as a conic Eection similar to it, since the highest terms in the equation of the asymp- 
totes are the same as in the equation of the curve. 

Ek. 5. If a tangent drawn at any point P of the inner of two concentric and 
similar ellipses meet the outer in the points T and T', then any chord of the inner 
drawn through P is half tlie algebraic sum of the parallel chords of the out^ 
through I' and Z', 

237. Two figures will be similar, altliougli not similarly 
placed, if the proportional radii make a constant angle witU 
each otiier, instead of being parallel ; so that if we could imagine 
one of the figures turned round through the given angle, they 
would be then both similar and similarly placed. 

To find the condition that two conic sections^ given by the 
general equations, should be similar^ evert though not similarly 
placed. 

We have only to transform the first equation to axes making 
any angle 8 with the given axes, and examine whether any 
value can be assigned to 6 which will make the now o, A, b pro- 
portional to a', K, V. Suppose that they become ma', JwA', tnh' . 

Now, the axes being supposed rectangular, we have seen 
(Art. 157) that the quantities <j + &, ab — A', are unaltered by 
transformation of coordinates : hence we have 
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and the required condition is evidently 
ah — A' aV — li' 

If the axes be oblique, it is seen in like manner (Art. 158) that 
the condition for similarity ia 

{a + b-2h COS arf ~ {a' + b' ~ 2h' cos to)'' ' 
It will be seen (Arts. 74, 154) that the condition found ex- 
presses that the angle between the (real or imaginary) asymptotes 
of the one curve is eqnal to that between those of the other. 

THE CONTACT OP CONIC SECTIONS. 

238. Two curves of the ni"" and «"' degrees respectively inter~ 
ssct in mn points. 

For, if we eliminate either x ov y between the equations, the 
resulting equation in the remaining variable will in general be 
of the mn" degree [Higher Algebra^ Art. 73). If It should 
happen that the resulting equation should appear to fall below 
the mn*-^ degree, in consequence of the coefficients of one or 
more of the highest powers vanishing, the curves would still 
be considered to intersect in mn points, one or more of these 
points being at infinity (see Art. 135). If account be thus 
taken of infinitely distant as well as of imaginary points, it 
may be asserted that the two curves always intersect in mn 
points. In particular two conies always intersect tn four points. 
In the next Chapter some of the cases will be noticed where 
points of intersection of two conies are infinitely distant; at 
present we are about to consider the cases where two or more 
of them coincide. 

Since four points may be connected by six lines, viz. 12, 34; 
13,24; 14,23; two conies have three pairs of chords of intersection. 

239. When two of the points of intersection coincide, the 
conies touch each other, and the fine joining the coincident points 
is the common tangent. The conies will in this case meet in two 
real or imaginary points .£, M distinct from the point of contact. 
This is called a contact of the first order. The contact is said to 
be of the second order when three of the points of intersection 
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coincide, as, for instance, if the point M move up until it coiDcide 



with T. Curves which have contact of an order higher than 
the first are aiso eaid to osculate/ and it appears that conies 
which osculate must intersect in one other point. Contact of 
the third order is when two curves have four consecutive points 
common; and since two conies cannot have more than four 
points common, this ia the highest order of contact they can 
have. 

Thus, for example, the equations of two conies, both passing 
through the origin and having the line x for a common tangent 
are (Art. 144) 

oaJ* + 2hx^ -t hf + 2gx = 0, ax' + 'ilixy + Vy^ + 2g'x = 0. 
And, as in Ex. 2, p. 175, 

X {[aV - ah) a; + 2 [hV - h'b) )/ + 2 [gh' -ff'i)} = 0, 
represents a figure passing through their four points of inter- 
section. The first factor represents the tangent which passes 
through the two coincident points of intersection, and the second 
factor denotes the line LM passing through the other two points. 
If now ^5'=y&, i-M passes through the origin, and the conies 
have contact of the second order. If in addition kb' = h'b, the 
equation of LM reduces to a; = ; LM coincides with the tangent, 
and the conies have contact of the third order. In this last 
case, if we make by multiplication the coefficients of ^ the same 
in both the equations, the coeiBcients of xt/ and x will also be 
the same, and the equations of the two conies may he reduced 
to the form 



;' + 2hxy -i- hy' 4- '2gx = 0, 



r + 2gx = 0. 



240, Two conies may have double contact if the points of 
intersection 1, 2 coincide and also the points 3, 4. The condition 
that the pair of conies considered in the last Article should 
touch at a second point is found by expressing the condition 
that the line LM, whose equation is there given, should touch 
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either conic. Or, more simply, as follows : Multiply the equa- 
tions by ^ and g respectively, and subtract, and we get 

{ag' - a'g) a;' + 2 [hg' - Kg) xy + ^g' - Vg) f = 0, 

which denotes the pair of lines joining the origin to ihe two 
points in which LM meets the conies. And these Hues will 
coincide if 

{ag' - a'g) [hg' - h'g) = [hg' - h'gf. 

241. Since a conic can be found to satisfy any five conditions 
(Art. 133), a conic can be found to touch a given conic at a 
given point, and satisfy any three other conditions. If it have 
contact of the second order at the given point, It can be made 
to satisfy two other conditions; and it' it have contact of the 
third order, it can be made to satisfy one other condition. Thus 
we can determine a parabola having contact of the third order 
at the origin with 

ait* 4- 'ihxy -f ty' + '2gx = 0. 

Referring to the last two equations (Art. 339), we see that 
it Is only necessary to write a' instead of a, where a Is deter- 
mined by the equation a'5 = h^. 

We cannot, In general, describe a circle to have contact of the 
third order with a given conic, because two conditions must be 
fulfilled in order that an equation should represent a circle ; or. In 
other words, we cannot describe a circle through four consecutive 
points on a conic, since three points are sufficient to determine 
a circle. Wo can, however, easily find the equation of the 
circle passing through three consecutive points on the curve. 
This circle is called the osculating circle, or the circle of 
curvature. 

The equation of the conic to oblique or reclangular ases 
being, as before, 

ax' + SAfl-y + h/ 4 2gx = 0, 
that of any circle touching it at the origin is [Art, 84, Ex. 3) 

x' + %xg cosw+jf' — 2)-a; sin (o = 0. 
Applying the condition gb' = g'b (Art. 239), we see that the 
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con(iitiou tliiit the circle 3liould osculate is 

q = — rh sin m, or r — -, — J^ .* 
■' ' sin w 

The quantity r is called the radius of curvature of the conic 

at the point T. 

242. To find the radius of curvature at any point on a central 
conic. 

In order to apply the formula of the last Article the tangent 
at the point must be made the axis of y. Now the equation 
referred to a diameter through the point and its conj'uffate 

f-ia + ^= 1] is transferred to parallel axes through the given 

point, by substituting x->ra' for ie, and becomes 

a;' if 2x 

-■3 + f; + ^ = (•■ 

Therefore, by the last Article, the radius of curvature is 

—r—. . Now a' sinw is the perpendicular from the centre on 

the tangent, therefore the radius of curvature 

= - , or (Art. 175) = ^ . 
^ ' ' 'ah 

243. Let iV denote the length of the normal P.V, and let ^ 
denote the angle FFN between the normal 
and focal radius vector, then the radius of 

curvature is ■ — ^-r . ForN= — (Ai-t. 181), 
cos> a "■ 

and cos 1^=7", (Art. 188), whence the truth of the formula is 

manifest. 

* In the Eiamplea which follow we find the absolutB magnitude of the radius of 
curvature, witliout cegaJ^ Wi si pi. The sign, aa usual, indicates the divection in wLich 
the radius is measured. For it indicates whether the given cncre is osculated by 
a drde whose equation la of the form 

b' + 21^ COS CO + j" + 2f 'ic ein w = 0, 
the npper sign aignifjing one whose centre is in the positive direction o£ the asis 
of X ; and the lower, one whose centre is in the negative direction. The formula in 
the test flien givea a positive radius of curvature when the eoucavifj of the curve 
is turned in the positive direction of the axis of x, and a negative radiua when it is 
turned in the oppoeite direction. 
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Thus we have ihe following construction: Erect a perpen- 
i5icular to the normal at the point where it meets the axis ; and 
again at the point Q, where this perpendicular meets the focal 
radius, draw GQ perpendicular to it, then G will be the centre 
of curvature, and CP the radius of curvature. 

244, Another useful construction is founded on the principle 
that if a circle intersect a conic, its chords of intersection will 
make equal angles with ihe axis. For the rectangles under the 
segments of the chords are equal (Euc, ill. 35), and therefore 
the parallel diameters of the conic are equal {Art. 149), and 
therefore make equal angles with the axis (Art. 162). 

Now, in the case of the circle of curvature, the tangent at T 
(see figure, p. 226) is one chord of intersection and the line TL 
the other; we have, therefore, only to draw TL, making the 
same angle with the axis as the tangent, and we have the point 
i; then the circle described through the points 2", X, and) 
touching the conic at T, is the circle of curvature. 

This construction shows that the osculating circle at either 
vertex has a contact of the third degree. 

Ei. 1. TTsing the notation of the eocentrio angle, find the condition that four 
points a, |9, 7, S fihonld lie on the aame circle (Joachimatlial, Crelle, xxxvi. 95), 

The chord joining two of them mnst mate tha saiae anglB with one side of the 
axis aa the chord joining the other two does with the other ; and the chords hdng 

^oo3j(a + ;3) + |ainJ(- + ffi = 0t>5i(a-p); 



^oosi(7 + ^)+|aini(Y + a) = 


:cobH7 


-S); 


.a™t«nH- + , 


e) + tani(y + i) = 0; a + (5 + 




1 ; or = Zmir. 


His. 2. Finfl the 


coordinates of the point ivhcrs 


i tho OBC 


alating circle t 


again. 


= 7! hence3 = --3fl; or Z.= ^ 


r-^^ 


T.'f-v. 


?^.3. If the no 
nal from that pi 


■rmab at three points n, ft 7 meet in a poi 
Diut is glren by the equation n + fl + y + 


nt, the foot of t 
i = (2ns + 1) jr 


Ex. 4. Find the 


equation of the chord of currati 


mlTL. 





Ei. 5. There are three points or 
a given point on the curve 1 these lie 
a triangle ot which the centre of the curve is tha 
(Steiner, Crelle, XSXII.BOO; Joacbimsthal, Crelle, x: 

Here we are given i, the point whei'e the circle c 
the last Bsample the point of contact is n = - iS. 
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of * would not alter if S were increased bj 3S(I°, we might also ta^e n = - Ji + 120", 
or =■ — ^3 + 240", and, from En. 1, these three poiute lie on a circle passing through S. 
If in the laat Example we suppose X, Y given, since the cubics wliieh determine 
ar" and y' want the second terms, the sums of the three values of i! and of y' are 
Mspectively equal to nothmg; and therefore (Ex, 4, p. 5) the oiigin is the intersection 
of the bisectora of sides of the triangle formed by the three points. It is easy to see 
that when the bisectors of sidea of an inscribed triangle intersect in the centre, the 
normals at the vertices are tiie three perpendiculars of this triangle, and tliersfoie 

245. To find the radius of curvature of a parabola. 

The equation referred to any diameter and tangent being 

ii' = p'x, tlie radius of curvature (Art. 241] is ^ .-—p,-. where 9 



cos'i/^ 

construction depending on it, hold for the parabola, since 
N= Ip' sin 8 (Arts. 212, 213) and ■^ = 90° - ^ (Art. 2t7). 
Ex. 1. In all the conic sections the radius of curvature is equal to the cube of the 
noiraal divided by the square of the semi-parameter. 

Es. 2. Express the radius of cui'vaturo of an ellipse in terras of the angle which 
the normal makes with the axis. 

Bi. 3. Find the lengtlis of the chorda of the drcle of ourvature which pass 

thcough the centre or the focus of a central conic section. , 2J'» , 24'= 

° Am. — r , and ~ 

Ex. 4. The focal chord of onrvatnre of any conic is equal to the focal diord of 
the conic drawn pai-allel to the tangent at the point. 

Ex, 5. In the parabola the tocal chord of curvatm-a is equal to the parameter of 
the duimeter passing tlirongh the point. 

246. To find the coordinates of the centre of curvature of a 
central conic. 

These are evidently fownd by subtracting from the coordi- 
nates of the point on the conic the projections of the radius of 
curvature upon each axis. Now it is plain that this radius is to 
its projection on i/ as the normal to the ordinate y. We find tbe 
projection, therefore, of the radius of curvature on the axis of 

y (by multiplying the radius — by ^j = ~ . The y of tlie 
centre of curvature then is — ^j— y'. But h" = 5" + t; y'", there- 
fore the 1/ of the centre of curvalure is — ^j — y\ In like 
manner its x is ■ — j— ^ ■ 
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We should have got the same values by making a = /3 = 7 
in Ex. 8, p. 220. 

Or, again, the centre of the circle circumscribing a triangle ia 
the iuteraectioQ of perpendiculars to the aides at their middle 
points ; and when the triangle ia formed by three consecutive 
points on a curve, two sides are consecutive tangents to the 
curve, and the perpendiculars to them are the corresponding 
normals, and the centre of curvature of any curve is the intersec- 
tion of two consecutive normals. Now if we make ic' = a;"= X, 
y' = y" =. Yj in Ex. 4, p. 175, we obtain again the same values as 
those just determined. 

247. To find the coordinates qf the centre- of curvature of a 
parabola. 

The projection of the radius on the axis of y is found iu like 

manner (by multiplying the radius of curvature -;-^ by ^1 

and subtracting this quantity from y we have 

r= - T^'-^ = _ *lf (Ai-t. 212). 
tan p p' ' ' 

In like manner its X is 

The same values may be found from Ex. 10, p. 214. 

248. The evolute of a curve Is the locus of the centres of 
curvature of its different points. If it were required to find the 
evolule of a central conic, we should solve for x'y' in terms of 
the X and y of the centre of curvature, and, substituting in the 

equation of the curve, should have (writing — =A, j =B\ , 

In like manner the equation of the evolute of a parabola is found 
to be 

which represents a cui-ve called the semi-cubical parabola. 
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CHAPTER XIV. 

METHODS OP ABEIDGED NOTATION. 

249. If ;S = 0, S' = be the equations of two conies, tlien 
the equation of any conic passing through their four, real 
or imaginary, points of intersection can be expressed in the 
form 8=kS'. For the form of this equation shows (Art. 40) 
that it denotes a eonic parsing through the four points common 
to 8 and S' ; ami we can evidently determine 7c so that 8= k8. 
shall be satisfied by the coordinates of any fifth point. It must 
then denote the conic determined by the five points.* 

This will, of course, still be true if either or both the quan- 
tities S, 8' bo resolvable into factors. Thus 8 = kix0, being 
evidently satisfied by tho coordinates of the points where the 
right lines k, ^ meet 8, represents a conic passing through the 
four points whero S is met by this pair of lines; or, in other 
words, represents a conie having a and j8 for a pair of chords of 
intersection with 8. If either a or yS do not meet 8 in real 
points, it must still be cousiilered as a chord of imaginary inter- 
section, and will prescive many important properties in relation 
to the two curves, as we have already seen in the case of the 
circle (Art. 106). So, again, a'^ = k/3S denotes a conic circitm- 
scribing the quadrilateral a^yS, as we have already seen (Art. 
I22).-t- It is obvious that in what is here slated, a need not 

* Since five conditiona determine a conic, it ia eviden la the ma g n 
eqnation of a conic satisfying fom' conditiona must contain one ndep n 1 nt ii 

whose TKiue remains undetermined until a fiftli rendition is g ven I Lke manne 
the moat general equation of a conic eatiafying tbtee cond turns contams two m 
dependent constants, and eo on, Compai^ the equations of a con c paesmg thiough 
three points or touching three lines (Arts. 124, 129). 

It we are given any four conditions, in the expression of each of which the co- 
efficients enter only in the first d^ree, the conic passes through four flsed points ; 
for by ehininating all the coefficients but one, the equation of the conic ia reduced 
to the form 3 = hS". 

f If afi be one pair of chorda joining four points on a conic S, and yi another 
pair of chords, it ia immaterial whether the general equation of*a conic passing 
through the four points be espressed in any of the forma S — ta^, S — &-y£, a^ — iyS, 
where k ia indeterminate ; because, in virtue of the general principle, S is itself of Oie 
form n/3 — iyS. 
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be reslrictei], as at p. 53, to denote a line whose equation lias 
been reduced to tlie form xcosa + y sma~p; but that the 
argument holds if a denote a line expressed by the general 
equation. 

250. There are three values of k, for wliich S-kS' re- 
presents a pair of right lines. For the condition that this shall 
be the case, is found by substituting a - ka\ h ~ kb', &c. for 
a, h, &c. in 

ale 4 2fyh - af - bf - ch^ = 0, 

and the reenlt evidently is of the third degree in k, and is 
therefore satisfied by three values of k. If the roots of this 
cubic be 7e', Ic", k"\ then S — k'S', 8—k"S\ S — k"'S', denote 
the three pairs of chords joining the four points of intersection 
of S" and :S' (Art. 238). 

Bi. 1. What is the equation of a, conic pasarg tUiougli the points where a given 



Here the axes a; = 0, ^ = 0, aie chords of intersection, and the equation must be 
of the form S = iay, where k is indetenninate. See Ek. I, Art. 151. 

Ex. 2. Torm the equation of the conic pa^tig throngh five given points ; for 
esample (1, 3), (3, 5), (- 1, i), (- S, - I) (- 4, 3). Foming the equations of the aidea 
of tie quadrilateral formed by the first fonr points, we see tfiat the equation of tlie 
reqnired conic mnst be of the form 

(3a; - % + 1) (5s - 2j + IB) = i {a - *2/ + 17) (3i -4^ + 5). 

Substituting in this, the coocdinatfs of the fifth point (- i, 3), wo obtain k = - ^V . 
Substituting this value and reducing the equation, it becomes 

7Sx' - 320a:y + gO!;!' + (lOla - 1665;/ + 1586 = 0. 

251. The conies S, S-ka& will touch; or, in other words, 
two of their points of intersection will coincide ; if either a or i3 
touch S, or again, if a and /3 intersect in a point on S. Thus if 
T= be the equation of the tangent to S at a given point on it 
a'y, then 8— T {Jx + my -^ m), is the most general equation of a 
conic touching S at the point x'y' ; and if three additional con- 
ditions are given, we can complete the determination of the 
conic by finding l^ m, n. 

Three of the points of intersection will coincide li Ix + mt/ + n 
pass through the point x'y' ; and the most general equation of a 
conic osculating ^at the point x'y' is S= T [Ix+my ~lx'— my']. 
If it be required to find the equation of the osculating circle, 
we have only to express that the coefficient a'y vanishes in this 
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equation, and that the coefficient of a:" = that of ji' ; when we 
have two equations which determine I and m. 

The conies will have four consecutive points common If 
ir4 my + n coincide with T, so that the equation of the second 
CQiiicia of the form S=hT\ Compare Art. 239. 
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nmat be of the form 

Espresaing that the coefficient of isg vanishes, we reduce the equation 

'' l^ + i^ ~ V " U"^ ^ "*^ " V U'" ~ i>" " "^ "^ "P J ■ 
and espresaiiig that the coefficient of ic' = that of j', wa find \ = 




Ex. 4. To find the equation of the circle osculating a parabola. 

Ans. {p'^ + ipx') (j= —px) t= {2jj' — p (ie + 07")) (3j^ + pK— Spx'}. 

252. We have seen that S=lca0 represents a conic passing 
through the four points 
PiQlp, q, where a, (3 meet 
8j and it is evident that 
the closer to each other 
the lines a, are, the 
nearer the point P is to p, 
and Q to q. Suppose that the lines a and ^ coincide, then 
the points P,p; §, g coincide, and the second conic will" touch 
the first at the points P, Q. Thus, then, the equation S = ka^ 
represents a conic having double contact with S, a heing the chord 
of contact. Even if a do not meet S, it is to be regarded as the 
imaginary chord of contact of the conies S and S — kix". In 
like manner ay = h0' represents a conic to which a and 7 are 
tangents and /3 the chord of contact, as we have already seen 
(Art. 123). The equation of a conic having double contact 
with S at two given points x'y\ 3;'y" may be also written in the 
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form S=kTT'^ where 3" and T' represent t!ie tangents at these 
points, 

253. If the line a be parallel to an asymptote of the conic 
8, it will also be parallel to an asymptote of any conic repre- 
sented by S—ka0, which then denotes a system passing through 
three finite and one infinitely distant point. In like manner, 
if in addition ;3 were parallel to the other asymptote, the system 
would pass through two finite and two infinitely distant points. 
Other forms which denote conies having points of intersection 
at infinity wilt be recognized by bearing in mind the prin- 
ciple (Art. G7) that the equation of an infinitely distant line is 
0.a!4 0.^+C=0; and hence [Art. 69} that an equation, appa- 
rently not homogeneous, may be made homogeneous in form, if 
in any of the terms which seem to be below the proper degree of 
the equation we replace one or more of the constant multipliers 
by O.x + O.y + O. Thus, the equation of a conic referred to its 
asymptotes xy = k'' (Art. 199) is a particular case of the form 
ay = ^' referred to two tangents and the chord of contact 
(Arts. 123, 252). Wiiting the equation xt/ = {0..v + 0.7/ + k)% 
it is evident that the lines a; and ^ are tangents, whose points of 
contact are at infinity (Art. 15i). 

254. Again, the equation of a parabola y" =px is also a par- 
ticular case of a7=^''. Writing the equation a; (0.a!-l-0.y-F />) = ?/', 
the form of the equation shows, not only that the lino x touches 
the curve, its point of contact being the point where x meets y, 
but also that the lino at infinity touches the curve, its point of 
contact also being on the line y. The same Inference may be 
drawn from the general equation of the parabola 

{a.x + ^yY + {:2gx\2fy + c){(i.x + fi.y+l) = (\, 
which shews that both 2gx + "ify + c, and the line at infinity are 
tangents, and that the diameter ax + ^y joins the points of con- 
tact. Thus, then, every parabola has one tangent altogether at an 
infinite distance. In fact, the equation which determines the 
direction of the points at infinity on a parabola la a perfect 
square (Art. 137); the two points of the curve at infinity 
therefore coincide; and therefore the line at infinity Is to be 
regarded aa a tangent (Art. 83). 
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Ex. Tlie general eijuation 

as? + 2;«j, + V + 2?=! + a/y + « = 
may be reganJed as a particular cum oI the form (Art, 122) ay = i0S. For the first 
ttree terms denote two lines n, y paaang througli tlia origin, and the last three tertoa 
denote the line at infinity ft together with the line S, ^x + 2fy + c. The form of the 
equation then shows that the lines a, y meet the curve at infinity, and also that S 
representa the line joinmg the finite points in which ay meet the curve. 

255. Iq accordance wifh 4rt 251, tbo eqintinn '?=^j3i'5to 
be regarded as a particulai cise >t 6 = a/5f and denotes a syHtera 
of conies passing through the tw o finite point'* w here ^ meets b, 
and also through the two infinitelj distuit point'* wheie iS is 
met by 0.x-\- O.i/ + k. Ivow it is pliin thu the coefficients of 
a;", of a'!/, and o£y^, are the same in b ind in S—k3, and theie 
fore (Art. 234) that these equations denote conies similar and 
similarly placed. We learn, theietore, that two comes sim^hj 
and similar?^ placed m et eaJi othft m two infimtely distmt 
points, and eortsequently oti / tn two fimte points 

This is also geometiically evident when the cuivps aie 
hyperbolas; for the asymptotes of smi'ar comes aio paiallel 
(Art. 235), that is, they mteisect at in 
finity; but each asymptote intersetts 
its own cui've at infinity , consequently 
the infinitely distant point of intersec- 
tion of the two parallel asymptotes is 
also a point common to the two curves. 
Thus, on the figure, the infinitely distant 

point of meeting of the lines OX, Ox, ° ^ 

and of the lines OY, Oy, are common to the curves. One of 
their finite points of intersection is shown on the figure, the 
other is on the opposite branches of the hyperbolas. 

If the curves be ellipses, the only difference is that the 
asymptotes are imaginary instead of being real. The directions 
of the points at infinity, on two similar ellipses, are determined 
from the same equation [ax' + '2kxy + by'' = (i) {Arts. 136,234). 
Now, although the roots of this equation are imaginary, yet 
they are, in both cases, the same imaginary roots, and therefore 
the curves are to be considered as having two imaginary points 
at infinity common. In fact, it was observed before, that even 
when the line a does not meet 8 in real points, it is to be re- 
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garded as a cbord of iimginaiy intei ettion of 8 ind iS — ito/3, 
and this remains true when the line a is infinitely distnnt 

If tlie curves be paiiboK^, tbey lie botb touched by tbe bne 
at infinity (Art. 254) , but the direction of the point ot contact, 
depending only on the fiiot three term^ of tbe equition, is the 
same for both. Hence, two similar and 8iniili)li/ />laa.d p-ira- 
bolaa touch each othtt at infimfy In sboit, the two inhnitely 
distant points common to two similar comes are leal, im-iginaiy, 
or coincident, acGOidiug as the i,ut7e3 aie hjpeibol^s, elbpsea, 
or parabolas, 

256. The equation S=^, or S=7c(0.a; + 0.!/ + l)M8 mani- 
festly a particular case of S—Jcfx", and therefore {Art. 252) de- 
notes a conic having double contact with ,6^, the chord of contact 
being at infinity. Now S — k differs from S only in the constant 
term. Not only then are the conies similar and similarly placed, 
the first three terms being tbe same, but they are also con- 
centric. For the coordinates of the centre [Art. 140) do not 
involve c, and therefore two conies whose equations differ only 
in tbe absolute term are concentric (see also Art. 81). Hence, two 
similar and concentric conies are to be regarded as touching each 
other at two infinitely distant points. In fact, the asymptotes of 
two such conies are not only parallel but coincident ; they have 
therefore not only two points at infinity common, but also the 
tangents at those points ; that is to say, the curves touch. 

If the cnr\'cs be parabolas, then, since tbe lino at infinity 
touches both curves, :S' and 8^¥ have with each other, by 
Art. 251, a contact at infinity of tbe third order. Two para- 
Ijolas whose equations differ only in tbe constant tenn will be 
equal to each other j for the curves y^^px, i/''=j> {x + n) are 
obviously equal, and the equations transformed to any new axes 
will continue to differ only in the constant term. We have seen, 
too [Art. 205), that the expression for the parameter of a para- 
bola does not involve the absolute term. The parabolas then, 
8 and 8—?e' are equal, and we learn that turn equal and similarly 
placed parabolas whose axes are coincident may he considered as 
having with each other a contact of the third order at infinity. 

257. All circles are similar curves, the terras of tbe second 
degree being tbe same in all. It follows tlien, from tbe last 
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Art!(;les, that all circles pass through the same two imaginary 
points at infinity, and on that account can never intersect in more 
than two finite points, and that concentric circles touch each other 
in two imaginary points at infinity ; and on that account can 
never intersect in any finite point. It will appear hereafter 
that a multitude of theorems concerning circles are but parti- 
cular cases of theorems concerning conies which pass through 
two fixed points, 

258. It is important to notice the form fa'' + n^^' — n°7', 
which denotes a conic with respect to which a, /3, 7 are the 
sidea of a self-conjugate triangle (Art. 99). if or the equation 
may be written in any of the forms 

nV - wi'^' = ^ V ; « V - fa* = m'^ ; fa" + m=;S" = «Y. 
The first form shows that n-y 4 wi/3, M7 - m^ (which intersect 
in ^37)' are tangents, and o. their choi-d of contact. Consequently 
the point ^y is the pole of a. Similarly from the second form 
7a is the pole of ^. It follows, then, that w/S is the pole of 7; 
and this also appears from the third form, which shows that the 
two imaginary lines Ja.±m0 'J{—1) are tangents whose chord 
of contact is 7. Now these imaginary lines intersect in the 
real point a^, which is therefore the pole of 7 ; although bsing 
within the conic, the tangents through it are imaginary. 

It appears, in like manner, that 

denotes a conic, such that ajS is the pole of 7 ; for the left-hand 
side can be resolved into the product of factors representing 
lines which Intersect in a^. 



Con. If Pa" + m^fi' = n'y' denote a circle, its oenti'e must be the in 
perpendicuIarB of tlie triangle o^y. Fov the perpendioiilar let Jail from any point 
on its polar must pass through the centi-e, 

258*(n). Jfx = 0,y^(i be any lines at right angles to each 
other through a focus, and 7 the corresponding directrix, the 
equation of the curve is 

a particular form of the equation of Art. 258. Its form shows 
that the focus (x^) is the pole of the directrix 7, and that the 

* This Avtiole was numboi'eci 279 in the piev^ous editions. 
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polar of any point on the directrix is perpeocllcular to the line 
joining it to the focus (Art. 192J ; for ?/, the polar of (avy) is per- 
pendicular to X, hut X may he any line drawn through the focus. 
The form of the equatiou shows that the two imaginary 
lipes ic' +^^ are tangents drawn through the focus. Now, since 
these lines are the same whatever 7 be, it appears that all conies 
which have the same focus have two imaginary common tangents 
passing, through ihis/ocvs. All conies, therefore, "which have both 
foci common, have four imaginary common tangents, and may 
be considered as conies inscribed in the same quadrilateral. The 
imaginary tangents through the focus {x^ -|- ^' = 0) are the same 
as the lines drawn to the two imaginary points at infinity on any 
circle (see Art, 257), Hence, we obtain the following general 
conception of foci : " Through each of the two imaginary points 
at infinity on any circle draw two tangents to the conic ; these 
tangents will form a quadrilateral, two of whose vertices will be 
real and the foci of the curve, the other two may be considered 
as imaginary foci of the curve." 

!Bi. To find the foci ol the conic jj^Ten by the genersJ eqnation. We have 
only to express the condition that a - i" + (y — 1/') J(- I) should touch the curve. 
Substituting tlien in the formula of Art. 151, for \ /i, v respectively, 1, J(- 1), 
— {ic' + j" 4{— 1)} ; and equating separately tlie real and imaginaiy pai-t3 to cypiier, 
we fiad that the foci aie determined ss the intersection of the two loci 

Oli>?-f) + 2Fs-2Gx + A-B = 0, Cxy - Fm- G3+ B = 0, 
which denote two equilateral hyperbolas concentric with the given conio. Writing 
the equations 

(Ce - <3)' - (Q( - F)' = G* - -IC - (i" - B(7) = A (a - i), 
(Cx - G) {Cy - F) = FO - CR= l^h; 
the coordinates of the foci are immediately giron by the equations 

(C3T-G)'-iA(5 + o-6); {Cy-FY=i^{R + h-a), 
where & has the same meaning as at p. 153, and H aa at p. 158. If the curve is a 
parabola, (7=0, and we hare to solve two linear equaiione which give 

{F^ + (P)x = Fn + \{A.~B)Gi {F^+G^y=GH + i{B-A)F. 

259, We proceed to notice some Inferences which follow on 
interpreting, by the help of Art, 34, the equations we have 
ah-eady used. Thus [see Arts. 132, 123) the equation ixy = h&^ 
implies that the product of the perpendiculars from any point of 
a conic on two fixed tangents is m a constant ratio to the square 
of the perpendicular on tJieir chord of contact. 

The equation 07 = ^^2, similarly interpreted, leads to the 
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important theorem : The product of the perpendiculars let fall 
fr&m any point of a conic on tioo opposite sides of an inscribed 
quadrilateral is in a constant ratio to the product of the perpen- 
diculars let fall on the other two sides. 

From this property we at once infer, that the anharmonia 
ratio of a pencil, whose sides pass through four fixed points of a 
conic, and whose vertex is any variable point of it, is constant. 

For the perpendicular 

OA.OB.&mAOB OC.OD.smGOD . 

« = ~^B— ' ■> = -- — ^n ' ^^- 

Now if we substitute these values 
in the equation aY+ ^/3S, the con- 
tinued product OA.OB.OC.OD 
will appear on hoth sides of the 
equation, and may therefore he 
suppressed, and there will remain 

sin^O^. sinCQP 

%inBOG.smAOD 
hat the right-hand member of this equation is constant, while 
the left-hand member Is the aiiharmonic ratio of the pencil OA, 
OB, OG, OD. 

The consequences of this theorem are so numerous and im- 
portant that we shall devote a section of another chapter to 
develops them more fully. 

260. If yS = be the equation to a circle, then (Art 90) S is 
the square of the tangent from any point xy to the circle ; hence 
S- kaS = [the equation of a conic whose chords of intersection 
with the circle are a and jS) expresses that the hcua of a point, 
such that the square of the tangent from it to a fixed circle ts in a 
constant ratio to the product of its distances from two fixed lines, 
is a conic passing through the four points in which the fixed lines 
intersect the circle. 

This theorem is equally true whatever he the magnitude of 
the circle, and whether the right lines meefthe circle in real or 
imaginary points ; thus, for example, if the circle be infinitely 
small, iAe locus of a point, the square of whose distance from a 
fixed point is in a constant ratio to the product of its distances from 
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two fixed lines, la a conic section/ and the fixed lines may" be 
considered as chords of imaginary intersection of the conic with 
an infinitely small circle whose centre is the fixed point, 

261. Similar inferences can be drawn from the equation 
S"— 7i:a''=0, where Sis a circle. We learn timt the locus 0/ a 
point, such that the tangent from it to afixedcircle is in a constant 
ratio to its distance from a fixed line, is a conic touching the circle 
at the two points where the fixed line meets it ; or, conversely, that 
if a circle have double contact with a conic, the tangent drawn to 
ike circle from, any foint on the conic is in a constant ratio to the 
perpendicular from the point on the chord of contact. 

In the particular case where the circle is infinitely small, we 
obtain the fundamental property of the focus and directrix, and 
we infer that the focus of any conic may he considered as an in- 
finitely small circle, touching the conic in two imaginary points 
situated on the directrix. 

262. In general, if in the equation of any conic the coordi- 
nates of any point he substituted, the result will he proportional to 
the rectangle under the segments of a chord drawn through the 

point parallel to a given line.* 
For (Art. 148) this rectangle 

~ a coaV + 2A coa sm6 + b sin'i* ' 
where, by Art. 134, c is the result of substituting in the equa- 
tion the coordinates of the point ; if, therefore, the angle 6 be 
constant, this rectangle will be proportional to c'. 

Ei. I. If two conicB have double oontact, tlie square of the perpendicular from 

under the segments of that perpendioulai made by tte other. 

Ex. 2. If a line parallel to a given one meets two ooBios in the points P, Q,p, j, 
and we take on it apoint O, such that the rectangle OP. OQ may be to (^ . Oj in 
a constant ratio, the locus of f is a ooiiic through the points of intei'section of the 

Ex. S. The diameter of tlie circle oircumBoribine the fmnele foi-med by two 
taneenta to a central conic and their chord of contact is - — ; irhere b', b" are the 



■n the chord of contact, [Mr. 
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It will be convenient to sappoee the eqnatina divided by such a coastant that the 
result of sabatitutiog the cooi'dinatca of the centre shall be unity. Let i', I" be the 
lengths of the tangents, and let S' be the result of substituting the coordinatea 
of their in 



u tcj iprc ent' tl e 
; tnmgle 

Ek. 4. The eipresdOQ (Art. 242) foi thn calms ot curvatuie may be deduced 
if in the last example we snppose the two tangents to coincide in which case the 
diametar of the drcle becomes the radius of curvature (see Art 33S) , oi also from 
the following theorem due to Mr. Boberts ; If b, n' be the length f tw in 
lersecting normals ; p, p' the corresponding central perpendiculars on tanoe ts 6 
the serai-diaraeter parallel to the chord joining the two points on the m. th 
Hp + b'j)' = 2i''. For if S' be the result of substituting in the equation th of i 
nates of the middle point of the chord, b, o" the perpendiculars from th t po nt 
on the tangents, and 2j3 the length of the chord, then it can be proved, as a th 
last example, that ^ = i'=S', m-pS', ^'-p'S", and it ia very easy t ee that 



263. If two conies have each double contact with a third, their 
chorda of contact with the third conic, and a pair of their chorda 
of intersection with each other, will all pass through the same 
point, and will/orm a harmonic pencil. 

Let the equation of the third conlu be 8=0, and those of 
the first two coiiica, 

Now, on subtracting these equations, we find L^ — IP = 0, 
which represents a pair of chords of intersection (L±M=G) 
passing through the intei'section of the cliorda of contact (L and 
M), and forming a harmonic pencil with them (Art. 57}. 

Ek. 1. The chorda of contact of two conies with their common tangents pass 
through the intersection of a pair of their common chords. This is a particular case 
of the preceding, S being supposed to reduce to two right lines. 

Be. 2. The diagonals of any inscribed, and of the cori'esponding circumscribed 
quadrilateral, pasa thtongh the same point, and form a harmonic pencil. This is 
also a particular case of the preceding, S being any conic, and S+ L', S + JW being 
supposed to reduce to right lines. The proof may also be stated thus : Let f,, ij, c, ; 
I,, ij, Cj be two pairs of tangents and the corresponding choi'ds of contact. In other 
■words, Bj, a, are diagonals of the coireaponding inscribed quadrilateral. Then tlie 
equation of S may be written in either of the forms 
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The second equation must therefore be identical with the firat, or can only diffev 
from it by s, constant multiplier. Hence ([(j — Xy, muat bs identical with Cj' — Xej', 
How c,* — Xflj' — repreeenta a pair of right lines passing through the intsrBeotion of 
e„ Eg, and bai'monically conjugate ■with them; and the equiTalent form shows that 
theta right lines join the points t,t,, y, and iift, y,. For t^t^ — Xt^t, = must denote 
a locus passing through thege points. 

Ei. 3. If 2a, 10, 2y, 2i be the eccentric angles of four points on a central conic, 
form the equation of the diagonals of the quadrilateral formed by their tangents. 
Here we have 



o, = icos(« + ^) + Jsin(« + ^)-cos(«-^), 
and we easily veiify 



-«s+ 



Heace reasoning, as in the last example, we find for the equations of the diagonals 
6in(a'-/3) = ±^:rsj- 

264. ^ three comes have each double contact with a fourth, 
six of their chords of intersection will pass three iy three through 
the same points, thus forming the sides and diagonals of a 
quiidi-ilateral. 

Let the conic3 be 

^■+^==0, S + M'^^O, S+N' = 0. 
~By tho last Article the chords will be 

L + M^O, M+N'^O, N-L^O; 

L-M=Q, M-i-N^^O, JSr+L = 0. 
Aa in the last Article, we, may deduce hence many particular 
theorems, by supposing one or more of the conies to break up 
into right lines. Thus, for example, if S break up into right 
lines, it represents two common tangents to S + M^, 8+N^; 
and if L denote any right line through the intersection of those 
common tangents, then S + L' also breaks up into right lines, 
and rcpresenta any two right lines passing through the intersec- 
tion of the common tangents. Hence, if through the intersection 
of the common tangents of two conies we draw any pair of right 
lines, the chords of each conic joining the extremities of those lines 
will meet on one of the common chords of the comes. Tliis is the 
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extension of Art 116. Or, again, tangents at the extremities of 
either of these right lines will meet on one of the common chords. 

265. If yS+X", S-vM'\ 8+N% all break up into pairs of 
right lines, they will form a liesagon circumscribing 5, the 
chorda of intersection will be diagonals of that hexagon, and 
we get Brianchon's theorem : " The three opposite diagonals of 
every hexagon circumscribing a conic intersect in a point." By 
the opposite diagonals we mean (if the sides of the hexagon be 
numbered 1, 2, 3, 4, 5, 6) the lines joining (1,.2) to (4, 5), (2, 3) 
to (5, 6}, and {3, 4) to [6, 1); and by changing the order in 
which we take the sides wo may consider the same lines as 
forming a number (sixty) of different hexagons, for each of 
which the present theorem Is true. The proof may also be stated 
as in Ex. 2, Art. 2G3. If 

'/j ~ <^A = 0, (j(j - Cj' = 0, t/^ - c^ = 0, 
be equivalent forms of the equation of S, then c, = c, =■ c^ re- 
presents three intersecting diagonals.* 

266. ^ three conic sections have one chord common to all, their 
three other chords will pass through the same point. 

Let the equation of one be S=0, and of the common chord 
i = 0, then the equations of the other two are of the form 

S-\-LM=0, S+LN=0, 
which must have, for their intersection with each other, 

hut Jf — iVis a line passing through the point {MN). 

According to the remark in Art. 257, this is only an extension 
of the theorem (Art. 108), that the radical axes of three circles 
meet In a point. For three circles have one chord (the line at 
infinity) common to all, and the radical axes ai'e theii- other 
common chords. 

* Mr. Todhnntec haa with jnatioe objected to this proof, that Binoe no rnle is given 
which a! the diagonals of ([(jt/s is c, = + Cj, bJI that ia iu atriotneas proved is that the 
Tints joining (t, a) to (4, 6) and (2, 3) to (5, 6) intersect either on the lino joining 
(3, 4) to (8, 1), or on that joming (1, 8) to (4, 6), But if tho latter were the ease the 
triangleB 123, 456 wonld be homologous (see Ex. 3, p. 59), and therefore the intet- 
eeotions 14, 25, BS on a right line ; and if we suppose five of these tangents fixed, the 
sixth instead of touching a conic wonld pass thvongh a fixed point. 
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TLe theorem of Art. 264 may be considered as a still further 
cxtcnaioii of the same theorem, and three conies which have 
each double contact with a fourth may be conBidered as having 
four radical centres, tbrough each of which pass three of their 
common chords. 

The theorem of this Article may, as in Art. 108, be other- 
wise enunciated: Given four 2)ointa on a conic section, its chord of 
intersection -with a fixed conic passing through two of these poifits 
will -pass through a fixed jwint. 

Ei. 1. If tlirough one of iie poinfB of intersection of ti 
meeting tlio conies in the points P, p, and through any 
other point of intersection B A line meeting the coni<B in 
the points Q, q, then the lines FQ, pq will meet on CD, 
the other chord of intersection. This is got by supposing 
one of the conies to reduce to the paii' of lines OA, OB, 




Ex. 2. If two right Imes, drawn through the point ol 
contact of two cocics, meet the enrves in points P, p, 0, q, 
then the chorda PQ, pq will meet on the chord of inter- 

This is also a particular case of a theorem given in Art. 
of common tangents to two conica which touch reduces to the point O 
(Cor., Art. 117). 

267. The equation of a conic circumscnbing a quadrilateral 
[or/ = k^h) furnishes us with a proof of " Pascal's theorem," 
that the three intersections of the o^osiie sides of any hexagon 
inscribed in a conic section are in one right line. 

Let the vertices be abcdef and let ah=Q denote the equation 
of the line joining the points a, S; then, since the conic circum- 
scribes the quadrilateral abed, its equation must be capable of 
being put into the form 

ah.cd~- hc.ad=: 0. 
But since it also circumscribes the quadrilateral defa, the same 
equation must be capable of being expressed in the form 

de.fa-ef.ad = 0. 
From the identity of fheae expressions, we have 

ai.cd — de.fa = {6c — ef)ad. 
Hence, we learn that the left-hand side of this equation (which 
from its form represents a figure circumscribing the quadrilateral 
formed by the lines a&, de, cd, af) is resolvable into two factors, 
which must therefore represent the diagonals of that quadri- 
lateral. But ad is evidently the diagonal which joins the vertices 
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a and d, therefore hc — ef must be the otlier, and must join tlie 
points [ah, de), {cd, of) ; and aince from its fonn it denotes a line 
througli the point [he, ef), it follows that these three points are 
in one right line. 

268. We may, as in the case of Bnanchon's theorem, obtain 
a number of different theorems concerning the same six points, 
according to the diiferent orders in which we take them. Thus, 
since the conic circumscribes the quadrilateral hcef, its equation 
can be expressed in the foi^m 

5e.c/-7fc.e/=0. 
Now, from identifying this with the first form given in the last 
Article, we have 

ah.cd—he.cf=[ad—ef) he; 
whence, as before, we learn that the three points [ah, cf), [cd, be), 
[ad, ef) lie in one right line, via, ad-^ef— 0. 

In like manner, from identifying the second and third forms 
of the equation of the conic, we learn that the three points 
(de, of), {/a, he), (ad, bo) lie in one right Viae, viz. he — ad = 0. 
15 ut the three right lines 

he-e/^0, ef-ad=0, ad-lc^O, 
meet in a point (Art, 41). Hence we have Steiner's theorem, 
that " the three Pascal's lines which are obtained by taking the 
vertices in the orders respectively, ahcdef, adcfeb, afcbed, meet 
in a point." For some further developments on this subject we 
refer the reader to the note at the end of the volume. 

Ex. 1. K a, 6, fl be three points on a I'ight line ; o', i', fi' three points on another 
line, then the intereectionE (W, b'c), {ca', <fa), {ab', a'b) lie lo a right line. This is 
B. piuticular case of Faaml's theorem. It remains true if the second line be ai infinity 
and the lines ha', oa' be parallel to a, g^ven line, and similarly for cb', ab' ; ac', Jo'. 

Bi. 2. From fonr lines can be made four triangles, by leaving ont in tarn one 
line : the fovr intersections of perpendicnlara of these triangles lie in a right line- 
let a, b,e,dh» the right lines ; a', b', o', (? lines perpendienlar to them ; then the 
theorem follo\7s by applying the last example to the three points of intersection of 
a, 6, c with, d, and the three points at infinity on a', &', &^ 

* This proof was given me independently h j Prof. De Morgan and by Mr. Bumside. 
The theorem itself, of which another pi'oof has been given p. '217, may also be deduced 
from Steiner's theorem, Ex. 3, p. 312. For the four intersections of perpendioularH 
must lie on the directrix of the parabola, which has the four hnes tor tangents. The 
Ime joining the middle points of diagonals Is parallel to the axis (see &i. 1, p. 312). 
It follows in the same way from Cor. 4, p. 207, that the droles oiroumacribing the four 
triangles pass through the same point, vin. the focus of the same parabola. If wo are 
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Es. 3. Steiner's theorem, that the pcrpendiculara of the triangle formed bj thice 
tangents to a parabola intereeot on the direotris is a particular case of Brisochon's 
theorem. For let the thcee ts.ngents be o, i, o ; let three tangents perpendicnlar to 
them be o', b', e', and Jet the line at infinity, which ia also a tangent (Art. 254] be co . 
Then conEider the eii tangents o, i, c, e', « , n' ; and the lioea joiniag ab, c'sc ; 
he, a'so; a/, aa' meet in a, point. The first two ai-e psrpendionlare of the triangle, 
and the last ia the directrix on whioh intersect every pair of rectangular tangenta 
(Art. 221). This proof ia by Mr. John C. Moore, 

Ei. i. Given five tangents to a conic, to find the point of contact of any. Let 
ABODE be the pentagon formed by the tangents j then, if J C and B£ intersect in 
O, BO paases through the point of contact of AB. This is derived from Brianchon'a 
theorem by aupposing two sides of the heiagon to he indefinitely near, ainca auy 
tangent ia intersected by a consecutive tangent at its point of contact (Art, 147). 

269. Pascal's tlicorem enables us, given five points A, B, C, 
D, Ej to construct a conic; for if wc draw any line jIP through 




one of the given points, we can find the point .F" in wlilch that 
line meets the conic again, and can so determine as many points 
on the conic aa wc please. For, by Pascal's theorem, the points 
of intersection [AB, BE), {BC, EF), ( CB, AF) are in one right 
line. But the points {AB, DE), [CB, AF) are by hypothesis 
known. If then we join these points 0, P, and join to J/ the 
point Q in which OP meets BC, the intersection of QEviiXh AP 
determines F. In other words, F ia the- -nerlex of a triangh 
FPQ whose sides pass through the fixed points A, E, 0, and whose 
base angles P, Q move along the fixed lines CB, CB (see Ex. 3, 
p. 42). T!ie theorem was stated in this form by MacLaurin. 

Ex. 1. Given five points on a conic, to find its centre. Draw AP parallel to BC 
and detei-mine the point F. Then AF and BO are two pai'aUel chords and the line 
joining their middle points is a diameter. In lilte manner, by drawing QE psi-allel 
to OT we can find another diameter, and thus the centre. 

given five lines, M. Auguste Miquel has proved (see Catalan's Thiorimes et PruMimes 
de GeomMris Eliment<iire. p. 93) that the foci of the five parabolas whioh have font 
of the given lines for tangents lie on a circle (see Higher Plane Curvex, Art. 146). 
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Ek. 2. Given five points on a conic, to draw tho tangent at any one of them. 
The point F mnat then coincide with A, and the line QF drawn through E must 
therefore tak th p- t gA Ih i t tl refore muat bajj^. 

£x. 3 I tioate by t I ar ra d tc^ (Art. 62) MacLaurin's method o( 
generati mcs I th w ds, find th loc s of the vertex of a triangle whose 

Eides pas thr gh fi d po t d b gles move on fixed linos. Let a, p, y 

be the HidBB f th tilangi f med by th fi d points, and let the fiaed lines be 
(a + n,p+ 7 = V +m^+ y-O L t th base be a = /ij^. Then the line 
joining to (3y tha mt roe t f th bas with th first fised line, is 

(;^ 4- m) y3 + Jty = 0. 
And the line joining to ay, the hiterseotion of the liase with tho second line, is 

Eliminating (i from the last two equations, tho equation of the locus ia found to be 

;m'«;2=(m^ + n).)(Ca + «'7), 
a conic passing through the points 

^7, ya, {a, la + m{i + ny), (ft fa + m'^ + «V)- 

EQUATION EEFEREED TO TWO TAHaENTS AND THEIR CHORD, 

270. It much facilitates computation (Art. 229) when the 
position of a point on a curve can be expressed by a single 
variable ; and this we are able to do in the case of two of the 
principal forms of equations of conies already given. First, let. 
L, M be any two tangents and B their chord of contact. Then 
the equation of the conic {Art. 252) is LM= IP ; and \i iiL = R 
be the equation of the line joining LR to any point on the 
curve [which we shall call the point /a), then substituting in the 
equation of the curve, we get M = ixR and ij^L = M for the 
equations of the lines joining the same point to MR and to LM. 
Any two of these three equations therefore will determine a 
point on the conic. 

The equation of the chord joining two points on the curve 
u, w', is 

For it is satisfied by either of the suppositions 

[lxL = R, iin = M), {fi'L = R, fi'R = M). 
If/* and fi' coincide we get tho equation of the tangent, viz. 
/i'i - 'HfiR + M= 0. 
Conversely, if the equation of a right line {fi^L-2iiR-\-M=^) 
involve an indeterminate /i in the second degree, the line will 
always touch the conic LM= R". 
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271. To find the equation of the polar of any point. 

The coordinates IJ, M', R' of the point substituted in t!ie 
equation of either tangent through it give the result 
fL^L'-'iiiR'-^M'^O. 

Now at the point of contact /i'^ = -y, and /* = y (Art. 270). 

Therefore the coordinates of the point of contact satisfy the 
equation 

ML' -2ER' + LM' ^Q, 
■which ia that of the polar required. 

If the point had been given aa the intersection of the lines 
aL = R, bR = M, it is found by the same method that the equa- 
tion of the polar is 

abL-2aR-i-M^0. 

272. In applying these equations to examples it is useful to 
take notice that, if we eliminate H between the equations of 
two tangents 

li:'L - ^jiR -f M= 0, fL"L - 2fi'R + If = 0, 
we get [iiJ.'L = M for the equation of the line joining LM to 
the intersection of these tangents. Hence, if we are given the 
product of two ii-'% lift = a, the intersection of the corresponding 
tangents lies on the fixed line aL = M. In the same case, sub- 
stituting a for j[t/i' in the equation of the chord joining the points, 
we see that that chord passes through the fixed point (aL + M, R]. 

Again, since the equation of the line joining any point fi to 
i^ia74*£ = J/, the points + /it, - /a lie on a right line passing 
through LM, 

Lastly, 'i?LM=R^, LM=R"' be the equations of two conies 
having L, M for common tangents, then since the equation 
^'i = J/'does not involve R or R'y the line johiing. the point 
+ /t on one conic to either of the points ±/i on the other, passea 
through LM the intersection of common tangents. We shall 
say that the point + /* on the one conic corresponds directly to 
the point + /* and inversely to the point — /* on tlie other. And 
we shall say that the chord joining any two points on one conic 
corresponds to the chord joining the corresponding points on 
the other. 
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Ex. 1. Con'espondms chonls of two conies inWisect on one of tlie chorda ot 
intersection of ths conies. 

Tha oonios LM - ie, LM - R'-^ have Jf - ii" for a p^r of cnmroon choitls. 
But tlie chorda 

mi'L ~[p.-¥ii')S + M=D, ^yj'i - (^ + ,u') -ff' + if = 0, 
evidently interEect oa R-K. And if we change the signs of ,., ^' in the Eccoiid 
equation, they intersect on ii + ^'. 

Ex. 2. A triangle is oiroumacribed to a giyen conic ; two of its vertices move on 
fixed right lines ; to find the loora of tha third. 

Let us taie tor lines of reference the two tangents throngh the intersection of the 
fixed Imes, and their choi-d of contact. Let the equations of the fixed lines be 

oL-JW=0, bL-M=0, 
while that of the conic is LM-E' = 0. 

Now we proved (Art. 272) that two tangents which meet on ot - JK must have 
the product of their >i'a = o ; hence, if one side of the triangle touch at the point (i, 
(he oflierB will touch at the points - , - , and their equations will he 

~ L-2-R + M=li, ^i-3- Ji + i/=0. 

fi can easily be eliminated fmni the last two equations, and the locus of the vertex 

the equation of a conic having double contact with the given one along the line R*. 

Ex. 8. To find the envelope of the base of a triangle, inscribed in a conic, and 
whose two »des pass through lixed points. 

Take the fine joining the fixed points for R, let the equation of the conic be 
LM = Sf, and those of the lines joining the fixed points to LM be 
aL-M = 0, bL-M=ll. 

Now, it was proved (Art. 972) that the extremities of any chord passing through 
(«i - M, R) must have the product of their ^'s = a. Hence, if the vertex be n, the 
base angles must be " and - , and the equation of the base must be 

The base must, therefore (Art. 270), always touch iie conio 

= (^±^=: 
iab 

a conic having double contact with the given one along the line joining the given 

Ex. 4. To msciibe in a conic section a tdangle whofe sides pass thi-ough three 
given points. 

Two of the points heing assumed as in the last Example, we saw that the equa- 
tion of the base must be 

abL - (h + i) nfi + ^^M = 0. 

* This re^oning holds even nhen the point LM is within the conic, and therefore 
the tangents i, M imaginary. But it may also be proved by the methods of the 
next section, that when the equation of the conic ie I? + M' = R?, that of the locus 
is of the form L? + M^ = k^JP. 



lM,'-^-^m, 



y Google 



METHODS OP AI5RIDGED SOTATION. 251 

Now, if this line pass through the point cl'.~R = 0, dll — M = 0, we must have 

on ^nation aufUcient to determine M' 

Sow, at the point ft we have nL = S, p'L = M; hence the eooidinates of this 
point must satisfy the equation 

o5i - (n + b) eS + cdM = 0. 
The quBEftioD, therefore, admits of two solutions, for either of the points in which this 
line meela the curve may he taken for the Tertex of the jequirad tiiangla. The goo- 
metric construction of this hne is giTen Art. 297, Es. 7. 

Ex. B. The baae of a triEmgle fonohes a giren conic, ilB estremities move on two 
fixed tangents to the conic, and the other two sides of the triangle pass through fixed 
points ( find the locus of the vertex. 

Let the fixed tangents be L, M, and the equation of the conic LM = S?. Then 
the point of intersection of the line L with any tangent {ji^L — 2i'R + M) will have 
its cooi-dinatea L, B, M respeoHvely proportional to 0, 1, lit. And (by Art. 65) the 
equBcion of the hne joining this point to any fixed point L'R'M' will be 

LM' - L'M = 2iA {LB' - L'R). 
Similarly, the equation of the line joining the fixed point L"R"M" to the point 
{i, /I, 0), which is the inteipection of the line JIf with the same tangent, is 

2 (RM" - R"M) = f. {LM" - L"M). 
Eliminating ^, the locus of the veitei is found to be 

{LM- - L'M) {LM" - L"M) = i {LR' ~ L'R) [RM" - R"M), 
the equation ot a conic through the two given points. 

273. The chord joining the points ^ tanif), /t cofi^ (where 
t}> is any constant angle} will always touch a conic having double 
contact with the given one. For (Art. 270J tho equation of the 
chord is 

fi^L - /xE (tan rf, + cot <p) + if = 0, 
whichj since taij^+ cot<|^ = 2 cosec20, is tho equation of a fan- 
gent to LMam''2<}> = .R^ at the point /t on that conic. It can be 
proved, in like manner, that the locus of the Intersection of tan- 
gents at the points fi tam^, //. cot^ is the conic LM=R' sin''20. 

Ex. If in Ek. 5, Aiii. 272, the extremities of tho base lie on any conic having 
double contact with (he giviai conic, and passing throuEh the given points, find the 
locus of the vertex. 
I^et the oonics bo 

iJf-JP=0, iJtfain'2c^-ii2=0, 

then, if any line touch the latter at the point fi, it will meet the former in the points 

li tan ip and ,« cot ^ i and if the iixed points are ix\ }t", the equations of the sides ai-o 

n/ tan^L - (n' + fi tanc(>) R + M= 0, 

H^"cot*L-(n" + /<cot.J.) S+ M=0. 

Eliminating /i, the locus ia fonnd to be 

{M - ^-R) {li."L ~ S) = tari'^ [31-n"E) (ji.'L-- R). 
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274. Gimn four ^ints of<t conic, the anharmonic ratio of the 
pencil joining them to any fifth point is constant (Art. 259). 

The lines joining four points //, ^", /*'", /*"" to ajiy fifth 

point /J,, are 
/ (^>.L-E] + {M-(iR) = 0, /' {ixL-E)-<r{M-tLR) = Q, 
H'" {/mL -E} + {M- filij = 0, //'" [/mL -Iij + [M- ftli) = 0, 

and tbeir anharmonic ratio is (Art. 58) 

(/-O (/'-/'")' 

and is, therefore, independent of the position of the point fi. 

We shall, for brevity, use the expression, "the anharmonic 
ratio of four points of a conic," when Tre mean the anharmonic 
ratio of a pencil joining those points to any fifth point on the 

275. Four fixed tangents cut any fifth in points whose anhav 
■mania ratio is constant. 

Let the fixed tangents be those at the points fi', p.", jjf", fi!'"^ 
and the variable tangent that at the point /t; then the anhar- 
monic ratio in question is the same as that of the pencil joining 
the four points of intersection to the point LM, But (Art. 273) 
the equations of the joining lines are 

li'liL-M — H, iJ."fi.L-M-(i^ fi"'fiL-M-0, /j.""ixL-M=0, 
a system (Art. 59) homographic with that found in the last 
Article, and whose anharmonic ratio is therefore the same. 
Thus, then, the anharmonic ratio of four tangents is the same 
as that of their points of contact. 

276. Tho expression given (Art. 274) for the anharmonic 
ratio of four points on a conic /*', /*", //", //'" remains unchanged 
if we alter the sign of each of these quantities ; hence [Art. 272) 
if we draw four lines through any point LM, the anharmonic 
ratio of four of the points {ft', fi", ft'", p."") where these lines meet 
the conic, is egual to Oie anharmonic ratio of the other four points 
(— fj,', — /i", — ^"', — ft"") where these lines meet the conic. 

For the same reason, the anharmonic ratio of four points on one 
conic is equal to that of the four corresponding points on another ; 
since corresponding points have the same ij. (Art. 272). Again, 
the expression (Art. 271] remains unaltered, if we muUiply each 
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/t eitter by tan or cot0; hence, wc obtain a theorem of Mr. 
Townsend's, " If two conies have double contact, ike anharmomo 
ratio of /our of the points in which any four tangents to the one 
meet the other is the same aa that of the other four points in which 
the four tangents meet the curve, and also the same as that of the 
four points of contact. 

277, Conversely, given three fixed chords of a conic aa\ 
J&', cc' ^ a fourth chord d^, such that the anharmonic ratio of 
obcd is equal to that of a'h'c'd\ will always touch a certain conic 
having double contact with the given one. For let a, b, c, a", b', c' 
denote the values of /* for the six given fixed points, and /*, /*' 
those for the extremity of the variable chord, then the equation 

{a-h)ic-^ ] ^ { a'-h'){o'-f.') 
{a-cjib-i^i {a'-c'){b'-fj.'}' 
when cleared of fractions, may, for brevity, be written 

Aft/^' + S/j, + Cft' + J) ^Qj 
where A, S, C, D arc knowti constants. Solving for f/ from this 
equation, and substituting in the equation of the chord 

/i/i'i - (/i -I- jct') JS + 31= 0, 
it becomes 
p.{BtL + D)L-\-E{iJ.iAfi + C)-{Btt + D)]-M{Ati + C) = 0, 
or ii'{BL+AIi}+p.{DL-^{C-B)B-A3i]-{DIl-lCM) = 0, 
which (Art. 270) always touches 

{DK + {C-B)B- AM]" + 4 (5£ + AB] ( CM-\- DB) = 0, 
an equation which may be written in the form 

4.{BC-AD]{LM-I^) + [DL-v[B-\-C)R^-AM]' = 0, 
showing that it has double contact with the given conic. 

In the particular case when B=C, the relation connecting 
p., /*' becomes 

Aitfi.' + B[[i-\-fL')-\-D = (i, 
which (Art. 51) expresses that the chord /t/i'ij — (/i + /i') ^-h J/ 
passes through a fixed point. 

EQUATION EEFERUED TO THE SIDES OF A SELF-CONJUGATE 
TRIANGLE. 

278. The equation referred to the sides of a self-conjugate 
triangle Z V + m'';3* = JiV {^ft. 258} also allows the position of 
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any point to be expressed by a single Indeterminate. For if 
we write la = «j costfi, m/3 =^7 sin0, then, as at pp. 94, 219, 
the ctord joining any two points is 

^acos^ (if) + ^') +m/3 9in^(0 + 0') =«7cos| (0 — <;[)'), 
and the tangent at any point is 

la cos tj) + m^ sin if> = ny. 
If for sj'mnietry we write tbe equation of the conic 

aa^ + h^' + cy' = 0, 
then it may he derived from the last equation, that the equation 
of ihe tangent at any point r/^'y is 

aaa' + 5/3yS' + C77' = 0, 
and the equation of the polar of any point a'^'y' is necessarily 
of the same form (Art. 89). Comparing the equation last 
written with Xa + ^(S + 1'7 = 0, we see that the coordinates of 

tbe pole of the last line are - , ^ , - ; and, since the pole of 

any tangent ia on the curve, the condition that \a + n^ + vj 

may touch the conic is h ^ + — = 0. When this condition 

■' a h c 

is fulfilled the conic is evidently touched by all the four lines 

XQ:±/t^±v7, and the lines of reference are the diagonals of the 

quadrilateral formed by these lines (see Ex. 3, Art. 146). In like 

manner, if the condition be fulfilled aa'^ + J,S^ + c/' = 0, the 

conic passes through the four points a', ±^,± 7'. 

ne Xo + /j|3 + n-y with regaiti to 



f /ij9 + cy, with regaid to a 

These examples also gi^e tliB locua of centra j anoe the centre is the pole of the 
line at infinity a sm^ + (3 sin S + 7 eia C. 

Es. 3. Whali is the equation of the circle having the triangle of reference for a 
self -conjugate triangle P Am. (See Ex. 2, Art. 128) a' sin 2^ + (3=Ein 2B + 7' 3m2<7 = 0. 

It is easy to see (see Art. 35S) that the centre of the circle is the inteiseotion of 
perpendiculacH of the tiiangle, the square oE the radius being the i^eotangle nnder the 
segments of any of the perpsndicnlara (taken with a positiTe sign when the triangle 
is ohtnse angletl, and with a negative sign when it is acute anE'eiJ). In the lattar 
ca«e, theiefoi-c, the circle is imaginary. 
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280*. The equation (Art. 258 (a)) ar'4y = eV (where the 
origia is a focus ami 7 the corresponding directrix) is a parti- 
cular case of that just considered. The tangents through (7, a:) 
to the curve are evidently £7+3! and ey — x. If, therefore, the 
curve be a parabola, e = 1 ; and the tangents are the internal 
and external bisectors of the angle (7a;}. Hence, "tangents to 
a parabola from any point on the directrix are at right angles 
to each other." 

In general, since x = ey cos0, y = ey sin0, we have 



or expresses the angle which any radius vector makes with x. 
Hence we can find the envelope of a chord which subtends 
a constant angle at the focus, for the chord 

o;cosi(0 + 0') + j/ sinJ(010')=e7cos4(0-0'), 
it tf>— ^' be constant, must, by the present section, always touch 

»'' + !/" = e'7'^ cos*^ (d — 0'), 
a conic having the same focus and directrix as the given one. 

281. The line joining the focus to the intersection of two 
tangents ia found by subtracting 

X cos 4 J/ sin — 67 = 0, 
X cos (j)' + y sin <j>' — ey = 0, 
to be X sin ^ (0 + 4'')~ y '^'^^ J (0 + 'k') ~ ^1 

the equation of a lino making an angle 4 (0 + 0'} with the axis 
of a;, and therefore bisecting the angle letween the focal radii. 

The line joining to the focus the point where the chord of 
contact meets the directrix is 

X cos a (0 + 0') + ^ sin ^ (0 + 0) — ^\ 
a line evidently at right angles to the last. 

To find ike locus of the intersection of tangents at points which 
subtend a given angle 2S at the focus. 

By an elimination precisely the same as that in Ex. 2, Art. ] 02, 
the equation of the locus is found to be {x' -f y') cos^ 8 = e'7'', 

» Art. 270 of the oldec editions ia now niuntei-ed Art. '258 (.i). 
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Tvhicln represents a conic having the same focus and directrix as 

the given one, and whose eccentricity = - — ^ . 

If the cnrve bo a parabola, the angle between the tangents is 
in this case given. For the tangent (ajcosif +y sin<^ — 7) bisects 
the angle between 3;cos^-l-i/sin0andy. The angle between the 
tangents is, therefore, half the angle between iccos0+ysin0 and 
xcost}>' + ?/ sin^', or =^[^—4>'). Hence, the angle hetween two 
tangents to a parabola ts half the angle which the points of contact 
subtend at the focus ; and again, the locus of the intersection of 
tangents to a^arahola, which contain a given angle, is a hyperbola 
with the same focus and directrix, and whose eccentricity is the 
secant of the given angle, or whose asymptotes contain double 
the given angle [Art. 167). 

282. Any two contcs have a common self-conjugate triangle. 
For (see Ex. 1, p. 148) if the conies intersect in the points 
A, B, G, D, the triangle formed by the points E, F, 0, in which 
each pair of common chords intersect, is self-conjugate with 
regard to either conic. And if the sides of this triangle be 
a, /?, 7, the equations of the conies can be expressed in the form 

ad' + Sy3' + 07" = 0, a'a' + i'^ + cy' = 0. 
We shall afterwards discuss the analytical problem of reducing 
the equations of the conies to this form. If the conies intersect 
in four imaginary points, the lines a, 0, 7 are still real. For it 
is obvious that any equation with real coetRcienta which is 
satisfied by the coordinates x' + x" '^{—l), y + yV(— 1)) 'will 
also be satisfied by x' — a/'tj{- 1), y' ~ y" 'J[-l), and that the 
line joining these points is real. Hence the four imaginary 
points common to two conies consist of two pairs x' ±x" 'J{- 1), 
/±/V(-l); x"'±x"">J{-\),f'±y""^l{-l). Two of the 
common chords are real and four imaginary. But the equa- 
tions of these imaginary chords are of the form L±M\/{~\), 
L' ±M' '^{-1), intersecting in two real points LM, L'M'. 
Consequently the three points E, F, are ail real. 

If the conies intersect in two real and two imaginary points, 
two of the common chords are real, viz. those joining the two 
real and two imaginary points; and the other four common 
chords arc imaginary. And since each of the imaginary chords 
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passes through one of the two real points, it can have no other 
real point on it. Therefore, in this case, one of the three points 
E, F, is real and the other two imaginary; and one of the 
sides of the self-conjugate triangle is real and the other two 
imaginary. 

Ei. 1. Find tlie locus of vertex of a triangle whose base angles movo along one 
conic, and whose aides touch another. [Tlie following solution is Mr. Bumside'a.] 
Let the conic touolied by the Bides be i^ + ((= — a', and the other oa^ + by' — as*. 
Tlien, as at Es. 1, p. 94, the coordinates of the intersection of tangents at points a, y 
are COS J [a + 7), sin J (a + y), cos J (" - 7) ! and the conditions of the problem giva 

G cos' i (" + 7) + * sinH (" + 7) = -^ cos= i (" - 7) ; 
or (o + i - c) + (o - i - c) COB a cosy + (i - - a) sin a sin 7 = 0. 

In Ike manner 

(a + J _ ,.) + (a ^ i _ c) c(B/} COS V + (S - - a) sin^ sin 7 = 0, 
whence [a + i-c)cosi(« + ^] = (S + '^-«)cosi("-fflcoS7, 

(a + S-c)s;nH" + je) = (« + = -*)cosl(=-j3)siny; 



Ek, 2. A tiiangle is inscribed in the conic a' + i/^ = s% and two sid^ touch the 
conic oa' + iy' = C3' ; find the envelope of the third side. 

Aiw. {ca + ab- ic)'x' + (oi + br)- ca^f = (be + ca- aiyi'. 

ENVELOPES. 
283. If the equation of a right line involve an indeterminate 
quantity in any degree, and if we give to that indeterminate a 
series of different values, the equation represents a series of 
different lines, all of which touch a certain curve, which is called 
the envelope of the system of lines. We shall illustrate the 
general method of finding the equation of an envelope by 
proving, independently of Art. 270, that the line /:i'i — 2^i?+il/, 
where /i is indeterminate, always touches the curve LM— E". 
The point of intersection of the lines answering to the values 
/i and fi, + k is determined by the two equations 

f>,''L~2f>.n + M=0, 2{/j.L-M)-{7cL = 0; 
the second equation being derived from the first by substituting 
fi + k for /i, erasing the terms which vanish in virtue of the first 
equation, and then dividing by k. The smaller k is, the more 
nearly does the second line approach to coincidenee with the 
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first; and if we make i = 0, we find that the point of meeting 
of the first iine with a consecutive line of the system is de- 
teiinined by the equations 

or, what comes to the samo thing, by the equatioDS 

l>.L-R = % fj.Ji-M=0. 
Now since any point on a curve may be considered as the inter- 
section of two of its consecutive tangents (Art. 147), the point 
where any line meets its envelope is the same as that where 
it meets a consecutive tangent to the envelope; and therefore 
the two equations last written determine the point on the 
envelope which has the line /j.^L — 2nR ■)- M for its tangent. 
And by eliminating ft between the equations we get the equa- 
tion of the locus of all the points on the envelope, namely 

A similar argument will prove, even if L, M, R do not re- 
present right lines, that the curve represented by fi'L~2iJ.B-i- M 
always touches the curve LM= R'. 

The envelope of L cost}i + Msin^ — Ii, where <f> is indeter- 
minate, may be either investigated directly in like manner, or 
may be reduced to the preceding by assuming tan|^ = jit, when 
on substituting 

and clearing of fractions, we get an equation in which /t only 
enters In the second degree, 

284. We might also proceed as follows : The line 
//L - 2/iE + M 
is obviously a tangent to a curve of the second class [see note, 
p, 147) ; for only two lines of the system can be drawn through 
a given point: namely, those answering to the values of /j. 
determined by the equation 

/j,'L' - 2/xB' + M' = 0, 
where L\ R', M' are the results of substituting the coordinates 
of the given point in L, R, M. Now these values of fj. will 
evidently coincide, or the point will be the intersection of two 
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consecutive tangents, if its coordinates satisfy the equation 
LM — ^, And, generally, If the Indeterminate fj. enter alge- 
braically anci in the m'" degree, into the equation of a line, the 
line wilt touch a curve of the w" clasa, whose equation is found 
by expressing tlie condition that the equation in /a shall have 
equal roots. 

Ez. 1. The vertices of a triangle moie alon^ the three fised lines a, ,9, y, and two 
ot the sides pass through two fixed points a'j^y', a"^"y", find t^e enyelope of tha 
third Bide, let a + p^ be tlie line joining to ap the vertex which movoa along y, 
ihea the equations of Uie sldea through the fixed paints ace 

y'(Q + pfi}-(=' + p^')y = 0, y(a + ^P)-(fl" + ^^")y = 0. 

And tlie equation of the base ia 

(a' + W3') y"a + (a" + ^n fVP - W + P^ ("" + rf") Y = 0. 
for it can be easily vetiEed tliat this passes through the intersection, of the first line 
with <t| and of the seoond line with ^. Arranging according to the powers of /i, wa 
find for the envelope 

TLfa example may also be solved by arranging according to the powers of a, tlie 
oquntioii in Ex. 3, p. 49. 

Ex. 3. Find the envelope of a line such that the product of the perpeiidiculare 
on it from two fixed points may be constantj 

Take for axes the line joining tha fixed points and a perpendicular through its 
middle point, so that the coordinates of tho fiiud points roay lie j = 0, a = + o ; then 
if the variable line bey — i7ii + » = 0, we have hy the condition of the question 

or m' = i* + }%«= + (^m", 

bat li' = / - 'MiS) + m''x% 

therefore m' (a;' - J' — i;^ - 2bu^ + 3" - i' = j 
and the envelope is s^ = Ifi'' -*'-«') ly - *"), 

i such that the sum of tho squares of the perpcn- 
nay be constant, , '■Ix' ,^'/^i 

Ex, 4. Find the envelope if the difference of square of perpendiculars be given. 

Ans. A parabola. 

Ex. 5. Through a iixed point any hne OF is drawn to moot a fixed line ; to find 
the envelope of PQ drawn so as to make the angle OPQ constant. 

Let OP make the angle d with the perpendicular on the iixed line, and its length 
is p 860 0; but the perpendicular from O on PQ makes a fixed angle ^ with OP, 
therefore its length is =^1 aeofl ooa(?; and since this pei-pendicular makes an angle 
- e + with the perpendicular on the fixed line, if we assume the latter for the axia 
of jT, the equation of PQ is 

a cos (fl + ^) + ^ sin (e + /}) = p secfl cos ,3, 
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an equation of the form i cos i^ + ilf sin (^ = R, 

whose envelope, therefore, is 

E^ + j'=(«co.^ + ;,smp-3pcos^)', 
the equation oE a parabola hsiring ths point for its focus. 



We may substitute for p', C ~ /i, and clear of fractions; the envelope is tliua 
found to be A'' + £'' + C - 2AB - 2AC- 2BC = Q, 

an equation to which the following fotLO will be found to be ei^uivalent, 

±J^±JB±JCr=0. 
Thus, for eKamplfl,— Given vertical angle and snni of sides of a triangle to find the 
envelope of base. 

The equation of the base ia - + 1 = 1, 

where a+ b = c. 

The envelope is, thercfoi-e, 

B^ + j^ - 2j;y - 2ca - 20;/ + c= = 0, 
a parabola binching the ades x and y. 

In like manner, — Given in portion two ooiij iigate diametecg of an allipso, and the 
snni of thdc sqnatea, to find Its envelope. 

It in the equation Ta + f^ - ^i 

we have a'' + i"' = if, the envelope is 

x±,!±c = ^. 
The ellipse, tiiercfora, must always touch four fised right lines. 

285. If the coefficients in the equation of any right line 
\a + /i(3 + ^7 he connected hy any relation of the second order 
in \, /t, V, 

A\^ + 5^' 4 G/ + 2.f>v + 2 GvX 4 aiTX/i = 0, 
the envelope of the line is a conic section. Eliminating v between 
the equation of the right line and the given relation, we have 
(^7' - 2 (^-ya 4 Ca') X' 4 2 (///' ~ F-/a - Gy^ 4 Ca0] X/j. 

4 (-S/ - 2F7j3 4 C^yS'V' = 0, 
and the envelope is 

{Af-2GyOL+Ga'){Bf-2Fy&+C0') = {iry'-Fyoi-Gy/3+Cal3Y. 

Expanding this equation, and dividing by 7^, we get 

(J3G- F')a'+{GA- G') 0' + [AB-H') 7= 

2+(GH-AF}^y-]-2{I-IF~BG)ya + 2{FG-CH)ix^ = 0. 
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The result of this article may be stated thus i Any tangential 
equation of the second order in \ /j., v represents a come, whose 
trilinear equation is found from the tangential hy exactly the 
same process that the tangential is found from the trilinear. 

For it 13 proved (as in Art. 151) that the condition that 
Xa + /*j3 + vy shall touch 

aa° 4 b^' + cf + 2/^7 + ^g^n + 2Aa3 = 0, 
or, in other words, the tangential equation of that conic is 
(6c -/") V + [ca - g') fi" + {ah - h') v" 

+ 2{gh- af) fiv + 'i. [hf~ hg) vX + 2 (fg ~ ch) \/i = 0. 

Conversely, the envelope of a line whose coefBcients X, /*, v 
fulfil the condition last written, Is the conic ad' + &,c. = ; and 
tliia may be verified by the equation of this article. For, 
if we write for A, B, &c., bc—f^, ca-g", &c., the equation 
[BG- £") a^-f &c. = becomes 

(abc-\-^fgh-af'-hf-ch^)[aX'+h/3^i-cy''+y0y+'2gyo.-i2ha^)^O. 
Es. 1. We may deduce, as particular cases of the above, tlie results of Arts. 127, 
130, namely, tliat the envelope of a line which fnlSls the condition j- + - H — =0 
is J(Fa) + ^(Gji) + j{Ry) = 0; and of one which fulfils the condition 

J(F\)+J(G^) + J(a-<.)i=0 i3 7 + l + f =»■ 

Ex. 2. What la the condition that \a + ij^ + ty should meet the conic given by 
the general equation in real points? 

Am. The line meets in real points when the quantity (6c— /'j X' + &o. is 
negatiTB ; in ima^oary points wheu this quantity is positive; and touches when 

ondition that tlio tangents drawn through a point a'jS'y' 

Atta. The tangents are real when the quantity (flC— F*) «^ + Ac. is negati*-e; 
r, in other words, when the quantities aha + ifgh + &«. and aa'' + 4(3'^ + &c. have 
ye inside the conic and the tangents imaginary when 



286. It is proved, as at Art. 76, that if the com 
fulfilled, ABG + 2FGS- AF' - BG' - CIP = 0, 
then the equation 

AX' + B^h' -h Cc' + 'iF,iv + 2 GvK + ^HXn = 
may be resolved into two factors, and is equivalent to o 
'"<""'» {a\ + 13' fj. + '/v) {a"\ + 0-'fi 4 7"") = 0. 
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And since tlie equation is satisfied if eitber factor vanish, it 
denotes {Art. 51) that the line Xa + /itjS + »7 passes through one 
or other of two fixed points. 

If, as in the last article, wo write for A, hc—f^, &c., it will 
he found that the quantity ABC-i-2FGE+&c. is the square 
of abc + 2fgh + &c. 

Ex. It a conic pass through two ^Ten points and have douhle contact with a fixetl 
conio, the chord o( contact passes through one or other of two fixed points. For let 
S ha the fixed conic, and let the equation of the other be S = (Xa 4- /jjS + 117)'. Then 
Eubstitutiiig the coordinates of tha two given points, we have 

S- = (\..i- + Pf}' + (-/)'; S" = [X«" + /.^" + >,yy i 

whence (Xa' + pfi' + vy') J(^") = + Q^"" + 1^' + "j") J(SO, 



287. To find the equation of a conic having double contact 
with two given conies, 8 and 8'. Let E and ^ be a pair of 
their chords of intersection, so that 8— 8' — £iFj then 

fi''IP-2ti{S-i-8') + F' = Q 

represents a conic having douhle contact with S and 8'; for it 
may bo wntten 

{/lE+Ff^ 4/1.8, or {fiF!-F)'' = 4tfi8'. 

Since fj, is of the second degree, we sec that through any 
point can be drawn two conies of this system; and there are 
t/iree such systems, since there are three pairs of chords F, F. 
If 8' break up into right lines, there aro only two pairs of 
chords distinct from 8', and but two systems of touching conies. 
And when both S and 8' break up into right Imes there is but 
one such system. 

Ex. Find the equation of a conic tonching four given lines. 

-2p. {AC + BD) + F^ = 0, 

l^'L' - p (f + JSfs - JVJ + itf"= = 0. 
Por this always touches AL'M' - (Z^ + JM' - iV^' 

^{L + M+N){M+N-L){,L + N~M) (M + L-N). 
Qr, again, the equation may be written A'* z= — j— + •- j-r (siee Art. 278) 
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288. The equation of a conic haviDg double contact witli 
two circles assumes a simpler form, via, 

/*'-2fi[C + C'} + {O-OJ = 0. 

The cliorda of contact of the conic with the circles are found 
to be O-G' + fj. = 0, 3.nA C-G'-fj.= 0, 

which are therefore parallel to each otbei', and equidistant from 
the radical axis of the circles. This equation may also be written 
in the form V C ± V C' = Vj"- 

Hence, the locus of a point, the sum or difference of whose tangents 
to two given circles is constant^ is a coma having double contact 
with the two circles. If we suppose both circles infinitely small, 
wo obtain the fundamental property of the foci of the conic 

If fi be taken equal to the square of the intercept between 
the circles on one of their common tangents, the equation de- 
notes a pair of common tangents to the circles. 

Ex, 1. Solve by this method the Eiamplea (Arts. 113, 114) of Stiding common 
tangsnts to circles. 

Am.'^.l. JC+JC' = 4oi- = 2. Am.'Ex..2. J(7 + JC"=- 1 or = J - 79. 

Ex. 2. Given three circles ; lat i, £' be a pait of common tangents to C', C" ; 
M,M'io C",0; N.N'toC, C" ; thenif £, jtf, JVmeetin apomt,so will L', j1/'. A".* 

Let the equationa of the pail's of common tangents be 

Then the condition that L, M, N shonld meet in a point is i' + 1 = (" ; and it is 
obvious that when this condition is fulfilled, L', M ', N' also meet in a point. 

Ex. 3, Three conita having double contact with a given one are met by three 
common chords, which do not pass all thniugh the same point, in dx points which 
lie on a conic. Confeqnently, if three of these points lie in a right line, so do the 
other three. Let the three conies be S — i'', S — jtf', 8 - N' ; and the common 
chorda L + M, M+ K, N + L, then the truth of the theorem appears from inspec- 
tion of the equation 

8 + MN+ NL+ LM= {S - L'^ + {L -^^ M) [L + N). 



* This principle is employed by Steiner in his Bolution of Malfatti'a problem, viz. 
" To inscribe in a triangle three circles whi h t h h tber and each of which 
fonohes two ffldea of the triangle." Stein r" co t t is ' Inscribe circles in the 
triangles formed by each side of the give t an 1 and th two adjacent bisectors 
of angles ; thera circles having three comm ta g ts meet g in a point will have 
three other oomraon tangents meeting in a p mt and th te common tangents to 
the oindes requhiid. For a geometrical proof f thia by Dr. Hart, bbb Quarterli/ 
Joarnai ^ J/ffiieniiUiVB, vol. I., p. 219. W m y te d th pi-oblem by Buhstitnting 
for the word "drcles," "conitB having double contact with a given one.'" In this 
extension, the theorem of Er. 5, or it;^ reoiprocal, tak^s tlie place of Es. 2. 



y Google 



264 METHODS OF ABRIDGED NOTATION. 

GENERAL EQUATION OP THE SECOND DEGREE. 

289. There is no conic wbose equation may not be written 
in the form 

a^ + h^^ + cy" + 2//37 4 2(77a 4 2^a^ = 0. 
For this equation is obviousTy of the second degi'ee ; and since 
it contains five independent constants, we can determine these 
constants so that the curve which it represents may pass through 
five given points, and therefore coincide with any given conic. 
The trilinear equation just written includes the ordinary Car- 
tesian equation, if we write x and y for a and /3, and if we 
suppose the line 7 at infinity, and therefore write 7 = 1 (see 
Art. 69, and note p. 72). 

In like manner the equation of every curve of any degree 
may he expressed as a homogeneous function of a, ^, 7. For 
it can readily he proved that the number of terms in the complete 
equation of the n" order between two variables is the same as 
the number of terms in the homogeneous equation of the n" 
order between three variables. The two equations then, con- 
taining the same number of constants, ai'e equally capable of 
representing any particular curve. 

290, Since the coordinates of any point on the line joining 
two points cl'^i', a"/3"7'' are (Art. 66) of the form M -Vmd'.^ 
l^ 4 m^', l"^ 4 ™7") we can find the points where this joining 
line meets any curve by substituting these values for a, 0, 7, 
and then determining the ratio limhj means of the resulting 
equation.* Thus (see Art. 92) the points where the line meets 
a conic are determined by the quadratic 

I' {aa" 4 5/3'^ 4 cy-"' 4 2//3Y 4 2^7V 4 27ia'/3') 
4 2lm [aa'a." 4 &/3'/3" 4 077" 

+/(/3'7" + ^W)+.9{y'^" + 7"a') + A {a'&" 4 a"/3')l 
4 m' (aa"' 4 il3"'' 4 cy" 4 WW + 'W'^" + 2^a"^') = ; 
or, as we may write it for brevity, fS' + 2hnP-\-m'S" = 0. 
When the point a'^'y is on the curve, 8' vanishes, and the 
quadratic reduces to a simple equation. Solving it for I : m, 

'' This method was introduced bj" Joactimatlial, 
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we see that the coorditiates of the point wiiere the conic is met 
again by the line joining a"/3"7'' to a point on tlie conic a'ff'y', 
are S"t/ - 2Pa", S"0' ~ 2P/3", 8"y' - 2iV". Tbese coordinates 
reduce to a',S'7' if the condition F—0 be fulfilled. Writing this 
at full length, we sec that if a"^"7" satisfy the equation 
«aa'-f &^^+ cyy'+f(^y'+ p'y) +g[y(i' 4- y'a] + A (a/? + a'^) = 0, 
then the lino joining a"(3"7" to a'0'y' meets the curve in two 
points coincident with a'0'y'; in other words, a"^"7" lies on 
the tangent at a'^'y. The equation just written is therefore 
the equation of the tangent. 

291. Arguing, as at Art 89, from the sj'mmetry between 
aSy, a'/3'y' of the equation just found, we infer that when a'^'y' 
is not supposed to be on the curve, the equation represents the 
polar of that point. The same conclusion may be drawn from 
observing, as at Art. 91, that P=0 expresses the condition that 
the line joining a'fi'y', af'^'y" shall be cut harmonically by the 
curve. The equation of the polar may be written 

a' (aa + h& + gy) + 0' [ha + 6/3 +//) + y {tjo. +f0 + c^j) = 0. 
But the quantities which multiply a', ^', y' respectively, are half 
the differential coefficients of the equation of the conic with re- 
spect to a, (3, 7. We shall for shortness write <S,, S^, S,, instead 
, dS dS dS_ 

da ' d^ ' dy ' 

a'S,+^'S^ + y',% = 0. 

In particular, if ^', y' both vanish, the polar of the point 0y 
is S|, or the epilation of the polar of tlie intersection of two of the 
lines of reference is the differential coeffitdmt of the equation of 
the conie considered as a function of the third. The equation of 
the polar being unaltered by interchanging a.8y, a'ySVj ™^y !*l*o 
be written 0.8^' 4- /SS; 4 7*5/ = 0. 

292. When a conic breaks up into two right Unes, the polar 
of any point whatever passes through the intersection of the 
r jjl t h e Geometrically, it is evident that the locus of har- 

n c meins of radii drawn through the point is the fourth 
ha monc to tho pair of lines and the line joining their inter- 
H t on to tl e given point. And we might also infer, from the 
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formula of tlie last article, t!iat the polar of aoy point with 
respect to tlie parr of lines a& \s ^'a 4- a'0, the harmoDic con- 
jugate with respect to a, ^ of /3'a - a'jS, the line joining aj3 to 
the given point. If then the general equation represent a pair 
of lines, tlie polara of the three pointa ^67, 7a, a/3, 

m + hff 4-(/7=0, ka+bl3+/y = 0, ga4-f^ + cy^0, 
are three lines meeting in a point. Expressing, as in Art. 38, 
the condition that this should be the case, by eliminating «, 0, y 
between these equations, we get the condition, already found by 
other methods, that the equation should represent right lines, 
which we now see may be written in the form of a determinant, 

^h h f 

h^fi<^ 1 = 0; 
or, expanded, ahc + ^fgh. — af — hg^ — cK' = 0, 

The left-hand aide of this equation is called ike diseriminant* 
of the equation of the conic. We shall denote It in what follows 
by the letter d^. 

293. To find the coordinates of the pole of any line 
\a,-\- li^ + vy. Let cc'/S't' be the sought coordinates, then we 
muiit have 

aa' + A;S'H-57' = X, Aa' + S/3'+// = /t, ^a'-|//3' + c7' = i'. 
Solving these equations for a', 0', y, we get 

A« = X [be -r) + /*(/?- ch) -h V [hf- hg), 

A0' = \ [fy~ ch) + M (c« - 3l + " (ff^- «f)y 

Ay ^ X [hf ~hg)-{-fi{gh- of] + y{ab-k'); 

or, if we use A, B, (7,t &c. in the same sense as in Art. 151, 

we find the coordinates of the pole respectively proportional to 

A\ + H/j, + Gy, IIX + Bfi + Fv, GX + i^A' + Cv. 
Since the pole of any tangent to a conic is a point on that 
tangent, we caa get the condition that Xa + fi0 + vy may touch 
the conic, by expressing the condition that the coordinates just 
found satisfy Xa -f ju.^ + V7 = 0. We find thus, as in Art. 285, 
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If we write tliia equation 2 = 0, it will be observed tliat tlie 
coordinates of tlie pole are S„ 2^, S^, that is to say, the diffe- 
rential coefficients of S with respect to X, /a, v. Just, then, as the 
equation of the polar of any point is aS,' 4- &S^ + jS^' = 0, ao 
tlie condition tJiat Xa + /a^ 4- vy may pass through the pole of 
X'a + /i'^+v'7 (or, in other words, the tangential equation of 
this pole) is XS,' + /iS/ + c 2,' = 0. And again, the condition 
that two lines Xa + p^-fvT, X'a-i- fi,'0-\- v'y may be conjugate 
with respect to the conic, that is to say, may be such that the 
pole of either lies on the other, may obviously be written in 
either of the equivalent forms 

X'2, + /S^ + v% = 0, X2/ + /iS/ + v2/ = 0. 
From the manner in which S was here formed, it appears that 
2 is the result of eliminating a', (3', >/, p between the equations 
aa' + h/3' -i- (/y +pX^O, hoC + b^' -\-fy' -i p/i = 0, 
ga' +//3' + cy + pv = 0, Xa' + m/3'+ V7' = ; 
in other words, that 2 may be written as the determinant 
X, /t, f, = ^X" + Bji' + (7c' + 2jP/ii' + 2 Qv\ + 2H\ii. 
a, h, ff, X 
k, h, >, /. 
.?, /, «> " 

Ex. 1. To find tlia coordinates ot the pole ot Xa + /t0+ vy with respect to 
J(_lu) + .[(mpj + J(n7). Tha tangential equation in this case (Art. 130) being 

l[w + ibA + n V » 0, 
the coordinates of the pole are 

Q' = mii + «/i, li' = «\ + !i', ■/ = lix + m\. 

Ek, 2. To SncI the looua of the pole ot \n + ,ti^ + ly with respect to a conio 
beins ^ven three tangents, and one other condition.* 

Solving the preceding equations foe I, la, b, we find I, m, n proportional to 
X{^' + „/-\h'), ;« („y' + Xa' - rt9'), ..(W + ^^-i-yO. 

Now J('o) + J('"(5) + J(«7) denoiea n conio touching the thwo lines a, (3, 7 ; and 
any fourth condition establishes a relation between I, m, n, in which, if we sulistitute 
the values just found, we shall have the locos of the pole of Xa + ;ij3 + vy. If we 
write for A, fi, v the adea of the triangle of reference u, b, a, we shall have the locna 
of the pole of the line at infinity aii + bf^ + cy, that i3, the locus of centre. Thus 
the condition that the conic shonld toncb ^n + B^ + Cy being _ + _+_ =0 
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"A £ "^ C 

Or, again, aince the condition that the conic should pass through a'fi'y' is 
J{!a') + J(in/3') + J(ny') = 0, the loeua of the pole of Ka + iifi + vy with i-espect to a 
conic wMoh touches the three lines a, fi, y, uud passes through a point a'^'7'1 '* 
JlXa' (,xff + ,.y~ U)} + JIp^' (^ + Xa- ^ffl) + J(V7' [\= + ^^ - vy)] = », 
whioh denotes a conic touching jip + «y — Xo, vy + \a — /ift Xo + /i^ — iT. In tiis 
caae where tLe locus of centre ia sought, these three linf3 are the lines joining the 
middle points of the ades of the triangle formed hj a, ^, y. 

Es. S. To find the coordinates of the pole of Xa + rf + I'y with respect to 
l^y + mya + fia^S. The tangential equation in this esse being, Art, 127, 

PX" + !wV + "'"' - 2"'"^"' - 3»''"\ - 2fi«X;i = 0, 
the coordinates of the pole are 

a' = ; (ft - m,n - nil), ^ = m (i7i^ - ni. - IX), y'^n{ns^l\- Wf.), 
whence niy" + n^' = — 2fi«B\, na' + Jy' = — 2fnMW, ^' + "i"' = — 27nini' ; 
and, as in the last eiample, we find t, -at, n respectively proportional to 

«■ w + "y' - '.«'), ^' ("/ + x«' - p»-), / (X"' + f^' - n-'). 

Thus, then, since the condition that a conic cii-coroscribing nj3y should pass through 
a fourth point u'^^y' ia — -f- gi + -; = 0, the locus of the pole of Xa + ji^ + iiy, with 
regard to a conic passing through the four points, ia 

^ W + i-y - Xfl) + I (i-y + Xa - W3) + -^, (X= + Pp - "y) = 0, 

whii-h, when the locus of centre is sought, denotes a conic passing through the. 
middle points of the ades of the triangle: The condition that the conic should 
touch j4<n-B(i+Cy heing J(^i) + 4(Bn!) + J(CVi) = 0, the locus of the pole of 
Xa + ^ip + iry, with regard to a conic passing tiuxragh thrBe points and touching 
a fixed line, is 

J[y(u (^ + ^ - Xfl)} + i\B^ (-y + Xn - ,,^)] + JCy (Xa + ^^ - ^y) = 0, 
which, in general, represents a curve of the fouj-th degree. 

294. If a",S"7" be any point on any of the tangents drawn 
to a curve from a fixed point a'/SVj the line joining a';3'7', a";3"7'' 
meets the curve in two coincident poiuta, and the equation in 
/ : m {Art. 290), which determines the points where the joining 
line meets the curve, will have equal roots. 

To find, then, the equation of all the tangents which can be 
drawn through a'ff^, we must substitute Ja + wio', 10 4- «ijS', 
^Y-f-jH-/ In the equation of the curve, and form the condition 
that the resulting equation in I : m shall have equal roots. 
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Tiius (see Art. 92) the equation of the pair of tangents to a 
conic is SS' — I", where 

/S^ctk" + &c., S' = aa.'^ -i- &c., P=«aH' + &c, 

This equation may also be written in another form; for since 
any point on either tangent through a'/SV evidently possesses 
the property that the line joining it to o:'/3'7' touches the curve, 
we have only to express the condition that the lino joining two 
points (Art. 65) 

a [ff'i" - ^'V) + ^ (7'a" - 7"a'] + 7 («'^" - «"/3') = 
should touch Ihe eui-ve, and then consider d'^"i' variable, when 
we shall have the equation of the pair of tangents. In other 
words, wo are to substitute ,87' - /j'7, 7a' — 7'a, kj3' - a'/3 for 
X, /:*, V in the condition of Art. 285, 

A)^ + Bjj? + Cv^ + aF^tr + 2 Gv\ + 2//\/i = 0. 
Attending to the values given (Art. 285) for A^ i?, &c., it may 
easily be verified that 

(aa' + &c.) (aa'' + &c.) - («««' -I- &c.)'' = A {M - ^7)' + &c. 

Bi. To find the locaa of intersection of tangents wMch cut at right angles to ft 
conic giren bj the genei-al equation (E«e Ex. 4, p. 169). 

We see now that the equation ot the pair of tangenta throngh any point (Art. 147) 
may also he written 

^ (ff - sT + -B (^ - ^-f + c W - s^r 

- 2J^ (a - »0 (»y - yA + 2G (s - jO [3^' - sy) - 2// [x - jt") (y- j'j = 0, 
This will represent two right lines at right angles when the aum of tlie coeiEeienta 
of s? and y' vanishes, which gives for the equation of the looua 

C (ic' + f) - IGx - 2Fj + .4 + B - 0. 
This circle haa been called the director circle of the conic. When the curve is a 
parabola, C = 0, and we see that the equation of the dii-eckis is Gx-¥F'j = \ (4 + fl). 

295. It follows, as a particular case of the last, that the 
pairs of tangents from /37, 7a, a.3 are 

Bf +C^- 2FI3% CV + Ay'~2 Gya, A^" + Ba' - 2llap, 
as indeed might be seen directly by throwing the equation of 
the curve into the form 

Now if the pair of tangents through ^7 be ^ — ky, y3 — ^'7, it 
appears from these expressions that kk' = ^,1 sikI 111!** tbe eorre- 
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C A 

sponding qiiatititiea for the other pairs of tangents are -7 j n i 

and these three multiplied together are = 1. Hence, recollecting 
the meaning of k (Art. 54), we learn that if A, F, B, Z>, C, E 
be the angles of a circnm scribing hexagon, 
mnEAB.amFAB.fCmFBC.^\nDBG.»\nDCA.BmECA _ 
Bin KA a. sill FA G. sin FBA . sin DBA .smDCB. sin FOB ~ ' 
Hence also three pairs of lines will touch the same conic if 
their equations can be thrown into the form 
][P+ N'-h 2/'MN= 0, N'+ i"l 2/NL = 0, i= + if + 2h'LM^ 0, 
for the equations of the three pairs of tangents, already found 
ean be thrown Into this form by writing L\J[A] for «, &c. 

296. If we wish to form the equations of the lines joining 
to a'(3'7' all the points of intersection of two curves, we have 
only to substitute la -f )««', ?/3 + )k;3', Z7 + mv' in both equations, 
and eliminate I : m from the resulting equations. I'or any 
point on any of the lines in question evidently possesses the 
property that the line joining it to a'^S'/ meets both curves in 
the same point ; therefore the equations in ? : m, which determine 
the points where one of these lines meets both curves, must 
have a common root; and therefore the result of elimination 
between them is satisfied. Thus, the equation of the pair of 
lines joining to ^^'y' the points where any right line L meets 5', 
is L'^S - ^LUP-<t VS = 0. If the point a'/3Y be on the curve 
t!io equation reduces to L'S- 2LP=0. 

Ex. A ohoi-d which subtenas a light angle at a given point on the Rnrre rai^s 
throngh a fixed point (Bi. 2, Art. 181). Wensathegeneral equation, and bj the formnla 
laat given, form the equation of the lines joining the given point to tbe intersection 
of the conic with A.3: + uj + v. The coordinates being supposed rectangular, these lines 
will be at right angles if thesnmof the coefficienta of a' and y vanish, which gives the 

And since \, p, v enter in the fii'st degree, the chord passes through a fixed point, 

viz. , x', . y. If tile point on the curve vary, this other point will describe 

a oonio. If the angle subtended at the given point be not a right angle, or if the 
angle be a right angle, hnt the given point not on the oui-ve, the condition found in 
like manner will contain X, ;u, t in the second degree, and the chord will envelope 

297. Since the equation of the polar of a point involves the 
coefficients of the equation In the first degree, if an indeterminate 



y Google 



METHODS OF ABKIDGED SOTATIU.V. 271 

enter in the first degree into the equation of a coiiie it will 
enter in the first degree into the equation of the polar. Thus, 
if P and P' be the polars of a point with regard to two conies 
S, S\ then the polar of the same point with regard to 8-\-hS' 
Ts-illbeP+ArP'. For 

[a-\-ka') aa' + &c, =«««' + &c. + i [(i'aa' + &c.]. 
Ilence, given four points on a conicy the polar of any given point 
passes through ajixedpoint (Ex. 2, Art, 151). 

If Q and Q' be the polars of another point Tvith regard to :S' 
and iS*, then the polar of tills second point with regard to 8+k&' 
is C + kQ'- Thus, then (see Art. 59}, the polars of two points 
witii regard to a system of conies through four points form two 
iiomographic peneils of lines. 

Given two homographic pencils of lines, the locus of the inter- 
section of the correspondimj lines of the pencils is a conic through 
the vertices of the pencils. For, if we eliminate k between 
F-tkP', Q+kQ", we get PQ'^^P'Q. In tbe particular case 
under consideration, the intersection of 7" + kP", Q + kQ' Is the 
pole with respect to jS+ kS' of the line joining the two given 
points. And we see that, given four points on a conic, the locus 
of the pole of a given line is a conic (Ex. 1, Art. 278). 

If an indeterminate enter in the second degree into the 
equation of a conic, it must also enter in tbe second degree 
into the equation of the polar of a given point, which will then 
envelope a conic. Thus, if a conic have douhie contact with 
two fixed conies, tbe polar of a fixed point will envelope one 
of three fixed conies ; for the equation of each system of conies 
in Art, 2b7 contains /* in the second degree. 

We shall in another chapter enter into fuller details re- 
specting tbe general equation, and here add a few examples 
illustrative of tbe principles already explained. 

Es. 1. A point moves along a flsed line ; find tlie loons of tho intersection of its 
polars with regaiiJ to two fiicd conica. If the polara of any twopointa «'(!*'■)'', a"^'y" 
on tUe given line with respect to the ts'o conica be F', F"; C, Q"; Hien any other 
point on the line is Xa' + /la", X)5' + 11$", Xy' + jiy" ; and its polara KP' + /iP" 
\Q' + p-Q", which intersect on the conic P'Q" = F'Q.'. 

Ex. 2. The anharmonio ratio of four points on a light line is the Buma as tlint 
of their four polais. 

For tlie onhBrmonic ratio of the four points 
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is evidently the same as that of the four lines 

IP' + mP", fp- + m'P", l"P- + m"P", V"P' + m'-P". 
Bs. 8. To find the equation of the p^ of tangents at tlie points where a conic S 

The equation of the polar of any point on y is (Art, 291) a'S, + /S'Sj = 0. But 
the points where y meeta the curve are found by making 7 = in the goieral 
equation, whence 

aoT' + eSa'jy + 5(1" = 0. 

Eliminating a', (5" between these equations, we get for the equation of the pair 
Thna the equation of the osymptotes of a conic (given by the Cartesian equation) is 

for the a=ymptote9 are the tangents at the points where the curve is met bj the line 
at infinity s. 

Bk. 4. Given three points on a conic: if one asymptote pajs through a fised 
point, the other will envelope a conio touching the sidra of the given triangle. If 
(„ tj be the Dsymptotea, and an + 4^ + cy the line at infinity, the equation of the 
conic is t,<a = (ran + */S + oy)'. But since it paesss through &y, 7a, aji, the eqw- 
tion mnst not contain the terms a', ^, y'. If therefore (, be Xa + nj3 + ^y, (j must 
bey(H--(9+-y; and if (j pass through a'fl'y', then (Ex. 1, Art. 285) (, touches 
a J(aK'} + b 4(^0') + e J(yy') = 0. The same argument proves that if a conic pass 
through three fised points, and if one of its chords of intei'section with a conic given 
by the general equation an= + &c. = be Xa 4-^(3 + 1^, the other will be j^ a + - (J + - y, 

Bs. 6. Given a self conjugate triajiglo with regard to a conio : if one choi-d of 
intersection with a fixed conic (given by the general equation) pass through a fixed 
point, the other will envelope a conic [Mr. Burnside]. The terms q/J, ,9y, ya are 
□ow to disappear from the equation, whence ii one chord be Xm + )i^ + uy, the other 
is found to be 

\a (^j + •'h - \f) + Mp {"h + V- ^^7) + "y (\/+ I^J - •'h). 

Ex. 6. A and A' ("ijSiyi, "Ats) ™* "10 points of contact of a common tangent 
to two conica U, V; P and P' are variable points, one on each conic ; find the locus 
of C, the interseotJon of AP, A'P', if PP' pass thraugh a fixed point on the common 
tangent [Mr. William-sonj. 

Leti" and C denote the polara of ai;3,y„ <t^^i, with respect to if and Irrespec- 
tively i then (Art. 290) if aPy be the coordinates of C, those o£ the point P where 
-ICmeets the conic again, are (7«,-2Pa, ITft - 3PA i7yi - aPy ; and those of the 
point P'are, in like manner, Fii,-2Qn, &c. If the line joming these points pass 
through O, which we choose as the intersection of a, ft we must have 
Va , - 2P a foj - aQg 

and when A, A', ace unrestricted in portion, the looua is a curve of the fourth 
order. If, howevev, these points he in a right hue, me may choose this for the line a, 
and maJtii^ a, and oj = 0, the preceding equation becomes divisible by a, and re- 
duces to the corve of the third order -PFft = QUp,- Further, if the given points 
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are points of contact of a common tangent, P and Q lepresent the same linei and 
another factor divides out of tlie equation which reduces to one of the foim f = i F, 
representing a conic tln-oagh the intersection of the giren oonios. 

Bs. 7. To inscribe in a. conic, given hy the general equation, a triangle whose 
Hides pass through the three points ^y, ya, a^. We shall, as before, write Si, iSj, S, 
for the thi-ee quantities, aa-i-hp + gy, ha + b^+fy, ga+Jp + cy, Now rt'e bars 
seen, in general, that the line joining any point on the curve aPy to another 
point a'^'y' meets the curve again in a point, whose coordinates are S'a — 2P'a', 
S'p - 2f (?, S'y - 2P'y. Now if the point ./(SV be the intCKCCtion of Unea ft y, 
we may take a' = 1, p' = 0, y' = 0, which gives S' = ri, P' = S^ and the coordhiatea 
of the point where the line joining aj3y to j3y meets tha curve, ate an — 25i, h(3, ay. 
In lite manner, the line joining u)3y to ya, meets the curve again in in, bp — 25), by. 
The line joining theso two points will pass thi-ongh a^, if 



Bnt ainco a(3y ia on the curve, nS, + /Jfij + yS, = 0, and the equation last written 
i-educes to 

yi/S,+gSs~hS,) = 0. 

How the factor y may be set aside as irrelevant to the geometric solution of the 
problem ; for although either of the points whei-e y meets the onrre fulfils the con- 
dition which we have expressed analytically, namely, that if it be joined to 0y and 
to ya, the joining lines meet the curve again in points which lie on a line with a0; 
yet, since these joining lines coincide, they cannit bs sides of a triangle. The vertai 
of the Bonght triangle is therefore either of the points where the curve is met by 
fS, + ffS, — hS,. It can be verified immediately that /Si = gS, = hS, denote the 
lines joining the correspondmg vertices of the trianglp" o^Sy '^jSjSj. Consequently 
(see Ek, 2, Art. 60), the line fS^ + gS^ - **j i? constrULted .g fdlows: " Form the tri- 
angle DJBF whose sides p^ 
are the polars of the -y\ 
given pomfs A, B, C; ^ \ 
let the lines joining (he /"I-— — /— ^, ^ 



of the two triangles /'/fpt~\ I ^..^^^r \ 

meet the opposite sides y^ I Vi...--^7~-C,<^' / \ 

of the polar triangle in y' t-''^^ / ■■1?*>C. \ 

£, JC Jfithenthehnes /O-""'''^ V \ T/^^^^'"^-- \ 

LM, MN, NL pass y^^,^...''''''^ ^—-^^^-"^ "'-^.^^•^ 

through the vertices of ^- -^- ■■ - ^ 

the required triangles." 

The truth of this construction is easily shown geometrically ; for if we suppose that 
we have drawn the two triangles 123, 458 wMch can be drawn through the points 
A, B, C; then applying Pascal's theorem to the hexagon I2345B, we see that the 
line BC passes through the intersection of 16. 84, But this latt«r point is the pole 
of AL (Ex. 1, Art. 146). Conversely, then, AL passes through the pole of BC, and L 
is on the polar of A (Ex. 1, Art, 146). 

riiis construction becomes indeterminate if the triangle is selfconjugate in which 
case the problem admits of an infinity of solutions. 

NN. 
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Es. 6. If two eoiiios have double contact, any tsingcnt to the one is cut liar- 
moaically at its point of contact, the points where it meeia the other, and where 
it meets the chord of contact. 

If in the eqnation S + ^ = 0, we snbEtitnte ?a' + mn", fj5' + »i/3", ly'-i-iiiy", for 
"' ft 77 (■where the points n'/S'-j', a"ji"y" Eatisfj the equation S = 0), we get 
{lR'-{-mR")' + 2lmP=0. 
Now, If the line joinine a'p'y', a"fi"y", touch S + IP, this equation must be a 
perfect square ; and it is evident tha.t the only way this can happen is if P = — 'Jli'B", 
when the equation becomes {IE' — mB'y ■= ; when tlie trnth of the theoi-em is 
manifest, 

Ex. 9. Pitidthe«qnationof theconiet^>uohingflyelirjeB,Tiz.n, A y, Aa+Bli+Cy, 
A'a + B'fi + Cy. 

Ans. (in)* + [«ij3)* + (nyf, where I, m, n are determined by the conditions 

3 + 1+5 = "' Z'^W^V' = °- 

'Ex. 10. Find the equation of the conic touching the five lin^ o, ft y, a + /3 + v, 
2^ + /3 - y. 

Wo haye l + m + n=0, JJ + ni — » = (!: hence the required equation is 

2(-a)* + tSffl* + (7)* = 0. 
Ex. 11. Find the eijuation of the conic touching a, fi, y, at their middle points. 

Ik. 12. Find the condition tliat (laf + {mp)^ + (117}* = should repi-esent a para- 
Ans. The curve touches the line at infinity when „ "*■ r ■*■ J — "■ 

Bi. IB. To find the loons of the focus of a parabola touching a, ft y. 
Generally, if the ooordinatea of one focus of a conic inscribed in the triangle oj?y 
be a'p'y', tbe lines joining it to the vertices of the triangle will ha 

V = 'fi"fy"~/ = 'S' 
and since the lines to the other focus make equal angles with the sides of the triangle 
(Art. 188), these lines wiU be (Art. ho) 



and the coordinates oE the other focus may ha taken — , , =-, , -; . 

Hence, if wb are giren the equation of, any kjous described by one focua, we can 
at once write down the equation of the Icons described by the other ; and if the 
second focus be at infinity, that is, if a" sin J + J3" sin S + 7" sin C = 0, the firet 

must lie on the circle ^^ + —g- + *-^ = 0. The coordinates of the f oons of 
a praahola at infinity are . ^ ■ , . j^, -. ,„, since (rememljeriiig the relation in 
Ex. 12) these values aafisfy both the equations, 

a sin ^ + /S sill -B + 7 ?in C = 0, J^a + J»!(? + J1S7 = 0. 

MuU Bin's Bin=C 

The coordinates, then, of the finite focus ara — 7—, ■ — — -, ^~' 
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Lave just been given, we find 

la. {mD?B + EiQ'C- sin'^) + m^ (sin'P+ auM - ein'B) + ny (sinM + sm'B - sirfC) =0, 

or /aEin-Ssin(7cos^ + n!(jEineBin^oosB + nysm^aQBcDs6' = 0. 

Substituting for B from Ex. 12, the equation become 

ieinBEiiiC(aco3^-7CO3O) + mBine8in^(;JcosB-7OO3C) = 0; 
henoB the divectrix always passes through the inteiseotion of the perpendiculars of 
the triangle (sea Ex. 8, Art. 64). 

Bk. 15. Given four tangents to a conio find tlie locus of the foci. Let the four 
tangents be a, p,y,S; then, since anj line can be expressed in terms of three others, 
these mnat be connected bj an identical relation aa + bfi + cy + d& = fl. This relation 
must be satisfied, not only bj the coordinates ol one focus a'fi'y'i', but also by those 

of the other ~ > oTi ~ i is ■ Ttie locus ia therefore the curve of the tbivd degcea. 
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298. The methods of abridged notation, explained in the 
last chapter, apply equally to tangential equations. Thuf, if 
the constants X, fi, v in the equation of a line be connected by 
the relation 

(aX + bii + cv) {a'X+h'f* + c'v) - {a"X+h"fi.-+ g"v) (a"'X.+&"'/i4 c"'v\ 
the line (Art. 285) touches a conic. Now it is evident that one 
line which satisfies the given relation is that whose X, /i, v are 
determined by the equations 

oX + &/i + cv = 0, a"X + 5'V + c"v = 0. 
That is to saj-j the line joining the points which these iast 
equations represent (Art. 70), touches the conic in question. 
If then a, /9, 7, S represent equations of points, (that is to 
say, functions of the first degree in X, /t, v) ay^k0S is 
the tangential equation of a conic touched by the four lines 
a0, jBy, 7^, Sa, More generally, if S and S' in tangential co- 
ordinates represent any two curves, 8- hS represents a curve 
touched by every tangent common to S and B. For, whatever 
values of X, fi., v maUe both 8 = and S' = 0, must also make 
8— kS' = 0. ThuSj then, if S represent a conic, S — M/3 re- 
presents a conic having common with 8 the pairs of tangents 
drawn from the points a, 8- Again, the equation 07 = i^' 
represents a conic such that the two tangents which can be 
drawn from the point a. coincide with the line a8 ', and those 
which can be drawn from 7 coincide with the line 7^. The 
points a, 7 are therefore on this conic, and is the pole of the 
line joining them. In like manner, S—a^ represents a conic 
Laving double contact with 8, and the tangents at the points 
of contact meet in a ; or, in other words, a is the polo of the 
chord of contact. 

So again, the equation a.y = 1^^ may be treated in the same 
manner as at Art. 270, and any point on the curve may be 
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represented by fi'a 4- 2jj.k0 + 7, while the tangent at that point 
joins the points /ia + k^, fi^fi + 7* 

Ex. 1. To find the locus o£ tlie centre of conies touching four given lines. Let, 
1 = 0, £' = be the tangentiEil equations of any two conies tonciiing the four lines ; 
then, by Art. 298, the tauBential equation of any other i? Z + *L' = 0. And (sea 
Art. 151) the coordinates of the centre are ffTT'^d" c+TC^ ' " "'''™ 

shows (Ai't. 7) that the centre of the variable conic ia on tlie line joining the centi-ea 
of the two assumed conies, whose coorclinates are ts , Ti i ™ i tv ; and that it divides 
the distance between them in the latio C : kC. 

Ei. 2. To find the locus of the irnA of conioa touching four given lines. We have 
only in the equations (Ex. Art, 25Bo) which determinB the foci to substitute A + kA' 
for A, &c, and then eliminala h between them, when we get the result in the form 
-{C(x''~f)-i-'iFy-2Gx-\-A-B){C-xs-Fx-G's+H'] 

- {(T (3!= - j=) + Si^S - 3C'e + ^' - B'\ {Cxy -Fx-Gy + H). 
This represents a curve of the third degree {see Ex. 15, p. 375), the terms of higher 
order mutually desti-oying. If, however, S and E' he parabolas, S + A-S' denotsa 
a system of parabolas having three tangents common. We have then C and C both 
= 0, and the locus of foci reduces ta a circle. Again, it the conies be concentiic, 
taking the centre as origin, we have F, f , G, G' all = 0. In this case Z + liZ' ve- 
presents a system of conies touching the fonr sides of a parallelogram and the locua 
of foci is ao equilateral hyperbola.f 

Ex. 3. The director circles of conies touching four fixed lineH have a common 
radical axis. This is apparent from what was proved, p. 270, that the equation of 
the director circle is a linear function of the coefficients A, B, &c., and that therefore 
Then we substitute A + kA' foe A, &c it will he of the form S + kS' = 0. This 
theoi'em inclodes as a particular ease, "The circles having for diameteia the three 
diagonals of a complete quaddlatei'al have a common radical axis." 

299. Thus we see (as in Art. 70) that each of the equations 
used in the last chapter is capable of a double interpretation, 
according as it is considered as an equation in trilinear or in 
tangential cooidinites And the equations used in the last 
chapter, to eitabhsh any theorem, will, if interpreted as equations 

* In other words, i£ in any system x'l/V, a'y'a", be the coordinates of any two 
points on a oonio, and x g i" those of the pole of the line Joining them, the co- 
ordinatea of any point on the cnrve may be written 

;i a + ^iiisn" + x', /iy+ ip-ky'" + y", cV + 2fiia"' + e", 
■wMle the tangent at that point divides the two fixed tangents in the ratios ii : h, 
/ik ; 1. When i = I, the curve is a parabola. Wnnt of space prevents! us from giving 
illustrationa of the great use of this pnnoiple in solving examples. The reader may 
try the question :— To find the loons of the point where a tangent meeting two fixed 

t It is proved in like manner that the locus of foci of conica passing through four 
fixed points, which is in general of the sixth degree, reduces to the fourth when the 
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in tangential cooi'dlnates, yield another theorem, the reciprocal 
of the former. Thus (Art. 266) we proved that if three conies 
(S, ^4- LM, 8+LN) have two points {8, L) common to all, 
the chords in each case joining the remaining common points 
{M, N, M—N), will meet in a. point. Consider these as 
tangential equations, and the pair of tangents di'awn from L 
is common to the three conies, while JIf, N, iif~ if denote in 
each case the point of intersection of the other two common 
tangents. We llius get the theorem, " If three conies have two 
tangents common to all, the intersections in each case of the 
remaining pair of common tangents, lie in a right line." Every 
theorem of position (that is to say, one not involving the magni- 
tudes of lines or angles) is thus twofold. From each theorem 
another can be derived by suitably interchanging the words 
"point" and "line"; and the same equations differently inter- 
preted will establish cither theorem. We shall in this chapter 
give an account of the geometrical method by which the attention 
of mathematicians was first called to this " principle of duality."* 

300. Being given a fixed conic section (17) and any curve 
(iS), we can generate another curve (s) as follows: draw any 
tangent to 8, and take its pole with regard to U\ the locus of 
this pole will be a curve s, which is called the polar curve of 8 
with regard to U. Tlie conic U, with regard to which the pole 
is taken, Is called the auxiliary conic. 

We have already met with a particular example of polar 
curves (Ex. 12, Art. 225), where we proved that the polar curve 
of one conic section with regard to another is always a curve of 
the second degree. 

We shall for brevity say that a point corresponds to a line 
when wo mean that the point is the pole of that line with regard 
to U, Thus, since it appears from our definition that every point 
of s is the pole with regard to Z7of some tangent to 8, wc shall 

* Tho method of reciprocal polara was introdnced by M. Poneelet, whose account 
of it will be foimd in Crelle's Journal, -vol. iv. M. Pliioker, in Ms "System der 
Analj'tisolien Geometrie," 1335, preaented the principle of dnaiity in the purely ana- 
lytical point ol Tiew, from which the subject is treated at the beginning of this 
chapter. But it was Mobius who, in his " Barycentrische Calcol," 1827, itaA made 
the important step of introducing a system of coordinatea in which the position of 
a right line whs indicated by cooi-dinatea and that of a point by an ecjnation. 
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briefly express this relation by saying that every point of s cor- 
responds to some tangent of 8. 

301. Tlie point of intersection of two tangents to S will corre- 
spond to the line joining the corresponding points of s. 

This follows from the property of the conic U, that the point 
of intersection of any two lines is the pole of the line joining 
the poles of these two lines (Art. 146). 

Let us suppose that in this theorem the two tangents to 8 
are indefinitely near, then the two corresponding points of s will 
also be indefinitely near, and the line joining them will be a 
tangent to a] and since any tangent to S intersects the con- 
secutive tangent at its point of contact, the last theorem be- 
comes for this case: If any tangent to 8 correspond to a point 
on Sj the point of contact of that tangent to S will correspond to 
the tangent through the point on s. 

Hence we see that the relation between the curves is reci- 
procal, that is to say, that the curve S might be generated from 
s In precisely the same manner that s was generated from S. 
Hence the name " reciprocal polars." 

302. We are now able, being given any theorem of position 
concerning any curve *S, to deduce another concerning the curve s. 
Thus, for example, if we know that a number of points con- 
nected with the figure S lie on one right line, we learn that the 
corresponding lines connected with the iigure s meet In a point 
{Art. 146), and vice verad / if a number of points connected 
with the figure S lie on a conic section, the corresponding lines 
connected with s will touch the polar of that conic with regard 
to U; or, in general, if the locus of any point connected with 8 
be any curve 8', the envelope of the corresponding line connected 
with a is s', the reciprocal polar of 8". 

303. The degree of the polar reciprocal of any curve la equal 
to the clasa of the curve (see note, Art. 145), that is, to the number 
of tangents which can be drawn from any point to that curve. 

For the degree of s is the same as the number of points in 
which any line cuts s ; and to a number of points on s, lying on 
a right line, correspond the same number of tangents to 8 passing 
through the point corresponding to that line. Thus, if 5" be a 
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conic section, two, and only two, tangents, real or imaginary, 
can be drawn to It from any point (Art. J45); tLerefore, any 
line meets s in two, and only two points, real or imaginary ; we 
may tliua infer, independently of Ex. 12, Art, 225, that the reci- 
procal of any conic section is a curve of the second degree. 

304. "We shall exemplify, in the case where S and s are conic 
sections, the mode of obtaining one theorem from another by 
this method. We know (Art. 267) that "if a hexagon be in- 
scribed in 8, whose sides are A, S, (7, Z), £, F, then the points 
of intersection, AD, BE, OF, are in one right line." Hence we 
infer, that " if a hexagon be cireuwi scribed about s, whose vertices 
are a, h, c, d, e,f, then the lines, ad, be, of, will meet in a point^' 
(Art. 265). Thus we see that Pascal's theorem and Brianchon's 
are reciprocal to each other, and it was thus, in fact, that the 
latter was first obtained. 

In order to give the student an opportunity of rendering him- 
self expert in the application of this method, we shall write in 
parallel columns some theorems, together with their reciprocals. 
The beginner ought carefully to examine the force of the argu- 
ment bj which the one is inferred from the other, and he ought 
to attempt to form for himself the reciprocal of each theorem 
before looking at the reciprocal we have given. He wilt soon 
find that the operation of forming the reciprocal theorem will 
reduce itself to a mere mechanical process of interchanging the 
words "point" and "line," "inscribed" and "circumscribed," 
"locus" and "envelope," &c. 

If two vertices of a triangle move If two aUea of a trianglG pas through 

along fixed right linea, while the sidea feed points, while the vertices move on 

pass each through a fixed point, the locus fixed tight lines, the envelope of the third 

of the third vertex is a conic peotion. side is a conio section. 
(Art. 269). 

If, however, the points through whinh If the lines on which the vertices move 

the sides pass lie in one right line, the meet in a point, the third side will pass 

locns wiE be a right line. {Es. 2. p. 41). through a fised point. 

In wiiat other case will the loons be In what other case will the third side 

a right hue? (Bi. 3, p. 42). para thi'ough a fixed point ? (p. 49). 

If two conies touch, their reciprocals will also touch ; for the 
first pair have a point common, and also the tangent at that point 
common, therefore the second pair will have a tangent common 
and its point of contact also common. So likewise if two conies 
have double contact their reciprocals will have double contact. 
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If a triangle be cirouoi scribed to a If a. triangle ba inEcribed in a ooiiio 

conio section, two of whose vertices move section, two of wiioae ades pass through 

on Sied lines, the loons of the third ver- fised points, the envelope of the third side 

ten is a conio section, having doahle eon- is a conic section, having double contact 

tact with tlie given one. (Ex. 2, p. 250). with the given one. (Ex. 3, p, 250). 

305. We firoved (Art. 301 , see figure, p. 283) if to two pointa 
P, P', on 8, correspond the tangents pt, p't', on s, that the tan- 
gents at P and P' will correspond to the pointa of contact p, p', 
and therefore Q, the Intersection of these tangents, will corre- 
spond to the chord of contact pp'. Hence we learn that to 
any point Q, and its polar PP', with respect to S, correspond a 
line pp' and its pole g with respect to s. 

Given two points on a conic, and two Given two tangents and two pointa 

of its tangents, tlie hno joining the points on a conic, the point of intersection of the 

of contact of tliose tangents passes through tangents at those points will move along' 

one or other of two fixed points. (Ex., one or other of two fixed right lines. 
Art. 286, p. 262). 

Given fonr pointa on a conic, the polar Given tour tangents to a conic, the 

of a Hxed point passes through a fixed locus of the pole of a fixed right hne is 

point. (Ei. 2, p. 153). a right line. (Ex. S. p. 254). 

Given four pointa on a conic, the locns Given four tajigenis to a conic, the 

of the pole of a fixed right line is a conio envelope of the polar of a Qjied point is 

eeotioD. (Ex. 1, p. 254). a conic section. 

The lines joining the vertices of a tri- The points of intersection of each aide 

angle to the oppoaita veitices of its polar of any tiiangle, with the opposite side of 

triangle with regard to a conio meet in the polar triangle, lie in one right line. 
a point. (Art. 99). 

Inscribe in a conio a triangle whose Circumscribe about a conio a triangle 

sides pasa through three given pointa. whose vertices rest on three given hnea. 
(Bi. 7, Ari>, 297, p. 273). 

306. Given two conies, 8 and .S", and their two reciprocals, 
s and /; to the four points A, B, C, D common to 8 and S' 
correspond the four tangents a, h, c, d common to s and a, and 
to the six chords of intersection of S and S, AB, OB; AG, J3D; 



AD, BG correspond the s e 
to s and s'; ab, cd; ac^bi alb'* 


19 of common tangents 


If three conies have two comm 
gents, or if they have each d6nble tao 
with a fourth, their six chords te h 
section will pass tto-ee by three hro h =e 
the same points. (Art. 264). h 

Or, in other words, three oonica g 
each double contact with a fourth 


s conies have two points com- 
they have each double contact 

urth, the sin points of inter- 

,e same right lines. 

X oonicJ, having each double 


• A system of four points connected by sis lin 
as a sjstern of four lines intersecting in six points ■ 


es la accurately called a quadrangle, 
is called a quadrilateisl. 



y Google 



THE METHOD OF KECIPKOCAL P0LAH3. 



tonsldered as having tour 


radical 


centres. 


Art. 117, of which this theorem is an es- 
tension). 

If from any point on the tangent at 


It througli the point oJ 




t of two 


cojiicB which touch, any ciiord Ik 


! drawn, 


the point of contact of two conica which. 


tangents at iCa eitremitte 


:3 will 




touch, a tangent be drawn to e.ich, the 


the common chord of the 1 


:wo con 


ics. 


line joining then' pointa of contact will 
tangents to the conies. 


If through an interred 




»mmon 


If on a common chord of two conica, 


tangeuta of two oonica an 




any two pointa be taken, and from these 


drawn, lines joining their 




ties will 


tangents be drawn to the oonics, the dia- 


intersect on one or other of the ■ 




gonals of the qnadiilatei'al eo formed will 


chords of the two conies. 


(Bs:. I, 


p. 250). 


pass through one or other of tho intersec- 
tions of common tangents to the conies. 


If .4 and She two con 


ics havi 


ngeaoh 


If A and B be two conies having each 



douUe contact with 3, the chords of con- 
tact of A and -B with S, and their chorda 
of inteisection with each other, meet in 
a point, and form a harmonic pencil. 
(Art. 263). 

HA, B, C be three conies, having 
each double contact wisii S, and if A and 
B iKith touch C, the tangents at the points 



of the tangents at their points of contact 
with 8, and the intersections of tangents 
common to A and B, lie in one right line, 
which they divide harmonically. 

If A, B, C be three conies, having 
each double contact with 5, and if A and 
B both touch C, tlie linejoining the points 
of contact will pass through an intersec- 
tion of common tangents of A and B. 



chord of A and B 

307, We have hitherto supposed the auxiliary conic U to be 
any conic whatever. It ia most common, however, to suppose 
ihis conic a circle ; and hereafter, when we speak of polar curves, 
we intend the reader to understand polara toith regard to a circle, 
unless we expressly state otherwise, 

We know (Art. 88) that the polar of any point witii regard 
to a circle h perpendicular to the line joining this point to the 
centre, and that the distances of the point and its polar are, when 
multiplied together, equal to the square of the radius; hence the 
relation between polar curves with regard to a circle is often 
stated as follows : Being given . 
any point 0, if from it we lei fall 
a perpendicular OTon any tan- 
gent to a curve 8, and produce 
it until the rectangle OT. O-p is 
equal to a constant A*, tlien the 
locus of the point p is a curve s, 
which is called ike polar ndprn- 
cal qf S. For this is evidently 
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equivalent to saying that y ia tte pole of PT, with regard to 
a circle whose centre is and radius h. We see, therefore 
(Art. 301), that the tangent ft will correspond to the point of 
contact P, that is to say, that OF will be perpendicular to pt, 
and that OP.Ot = ]^. 

It is easy to show that a change in the magnitude of h will 
aifect only the size and not the shajye of 5, which is all that ia 
most cases concerns us. In this manner of considering polars, 
all mention of the circle may be suppressed, and s may be called 
the reciprocal of 8 with regard to the point 0. We shall call 
this point the origin. 

The advantage of using the circle for our auxiliary conic 
chiefly arises from the two following theorems, which are at once 
deduced from what has been said, and which enable us to trans- 
form, by this method, not only theorems of position, but also 
theorems involving the magnitude of lines and angles ; 

The distance of any point P from the origin ia the reciprocal of 
ike distance from the origin of the corresponding line pt. 

The angle TQT' between any two lines TQ, T'Q, ia equal to 
tlie- angle-pop' suhtended at the origin by the corresponding points 
Pif' ; for Op is perpendicular to TQ^ and Op' to T'Q. 

We shall give some examples of the application of these 
principles when we have firet investigated the following 
problem : 



308. To find the polar reciprocal of one circle with regard to 
another. That is to say, to tind the locus of the pole p with re- 
gard to the circle [0] of any tangent PTto the circle (C). Let 
MN be the polar of the point 
with regard to 0, then having 
the points 0, p, and their polars 
MN, PT, we have, by Art. 101, 



the ratio -;=-=, = — ^, hut the first 
CP pN^ 

ratio is constant, since both OG 

and CF are constant ; hence the 

distance ot p from is to its distance from MN in the constant 

ratio 00: CF; its locu^ Is therefore a conic, of which Oisafocus, 

MN the corresponding directrix, and whose eccenti-icity is 00 
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divided by CP. Hence the eccentricity is greater, less tban, or 
= 1, according as is without, within, or on the circle G. 

Hence the polar reciprocal of a circle is a conic section, of 
tohich the origin is the focus, ike line corresponding to the centre 
is the directrix, and which ia an ellipse, hyperhola, or parabola, 
according as the origin is within^ without, or on the circle, 

309. We ahall now deduce some properties concerning angles, 
by the help of the last theorem given in Art. 307. 



tangents to a circle i 


nako 


The line drawn from the fooua to tlia 


Kitli tlieir diotd of oont: 


lot. i 


ntersection of two tangents bisecta tlia 
ingle sHblended at the fooas by theii 
iiord of contact, (Art. 191). 



For the angle between one tangent PQ (see fig., p. 282) and 
the chord of contact PP' is equal to the angle subtended at the 
focus by the corresponding points p, 5; and similarlj, the angle 
QP'P is equal to the angle subtended by y , 5 ; therefore, since 
QPP'=QP-P,pOq=p'Oq. 

Any tangent to a circle ia perp-en- Any point on a conic, and the point 

dicular to the line joining its point of where its tangent meets the directrix, 
contact to the centre. anbtend a right angle at the focus. 

This follows as before, recollecting that the directrix of the 
B to the centre of the circle. 



Any point and the interoeotion of its 

polar with the directrix subtend a rigl t 

" angle at the focus. 

The line joining any point to the If the point whers any hne meets the 

contre of a drcle makes equal angles with directrii be joined to the focus th"" ]om- 

the tangents through that point. ing line will hiacot the an^le between the 

focal radii to the points wbeie the given 

line meets the curve. 

The locus of the inter=edion of tan- The envelope of a chord of a conic, 

genta to a drcle, which cut at a given which subtends a given angle at the focus, 

angle, is a concentiic circle is a conic having the same focus and the 

same directrix. 

The envelope of the chord of contact The locus of the intersection of tan- 

oi tangents which cue at a given angle gents, whose chord subtends a given angle 

is a concentric cirolo. at the focna, is a conio having the same 

foons and directrix. 

If from a fised point tangents be If a fixed hue In'erEeot a series of 

drawn to a scries of concentric circles, conies having the same focus and same 

the locns of the points of contact will be diceotrii, the envelope of the tEingents to 

a circle passing through the fixed point, the conica, at the points where thia hne 

and through the common centre. meets them, will be a conic having the 

same fooua, and touching both the fixed 
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In the latter theorem, if the fixed line be at infinity, we find 
the env p pap g 

b p b e 

d 



h p 



potth cob 1 1e,i3a conic haiing the same fociis 

d til same directrix. 

G b drtil !f Cenin position two sides of a tii- 

tna rI tl l f rt 1 gl and the angle subtended by the 

pisgth ghth tmt,jftli b ta given point, the envelops of the 

b b ia a conic, of which that point is a 

foo nd to which the two given sides 

11 be tangentE, 

Th 1 cu f th ti> ect ft Th envelope of any chord of a conic 

gett \\i<if hpebla whi h wh h subtends a right angle at any fixed 

tat ght an lesia 1 pi. t ? a conic, of whlcfi that point ia 

" If from any point on the circnmference of a circle perpen- 
diculars be let tall on the sides of any inscribed triangle, their 
three feet will He in one right line" (Art. 125). 

If wc take the fixed point for origin, to the tnangle inscribed 
in a circle will correspond a triangle circumscribed about a para- 
bola; again, to the foot of tbo perpendicular on any line corre- 
sponds a line through the corresponding point perpendicular to 
the radius vector from the origin. Hence, " If we join the focus 
to each vertex of a triangle circumscribed about a parabola, and 
erect perpendiculars at the vertices to the joining lines, those 
perpendiculars will pass through the same point." If, therefore, 
a circle be described, having for diameter the radius vector from 
the focus to this point, it will pass through the vertices of the 
circumscribed triangle. Hence, Given three tangents to a para- 
bola, the locus of the focus is the circumscribing circle (p. 207J. 

The locna of the foot of the perpcn- It from any point a radins vector he 

dioiilar (or of a line making a constant drawn to a circle, the envelope of a per- 
angle with the tangent) from the foous pondloulat to it at its extremity (or of a 
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310. Having sufficiently exemplified in the last Article the 
method of transforming theorems involving angles, we proceed 
to show that theorems involving the magnitude of lines passing 
through the ortyin are easily transformed by llie help of the first 
theorem in Art. 307, For example, the sum (or, in some cases, 
the difference, if the origin be without the circle] of the perpen- 
diculars let fall from the origin oa any pair of parallel tangents 
to a circle is constant, and equal to the diameter of the circle. 

Now, to two parallel lines correspond two points on a line 
passing through the origin. Hence, "the sum of the reciprocals 
of the segments of any focal chord of an ellipse is constant." 

We know (p. 185) that this sum is four times the reciprocal 
of the parameter of the ellipse, and since we learn from the 
present example that it only depends on the diameter, and not 
on the position of the reciprocal circle, we infer that the reci- 
procah of equal circles, with regard to any origin, have the same 



Hence, given the tangent from the origin to a circle, we are 
given the conjugate axis of the reciprocal hyperbola. 

Again, the theorem that the sum of the focal distances of 
any point on an ellipse is constant may be expressed thus : 

The sum of the distiincBs from the The aum of the reciprocals of perpeu- 

focns of tho points of contact of parallel flionlars let fall from any point within a 
tangents is constant. drde on two tangents, whose chord of con- 

titct pasEes through the point, ia constant, 

311. If we are given any homogeneous equation connecting 
the perpendiculars FA, PB, &c. let fall from a variable point P 
on fixed lines, we can transform it so as to obtain a relation 
connecting the perpendiculars ap, hp' &c., let fall from the fixed 
points a, 5, &c., which correspond to the fixed lines, on the 
variable line which corresponds to P. For we have only to 
divide the equation by a power of QP, the distance of P from 
the origin, and then, by Art. JOl, substitute for each term 
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^,^. For example, if FA, PB, PC, PD be the perpeti- 

diculara let fall from any point of a conic on the sides of an 
inscribed quadrilateral, PA.PG^hPB.PD (Art. 259). Divid- 
ing each factor by OP, and substituting, as above, we have 
ap cp" 

Infer that if a fixed quadt-tlataral he circumscribed to a conic, 
the ■product of the perpendiculars let foil from two opposite vertices 
on any variable tangent is in a constant ratio to ike product of ike 
perpendiculars let fall from the other two vertices. 

The product of the perpendioulais from The product of tlie perpendionlsiis from 

any point of a conic on two filed tangents two fixed points of a conio on Bny tan- 

iB in a constant ratio to the eqnare of tlte gent, ia in a constant ratio to the square 

perpendiculEir on their chord of contact, of the perpendicular on it, from theinter- 

(Art. 259). eeotion of tangents at those points. 

If, however, the origin be taken on the chord of contact, tbe 
reciprocal theorem is "the intercepts, made by any variable 
tangent on two parallel tangents, have a constant rectangle." 

The product of tha perpendiculars on The square of the radjns vector fi-om 

any tangent of e, conic from two fiiccJ a fixed point to any point on a conic, is in 
points (the ioci) is wnatant. n constant ratio to the product of the per- 

pendiculars let fall from that point of the 
conic on two fin^d right lines. 

Generally, since every equation in trilinear coordinates is 
a homogeneous relation between tbe perpendiculars from a point 
on three fixed lines, we can transform it by the method of thia 
article, so as to obtain a relation connecting X, /m, v, the per- 
pendiculars let fall from three fixed points on any tangent to 
the reciprocal curve, which may be regarded as a kind of tan- 
gential equation* of tbat cuiTe. Thus tbo general trilinear 
equation of a conic becomes, when transformed, 

P P P PP P P PR 

where p, p', p" are the distances of the origin from the vertices 
of the new triangle of reference. Or, conversely, if we are 
given any relation of the second degree -^V + &e. = 0, con- 

• See Appendix on Tangential Equations. 



y Google 



288 THE METHOD OF BECIPROCAL P0LAR8. 

necting the three perpendiculars X, /j., v, tlie trillnear equation 
of the reciprocal curve is 

a." ^' y' ^y y a. a.p ^ 

where a', /3', 7' are the trilinear coordinates of the origin, 

Es. 1. Giren the focus and" a triangle cireumgcribing a conio, the perpendicalara 
let fall from its vertices on any tangent to tlie conio are connects by the relation 

where 6, 6', 6" axe the angles the Bides of the trLangle subtend at the focus. This 
is obtained by forming the vecipracal of the trilinear equation of the circle droum- 
Bcrihing a triangle. If the centi'e of the inscribed cu-cle be taken aa foeua, we have 
e = 90" + ^A, p sin 1^ = J", whence the tangential equation, on this system, of the 
inscribed cii'cle is 

,,1: cot 4.1 + vK cot \B + X;t cot 5 17 - 0. 
In the case of any o£ the exacribed circles two of the cotangents are replaced by 
tangsnta, 

Es. 2. Given the focus and a tiiangle insciibed in a c«nio, the perpendiculars let 
fall from ita vertices on any tangent are connected by the relation 

The tangential equation of the ciTcnmscribing; drcle takes the form 
an ^ J(X) + sin i( Jt") + dn C JM = 0. 
Ex. 3. Given focus and three tangents the trilinear equation of the conic is 

Tliis is obtained by reciprocating the equation of the droumacribing circle last found. 
Ux. 4. In like manner, from Ejt. 1, we find that given focus and three points the 
trilinear equation is 

tan \» ^ + tan je' |' + tan ^" 'J^ = 0. 

312. Very many theorems concerning magnitude may be 
reduced to theorems concerning lines cut harmonically or an- 
il arm on ically, and are tranaformed by the following principle: 
To any four points on a right line correspond four lines passing 
through a pointy and the anharmonic ratio of this pencil is the 
same as that of the four points. 

This is evident, since each leg of the pencil drawn from the 
origin to the given points is perpendicular to one of the corre- 
sponding hnes. We may thus derive the anharmonic properties 
of conica in general from those of the circle. 
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The first of these theorems is true for the circle, since all the 
angles of the pencil are constant, therefore the second is true 
for all conies. The second theorem is true for the circle, since 
the angles which the four points subtend at the centre are 
constant, therefore the first theorem is true for all conies. 
By observing the angles which correspond in the reciprocal 
figure lo the angles which are constant in the case of the circle, 
the student will perceive that the angles which the four points 
of the variable tangent subtend at either focus are constant, 
and that the angles are constant which are subtended at the 
focus by the four poiuts in which any inscribed pencil meets 
the directrix. 

313. The anharmonie ratio of a line is not the only relation 
concerning the magnitude of lines which can he expressed in 
terms of the angles subtended by the lines at a fixed point. 
For, if there be any relation which, by substituting (as in Art. 56) 



OP 

duced to a relation between the sines of angles subtended at a 
given point 0, this relation will be equally true for any trans- 
versal cutting the lines joining to the points A, B, &c. ; and 
by taking the given point for origin a reciprocal theorem can be 
easily obtained. For example, the following theorem, due to 
Carnot, is an immediate consequence of Art. Ii8: "If any 
conic meet the side AB of any triangle in the points c, c' ; BO 
in a, a' J AC in 5, £' ; then the ratio 

Ac.Ac'.Ba.Ba'.Cl>.O h'_ „ 

Ab.Ab'.Bc.Bc'.Ca.Ca' 
Now, it will be seen that this ratio is such that we may 
substitute for each line Ac the sine of the angle AOc, which it 
subtends at any fixed point ; and if we take the reciprocal of 
this theorem, we obtain the theorem given already Art. 295. 

314. Having shown how to form the reciprocals of particular 
theorems, we shall add some general considerations respecting 
reciprocal conies. 

We proved (Art. 308) that the reciprocal of a circle is an 
ellipse, hyperbola, or parabola, according as the origin is within. 
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without, or on the curve ; wo shall now extend this conclusion to 
all the conic sections. It is evident that, the nearer any line or 
point is to the origin, the farther the corresponding point or line 
will be ; that if any line passes through the origin, the corre- 
sponding point must be at an infinite distance ; and that the line 
corresponding to the origin itself must bo altogether at an infinite 
distance. To two tangents, therefore, through the origin on one 
figure, will correspond two points at an infinite distance on the 
other ; hence, if two real tangents can be drawn from the origin, 
the reciprocal curve will have two real points at infinity, that is, 
it will be a hyperbola ; if the tangents drawn from the origin he 
imaginary, the reciprocal curve will be an ellipse ; if the origin 
ho on the curve, the tangents from it coincide, therefore the 
points at infinity on the reciprocal curve coincide, that is, the 
reciprocal curve will be a parabola. Since the line at infinity 
corresponds to the origin, we see that, if the origin bo a point on 
one curve, the line at infinity will be a tangent to the reciprocal 
curve ; and we are again led to the theorem (Ai't. 254) that 
emry fardboVx has one tangent stttuifed at an infinite distance, 

315. To the points of contact of two tangents through the 
origin must correspond the tangents at the two points at infinity 
on the reciprocal curve, that is to say, the asymptotes of tiie 
reciprocal curve. Tbe eccentricity of the reciprocal hyperbola 
depending solely on the angle between its asymptotes, depends 
therefore on the angle between the tangents drawn from the 
origin to tbe original curve. 

Again, the intersection of the asymptotes of the reciprocal 
curve {i.e. its centre) corresponds to the chord of contact of 
tangents from the origin to the original curve. We met with 
a particular case of this theorem when we proved that to tbe 
centre of a circle corresponds tbe directrix of the reciprocal 
conic, for the directrix is the polar of the origin which is the 
focus of that conic. 



Ex. 2. Prove tliat the following theorems a! 

Tlie intei'seotion of perpendiculara of The in 

a triangle circmnscribing a parabola ia a a triangle 
point on the directrix. perbola lii 
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Es. 8. DetiTfi the last from PaEi;al'3 theorem. (See Sx. 3, p. 247), 
Ex. 4. The aie5 of the reciprocal curve are parallel to the tangent aiid normal of 
a conic drawn tliroiigh the origin confooa! with the giren one. For the axes of the 
reciprocal cnrve mnst be pai'allel to the internal and extemBl biseotoia of tlie anglo 
between the tangents drawn from the oi^n to the given curve. Ihe theorem stated 
follows by Alt. 189. 

316. Given two circles, we can find an otigin sncli tlut the 
reciprocals of both shall be confocul conic Tot, since the leci- 
procals of all circles must have one focni (the origin) common, 
in order that the other focus should be common, it is only 
necessary that the two recipiocal curves ihould have the same 
centre, ihat is, that the polai of the oiigui with regaid to both 
circles should be the same, or that the oiigin should be one of 
the two points determined in Ait. JU. Hence, given a it/item 
of circles, as in Art, 109, their lecipiocak with regard to one of 
these limiting points will be a st/slf7n ot confocal comes 

The reciprocals of any two comes wdl, m like mannet, be 
concentric if taken with legaid to any of the three points 
(Art, 282) whose polars with regard to the cui\es ate the same. 
Gonfocal conies cut at right anglts The common tan^nt to two circles 
(Art. 188). subtenda a n^bt angle at either limit- 

ing pomt 
The tangents from any point to two If any line mter.,eot two circles, ita 
confocal conicB ai-e equally inclined to two intercepts betw een the circles subtend 
each other. (Art. 189], equal angles at eithei hunting pomt 

The locuE of the pole of a fised Ime The polar of a fixed point, with regard 

with regard to a series of confocal conies to a series ot circles having the same 

is a hne perpendicul^ to the fixed line, radical axis, passes through a fixed point; 

(Art. 226, Ex. 3). and the two points Euhtend a tight angle 

at either limiting point. 

317, We may mention here that the method of reciprocal 
polars affords a simple solution of the problem, "to describe a 
circle touching three given circles." The locus of the centre 
of a circle touching two of the given circles (1), (2), is evidently 
a hyperbola, of which the centres of the given circles are the 
foci, since the problem is at once reduced to — " Given base and 
difference of sides of a triangle." Ilenec (Art. 308) the polar 
of the centre with regard to either of the given circles (l) will 
always touch a circle which can be easily eonstmcted. In like 
manner, the polar of the centre of any circle touching (I) and (3) 
must also touch a given circle. Therefore, if we draw a common 
tangent to the two circles thus determined, and fake the pole 
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of this line with respect to (I), we have the centre of the circle 
touching the three given circles. 

318. To find the equation of the reciprocal of a conic with 
regard to its centre. 

We found, in Art. 178, that the perpendicular on the tangent 
could be expressed in terms of the angles it makes with the axes, 

p''= a" cos'^ + i'' ain'^^. 
Hence the polar equation of the reciprocal curve is 

-5 = a' cos*^ + b' sin'^, 
P 

a'x' tV . 

a concentric conic, whose axes are the reciprocals of the axes 
of the given conic. 

319. To find the equation of the reciprocal of a conic with 
regard to any point (afy'). 

The length of the perpendicular from any point is (Art, 178) 

P = — = ^[a" cos'5 + b" am'6) - x' cos d — y' s'm0-j 
therefore the equation of the reciprocal curve is 
[cexf 4 yg' + k^y = a^x' ■+ h''y\ 

320. Given the reciprocal of a curve with regard to the origin 
of coordinates, to find the equation qf its reciprocal with regard 
to any point {a/?/'). 

If the perpendicular from the origin on the tangent be P, 
the perpendicular from any other point is (Art. 34) 

P— x cos d - y' SID 0, 
and therefore the polar equation of the locus la 

— = -^ — a/ cos 6 — y'&va6\ 

k' a/x + y'v + S' ,R cos 6 p cos ^ 
hence -^ = ^-•'- and — j^— = — - ," - ;;-,^, : 

we must therefore substitute, in the equation of the given 

reciprocal, — ,-. rrr^ f°'' *i ""^ — , , , , ,a fory. 
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The effect of thia subBtitution may be very simply written 
as follows : Let the equation of the reciprocal with regard to 
the origin be 

w„ + M„_, + «„-s + &c. = 0, 
where u^ denotes the terms of the n'^ degree, &c,, then the 
reciprocal with regard to any point i3 

a curve of the same degree as the given reciprocal, 

321, To Jind the reciprocal imth respect to :^ + y" — W of the 
conic given hy the general equation. 

We find the locus of a point whose polar ccaf + yy' — A:' shali 
touch the given conic by writing a:', tf, - A* for X, /*, v in the 
tangential equation (Art. 151). The reciprocal is therefore 
Ax' + ^Hxy + By^-2 Gh^x - 2Fk^y + Ck' = 0. 

Thus, if the curve he a parabola, Corab — h' = 0, and the 
reciprocal passes through the origin. We can, in like manner, 
verity by this equation other properties proved already geo- 
metrically. If we had, for symmetry, written k^ = — z', and 
looked for the reciprocal with regard to the curve x^-i-y^ + e^ = 0, 
the polar would have been xx' + yy' -i-zz', and the equation of 
the reciprocal would have been got by writing x, y, z for \, f>., v 
in the tangential equation. In like manner, the condition that 
\x + ny + vz may touch any curve, may be considered as the 
equation of its reciprocal with regard to x" -i-y" ■¥ z". 

A tangential equation of the «"" degree always represents 
a curve of (be n^ class ; since if we suppose Xa: -f fi.y + vz to 
pass through a fixed point, and therefore have Xx + ny' + vs' = ; 
eliminating v between this equation and the given tangential 
equation, we have an equation of the n"" degree to determine 
X : /t ; and therefore n tangents can be drawn through the given 
point. 

322, Before quitting the subject of reciprocal polars, we 
wish to mention a class of theorems, for the transformation of 
which M. Chasles has proposed to take as the auxiliary conic 
a parabola instead of a circh. We proved {Art, 211) that the 
intercept made on the axis of the parabola between any two 
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lines is equal to the intercept between perpendiculara let fall on 
the axis from the poles of these iiues. This principle then 
enables us readily to transform ibeorems whieh relate to the 
magnitude of lines measured parallel to a fixed line. We shall 
give one or two specimens of the use of this method, premising 
that to two tangents parallel to the axis of the auxiliary parabola 
correspond the two points at infinity on the reciprocal curve, 
and that consequently the curve will be a hyperbola or ellipse, 
according as these tangents are real or imaginary. The reci- 
procal will be a parabola if the axis pass through a point at 
infinity on the original curve, 

"Any variable tangent to a conic intercepts on two parallel 
tangents, portions whose rectangle is constant." 

To the two points of contact of parallel tangents answer the 
asymptotes of the reciprocal hyperbola, and to the intersections 
of those parallel tangents with any other tangent answer parallels 
to the asymptotes through any point; and we obtain, in the first 
instance, that the asymptotes and parallels to them through any 
point on the curve intercept on any fixed line portions whoso 
rectangle Is constant. But this is plainly equivalent to the 
theorem : " The rectangle under parallels drawn to the asymp- 
totes from any point on the curve is constant," 

Choi-ds drawn from two filed points If any tangent to a paratola meet two 
of a hyperbola to a variable third point fiied tangents, perpendiculars f i-om its es- 
intercept a oonatant length on the asymp- tremifiea on the tangent at the rertes will 
tote. (Art. 199, Ex. I). intercept a constant length on that line. 

This method of pai-abolic polars is plainly very limited in 
its application. 
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CHAPTER XVI. 

HARMONIC ABD AKHABMOBIC PrvOFKaTIES OF CONICS* 

323, The harmonic and anliarmoiiic properties of conic bcc- 
tiona admit of so many applications In tlie tlieoiy of these curves, 
that we think it not unprofitable to spend a little time in point- 
ing out to the student tl e n nl er of pa i c lar theo ems either 
directly included in the general enune at ons of these p operties, 
or which may be inferred f om tl e n w tl o t m ch 1 fficulty. 

The cases which -n e si all ost frequently con ider are 
when one of the four po nt of tl e gl 1 1 no who e anl armonic 
ratio we are examining, is at an mfinite distance. The an- 
harmonic ratio of four points, A, B, 0, B, being in general 

(Art. 56) = 'p-p ^ -jTT--, reduces to the simple ratio - -^ when 

I) is at an infinite distance, since then AS ultimately = - DC. 
If the line be cut harmonically, its anharraonic ratio = - 1 ; and 
if iJ be at an infinite d\st&i\ce AB^BG, and -4(7 is bisected. 
The reader is supposed to be acquainted with the geometric 
investigation of these and the other fundamental theorems con- 
nected with anharmonic section. 

324. "We commence with the theorem (Art. 146) : " If any 
line through a point meet a conic in the points B', B'\ and 
the polar of in .fi, the Une OR'BR" is cut harmonically." 

First, Let Bf' be at an infinite distance ; then the line OR 
must ho bisected at Bf ; that is, if through a ficed point a line he 
drawn parallel to an asymptote of an hyperhola, or to a diameter 
of a parabola, the portion of this line between the fixed point and 
its polar vnll he bisected hy the curve (Art. 211). 

" The fundamental property of anbarmonic pencils was given bj Pappus, Math. 
Coll. VII, 129. The name " anlmrmonio " was given ty Chasles in his Eistory of 
Geometry, from the notra to which the lollowing pagea have been deTeloped. Further 
dstaila irill be fonnd in his Traite de Geomefrie Sap^rUtcre; and in his recently 
published 7i-eaiise on Conia. The anhaimoaic relation, howerei, had been studied 
by Mobius in Ms BaTyceniric Calculus, 1827, under the name of " DoppelBchoitts- 
TerhSltnisg." Ijater writers use the iiarae " DoppclYCrl»ltniiS." 
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Secondly. Let B be at an infinite distance, and RB" must 
be bisected at ; that is, if through any point a chord he drawn 
parallel to thepolar of that point, it will be bisected at the point. 

If tbe polar of be at inlinity, every chord through that 
point meets the polar at infinity, and is therefore bisected at 0. 
Hence this point is the centre, or the centre may be considered as 
a point whose polar is at infinity (Art. 154). 

Thirdly. Xiet the fixed point itself be at an infinite distance, 
then all the lines through it will be parallel, and will be bisected 
on the polar of the fixed point. Hence every diameter of a conic 
may he considered as the polar of the point at infinity in which its 
ordinates are supposed to intersect. 

This also follows from the cijuatioii of the polar of a point 
(Art. 145) 

{aoc + hy +9) + [h^ + by +/) ^^ + 3^^^^ = 0. 

Now, if a;'?/' be a point at infinity on the line my = nx, we must 
make % = — , and x' infinite, and the equation of the polar 

becomes m{ax+ hy+g) +n{hx + by -l-f) = 0, 

a diameter conjugate to my = nx (Art. 141). 

325. Again, it was proved (Art. HG) that the two tangents 
through any point, any other line through the point, and the 
line to the pole of this last line, form a harmonic pencii. 

If now one of the lines through the point be a diameter, the 
other will be parallel to its conjugate, and since the polar of 
any point on a diameter is parallel to its conjugate, we learn that 
the portion between the tangents of any line drawn parallel to 
the polar of the point is bisected by tbe diameter through it. 

Again, let the point be the centre, the two tangents wilt be 
the asymptotes. Hence the asymptotes, together with any pair of 
conjugate diameters, form a harmonic pencil, and the portion of 
any tangent intercepted between the asymptotes is bisected by 
the curve (Art. 19G). 

326. The anharmonic property of the points of a conic (Art. 
259) gives rise to a much greater variety of particular theorems. 
For, the four points on the curve may be any whatever, and 
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either one or two of them may he at an infinite distance; the 
fifth point 0, to which the pencil is drawn, may be also cither 
at an iniinite distance, or may coincide with one of the four 
points, in which latter case one of the legs of the pencil will be 
the tangent at that point ; then, again, we may measure the 
anhaimonic ratio of the pencil by the segments on ariT/ line 
drawn across It, which we may, if we please, draw parallel to 
one of the legs of the pencil, so as to reduce the anharmouic 
ratio to a simple ratio. 

The following examples being Intended aa a practical exercise 
to the student in developing the consequences of this theorem, 
we shall merely state the points whence the pencil is drawn, the 
line on which the ratio is measured, and the resulting theorem, 
recommending to tbe reader a closer examination of the manner 
in which each theorem is inferred from the general principle. 

We use the abbreviation [O.ABGD] to denote the anhar- 
monic ratio of the pencil OA, OB, 00, OD. 

Es. 1, [A.ABCD] = {B.ABCB]. 

Let these ratios be estimated Iiy the soements on tlie line CD; lot tlie tangenti 
at A, B meet CD in the points T, T, snd let tlie chord 
AB meet CD in K, then the ratios are 
TK.DG_ KT.B G 

tS7kc~ KB.t'C 

that is, if any chord CD meet two tangeats in T, V, 
and theic choid ol contact in E, 

KO.KT. TD - KD.TK. TO. 

{The reader most he oarefqi, in this and the following 
esamplea, to tike the points of the pencil va tie anme 
orier on hoth sifles of Hie equation. Thufl, on the left- 
hand eida of this equation we took K second, becaueo it 
answers to the leg OB of the pencil ; on the light hand 
we take K first, because it auBWBra to the leg OA). 

Es. 2. Let rand T coincide, then 

KC .TB = - KD .TC, 
or, any ohovd through the intersection of two tangents if 

Ex. 3, Let 7* be at an infinite distance, oc the secant CD di 
and it will be found that the ratio will reduce to 
TK-' = TO. TD. 

Ex. 4. Let one of the points be at an infinite distance, then [O.ABC oi) is oo 
stant. Let this ratio be estimated on the line C 05 , Let the lines ^O, BO cut C 
in a,h; then the ratio of the pencil will reduce to -^ ; and we learn, that if t' 
fixed points, A, B, on a hyperbola or parabola, he joined to any raiiable point 




harmonically by the 
piuallel to PT\ 
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and the joining lines meet a fixed parallel to au asymptote (if the cui 
bola], or a diameter {if the curve ha a parabola], in a, *, then the rs 
be constant. 

Es. 5. If the aama ratio he eatimated on ai 
from any three fixed points to a Taiiahle point, oi 
parallel to an asymptote or diameter, so that £[& : 

Ex. 6, It follows from Ex. 4, that if the li 






a-C' 



How let us suppose the point C to he also at an infinite distance, the 1 
an asymptote, the ratio ai : a'b' hecomes one of eqnality, and lines 
points to any variable point on the hyperbola intercept on either asyi 
poi-tion (Art. 199, Ex. 1). 

Bs. 7, {A .ABC'S} = {S .ABCoi]. 

Let these ratios be estimated on C » ; then if the tangents 
a, b, and the chord of contact AB in K, we have 
Ca _CK 
CK~ Cb 
(observing the caution m Es. 1). Or, if any paralle 
to an asymptote of a hyperbola, or a diameter of a 
parabola, cut two tangents and their chord of con- 
tact, the intercept f»m the curve to the chord is 
a geomatric mean between the intercepts from the 
curve to the tangents. Or, converBely, if a line ab, parallel ti 
Bides of a triangle in the points a, b, K, and there be taken on it a point (7 such that 
CK? = Ca . Cb, the locus of C will bo a parabola, if Ci be parallel to the bisector of 
the base of the tiiangle (Art. 311), but otherwise a hyperbola, to an aaymptote of 
vrhich ai is parallel. 

Ek. 8, Let two of the flsed points be ai infinity, 

{<B.AB a>'X>-i = {CO'. AB<B 
the lines 00 oo , oo ' as ', are the two asympfob^ while 
Let these ratios be estimated on the diameter OA ; 
this line meet the parallels to the asymptotes B 




I and o'i then the r 



i become 



OA _ Oa' 
~0A 



. Or, 



paraUela to the asymptotes through an; 
bola cut any Bemi-diameter, so that it is a mean propor- 
tional between the segments on it from the centre. 

Hence, conversely, if through a fixed point a Imc 
be drawn cutting two fixed lines, Ba, Ba', and a point A 
taken on it so that 0^ is a mean between Oa, Oa', the 
locus ot j1 is a hyperbola, of which is the centre, and 
Ba, Ba', parallel K. iiie asymptotes. . 

Ex.9. Ice .^Bco »'[ = {«'. AS» oc'). 

Let the segments be measured on the asymptotes, and w 




y Google 



ANHAIIMONIC PROPERTIES OP C0KIC9. 299 

327. We next examine some particular cases of the anliar- 
monio property of the tangents to a conic (Art. 275). 

Ex. 1. This propEirty 
for one tangent to a ptira- 
bnla ia alwayc at an in- 
finite distance (Art. 254), 
Hence thraa fixed tan- 
gents to a parabola cot 
any foorth in tlie points 
A, 3, C, eotliat^B:^C' "^ 
ia always conEtant. It 
the Tariable tangents co- 
incide in tnm with each 
of the given tangents, we obtain the theorem, 

(lH~Pq rP- 
Ex. 2. Let two of the tour tai^entB to an eUipae 
other, and let the variable tangent coincide alter- 
nately with each of the parallel tangenta. In the 
fiiat case the ra 




hyperbola be parallel to eaeh 



— , and in the eeound ^-^ 

Hence the rectangle Ab . Si' is constant 

It may be deduced from the Enharmonic p 
perty of the points of a conic, that if the hne' joiiiiig ^"y point o 
A, D, meet the parallel tangents m the pomls i, i', then the rectangle ^i , -D4' " 




328. We now proceed to give some examples of problems 
easily solved by the help of the anharmonic properties of conies. 

Ei. 1. To prove MacLanrin'a method of generating conic Eectiona (p, 243], idz.— 
To find the locus of the vertex F of a triangle whose sides pass through, the points 
A, B, C, and whose base angl^ move on the filed lines Oa, Ob. 

Let ua snppoBs four euch triangles drawn, then since the pencil {ConW") ia the 
same pencil as [C M'h"li"\ we have 

and, therefore, 

{A . aaW'a-} = [B . U'h"h-] ; 
or, from the nature of the question, 

[A. yrV"V] = {S. VVV'V"'} ; 

and therefore A. B, V, V, V, V" lie 

on tie same conic section. Now if the 

tt ihree triangles be flied, it is evident 



that 



t of V" is the o 




passing through ABVV V". 

Or the reasoning may be stated thus; The systems of Imes through A, and 
through B, tieing both homographic with the system thtoi^h C, are homographic 
with each otber ; and therefore (Art. 297) the locus of the intersection of correspond- 
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ing lines is a conic through A and B. The following esamples are, in hie maonei-, 
illusti-ations of the sipphcation ot this principle o£ Art. 287. 

Ex, 2. M. Chaales haa showed that the same demonstration will hold if the ^de 
ab, instead of passing throngh the fixed point C, touch any conic which touches 
Oh, Ob i for then any four podtiona of the base Cnt Oa, Oi, so that 

{oa'a'V"} = |ii'i"i'"| (Art. 276), 
and the rest of the proof proceeds the same si 

Es. 3. Newton's method of generating o 
magnitude move about fised points P, Q ; 
the intersection of two of tlieir sides tra, 
vei-sea the right line AA' ; then the locus 
of F, the intei-section of their other two 
Mdes, will bo a conic paaang throug 
P, Q- 

For, as before, take four positions of 
the angles, then 

{P.AA'A"A"'i = IQ.AA-A"A'"] ; 

but {P.AA'A'-A'") = {P.vv'r-r'% 

{Q.AA-A"A"-} = {Q.vrr'V"% 
since the angles of the pencils are the same; therefore 

{p.vvyT"} = {Q. vv'V"r"'] -, 

and, therefore, as before, the locus of V" is a conic throngh P, Q, V, V, V". 

Ex. i. M. CSiHsleB has extended this method of generating conic sections, by- 
supposing the 5-oint A, instetid of moving on a light line, to move on any conic 
passing tiueugh the points P, Q ; for we shall still have 

{P.AA-A"A"'] = {Q.AA'A-A-"]. 

Ex. 5. The demonstration would be the same if, in place of the angles APV, AQV 
being constant, APV and .^OF cut oil constant intsrceptB each on one of two iJjLed 
lines, for we should then prove the pencil 

{P.AA'A"A'") = {P. VVVV"-}, 
beoatise both pencils cut off intercepts of tlie same length on a fiied line, 

Thns, also, given base of a triangle and the intercept made by the sides on any 
fined line, we can prove that the locus of vevtex is a conic section. 

Ex, 6, We may also dicnd Ex. 1, by Hnppoaing tho extremities of the line nb 
to move on any conic section passing through the points AE, tor, taking fomr 
positions of tlie triangle, we have, by Art S76, 

[aaWa"'} = {M'i"i"T ; 
thei-efoi'e, i^ . aaWWi = {B . bb'i"//"], 

and the rest of the proof proceeds as before. 

Ex. 7, The base of a tiiangle paeses through C, the intellection of common 
tangents to two conic sections ; the extremities of the base ab lie one on each of the 
conic sections, while the sides pass through fixed points A, B, one on each of the 
conies i the locus of the vertex is a conic through A, £, 

Tho proof proceeds exactly as before, depending now on the second theorem 
proved, Art. 276. We may mention that this theorem of Art. 276 admits of a simple 
geometrical proof. Let the pencil |0.,.4BCZ'} be drawn from points corresponding 
to [o.abedi- Now, the hnea OA, oa, intersect atf on one of the common choi-ds of 
the conicB ; in like manner, BO, bo intersect in i^ on tho same chord, &c, ; hence 
{ii-'/'r"') measures tho anharmonic ratio of both theao pencils. 
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Ei. 9. If a polygon fjQ inscribed in a conic, all wliose sides bat one paas through 
fixed points, tlie envelope of that side will be a conic haring doublo contact with 
the given one. 

For, take any four positions of tho polygon, then if a, b, c, &Q. be tho vertices 
of the polygon, we have 

{aaWa'"} = {bb'6"¥"} = {ccW'l, &C. 
The problem is, therefore, reduced to that of Art. 377,— "Given three pairs of points, 
aa'a", d^d", to find the envelope of a"'d"', snch that 
{aa'u"a'"] = (ciirif'ir"l." 

Es. 1 0. To inEcribe in a conic section a polygon, all whose sidea ahall pass through 
fised points. 

If we aaaume any pouit {a) at random on the conic tor the vertex of the polygon, 
and fotra a polygon whose sides pass through the ^ven points, the point s, where 
the laat ade meets the conio, wiU not in general coincide with o. If we make four 
such attempts to inscribe the polygon, we must have, ss in the lost example, 

How, it the last attempt were ancceaaful, the point a'" would coincide with s"', and 
tire problem is reduced to — " Given three pairs of poinls, aa'a", zi's", to find a point 

Now if we make os"a'ia"a' the vertices of an inscribed hexagon (in the order here 

g^ven, taking an a and s alternately, and bo that E . 

as, o's'i <i"js", may be Opposite vertices), then either ^_, — y^ 

of the points in which the line joining the inter- ..■'i\ /I 

Eections of opposite sides meets the conio may be A-^ / / / 

taken for the point K. For, in the figure, the /\. // J^ / 

points ^CT are no'o", BFB are aa's"; and if we / V^ \/\l 

take the ades in the osisc ABCDEF, Z,M,Ifaro (M.-^ J«J0t^— -jM 

the inteiiseotions of oppoate sides. Bow, since \ /Y \ / \ 

{KFNL]meimKS-botb{D^ACE]ttailA.KDFB), \f \ /\\ 

{SACS] = {KSFB]. Q.F.D.* ^^~^--~^ XV 

It is easy to see, from tho last esample, that X ^^~~"~^*^^ 

is a point of contact of a conic having double con- " 

tact with the given conic, to which as, o's'. a'V are tangents, and that we have 
therefore just given the solution of the quesljon, " To describe a conic touching three 
given lines, and having double contact with a given conio." 

Ex. II. The anharmonic property afEords also a simple pi'oot of Pascal's theorem, 
alluded to in the last example. 

We have f-E. CJ)FB} = [A . GBFB). Now, if we eiamine the segments made by 
the first pencil on BC, and by the second on DC, we have 
{CRMBi = (CDNS). 

" This construction for inscribing a polygon in a conic is due to M. Foncelet (Trails 
iks FropriMes Projeelivei, p. 861). The demonstration here used is Mr. Townsend's. 
It showa that Poneelet?a construction will equally solve the problem, " To inscribe a, 
polygon in a conic, each of whose sides shall touch a conic liaving double contact witli 
Ihc given conic." The conies touched by the sides may he all different. 
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How, if we draw lines fTOm the point L to escb of these points, we form two pcncila 
which have the three loga, CL, BE, AB, common, therefore the fourth legg NL, LM, 
must form one right line. In like manner, Brianchon's theorem is derired from the 
anharmonic propeity of the tangents* 

Es. 12. Given four points on a. conic, ABFB, and two fisea lines Oirough any 
one of them, DO, BE, to find Oie envelope of tJie line CE joining the points where 
Chose fixed lin^ again meet the curve. 

The vertices of the triangle CBM move on the fixed lines DC, BE, NL, and 
two of its Mdes pass through the fixed points, B, F; therefore, the third side 
envelopes a conic section toudiing SC, BE (by the reciprocal of Mac Laurin's mode 
of generation). 

Es, 13. Given four points on a conic ABBE, and two Ssed lines, AF, CB, pass- 
ing each through a different one of the flied points, the line CF joining the points 
where the fixed lines again meet the curve will pass through a fixed point. 

Tor the triangle CFM has two sides passing through the fixed points B, E, and 
the vertices move on the fixed lines AF, CB, NL, which fised lines meat in & point, 
therefore (p. 280) (7f passes through a fixed point. 

The reader will find m the Chapter on Pi'ojection how the last two theorems are 
Bu^fested bj other well-known theorems. (See Ex. 3 and 4, Art. 355). 

Ex. 14. The anhaimonie ratio of any four diameters of a conic is equal to tJiat of 
tlieir four conjugatfis. This is a, pariiicular case of Es. 2, Art. 297, that the anharmonio 
ratio of fovi points on a line is the same as that of their four polars. We might 
also prove it directly, from the consideration that the anharmonic ratio of fonr 
chords proceeding from any point of the curve is equal to that of the supplemental 
chords (Art. 173). 

Ex. 15. A conic drcumscribes a given qnadrangle, to find the locus of its centre. 
(Ex.S, Art. 151). 

Draw diametei's of the c 
monic iatio is equal to that of their four conjugates, but this last rt 
the coEJugatBH are parallel to the four given lines; hence the locus is a conic passing 
through the middle points of the given sides. If we take the cases where the conic 
breaks np into two right lines, we see that the intersections of the diagonals, and also 
those of the oppo^te sides, are points in the locus, and therefore that these points lie 
on a conic passing through the middle points of the ^des and of the diagonals. 

329, We tbiiik It unnecessary to go through the tlieorems, 
which are only the polar reciprocals of those investigated in 
tbe last examples; but we recommend the student to form the 
polar reciprocal of each of these tbeorcms, and then to prove it 
directly by the help of the anharmonic property of tho tangents 
of a conic. Almost all are embraced in the following theorem: 

If there he any number of joints a, 6, c, rf, &c. on a right line^ 
and a homographic system a', b', c', (f, <&c. on another line, the 
lines Joining corresponding points mil envelope a conic. For if 
we construct the conic touched by the two given lines and by 
three lines aa\ hb\ cc\ then, by t!ie anharmonic property of the 
tangents of a conic, any other of the lines dd' must touch the 
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same conic* Tbe tbeorem here proved is the reciprocal of 
that proved Art. 297, and may also be established by interpreting 
taugentially the equations there used. Thus, if P, P' ; Q, Q' re- 
present tangentially two pairs of corresponding points, P+ XP", 
Q + XC rep cscnt any oti er j ^ r of corresponding points ; and 
the Ine jon g tl em to bes the curve represented by the 
ta gent al equat on of ti e second o der, F(^ = P'Q. 

Ek Any rana raaJ 



330. Generally when the envelope of a moveable line is 
found by this method to be a conic section, it is useful to take 
notice whether in any particular position the moveable line can 
be altogether at an infinite distance, for if it can, the envelope 
is a parabola [Art. 25i), Thus, in the last example tbe line aa' 
cannot be at an infinite distance, unless in some position AA' 
can be at an infinite distance, that is, unless P is at an infinite 
distance. Hence we see that in the last example, if tbe trans- 
versal, instead of passing through a fixed point, were parallel to 
a given line, tbe envelope would be a parabola. In hke manner, 
the nature of the locus of a moveable point is often at once 
perceived by observing particular positions of the moveable point, 
as we have illustrated in the last example of Art. 328. 

331. If we are given any system of points on a right lino 
we can form a horaographic system on another line, and sueh 
that three points taken arbitrarily a', J', c' shall correspond to 
three given points a, &, c of the first line. For let the distances 
of the given points on the first line measured from any fised 

* In the samB esse if P, F' ba two fised points, it follows from the last article 
that the locus of the intei'seotion vi Pd, F'd' is a conic throngh P, P'. We saw 
(Art. 277) that if a, b, c, d, &e., a', i', e', d' be two homographic syatema of points 
o» a conic, that is to say, such that {ahcd\ always = {a'Ife'd'], the enrelope of dif is 
a conic havii^ double contact with the given one. In the same c^e, it P, P' be 
feed points on the conie, the locus of the intersection of Pd, F'd' is a conic through 
P, P'. Again, two conies are out by Hie tangents of any conic having doable con- 
tact with both, in homoguaplijo Bjatems of points, or such that [abcd\ = [a'b'c'd'] 
(Art. 276) ; but it is not true conversely, that if we have two homographic systems 
of points on difsreM names, the Imea joining corresponding points necessarily en- 
velope a conic. 



y Google 



304 ANHAEMONIC PEOFERTIES OF CONICS. 

origin on the line be a, 6, c, and let tlie distance of any vari- 
able point on tbe line measured from tlie same origin be w. 
Birailarly let tbo distances of tho points on the second line 
from any origin on that line be a, h', c', x', then, as in Art. 277, 
we have the equation 

{a-l){c-x) ( a'-l'){c '^c') 
la-cfii-x) {<.'-<=')(*'-"=')' 
which expanded is of the form 

This equation enables us to find a point x in the second line 
corresponding to any assumed point x on the first line, and such 
that [abox] = [a'b'c'cif]. If this relation be fulfilied, tbe line 
joining the points x, x' envelopes a conic touching the two given 
lines ; and this conic will be a parabola if j1 = 0, since then x' 
is infinite when x Is infinite. 

The result at which we have arrived may be stated con- 
versely thus : Tko systems of points connected hy any relation 
will he homographic, if to one point of either system always corre- 
sponds one, and hut one, point of ike other. For evidently an 
equation of the form 

Axx' -\- Bx+Ox + D^a 
is the most general relation between x and x' that we can write 
down, which gives a simple equation whether we seek to deter- 
mine X in terms of x' or vice versa. And when this relation 
is fulfilled, the auharmonlc ratio of four points of tbe first 
system is equal to that of the four con-espondlng points of the 

second. For tbo anharmonlc ratio , —t——. is unaltered 

* M. Chasles states the matter thus : The pouita x, a^ belong to homograpliio 
systems, if a, ft, a', b' being fised points, the ratioa of the distances ux ; bx, oV : i'x', 
be connected bj a linear I'elatiDn, such as 
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if instead of x we write - r-,, and make similar substitu- 

tlons for y^ s, w. 

332. The distances from the origin of a pair of points A, S 
on the axis of cc being given hy ike equation^ ax' ^ 2hx + 5 = 0, and 
those of another pair of foints A\ S l>y a'x' + 2k'x + h' = 0, to 
Und the condition that the two pairs should be harmonicaUy con- 

jugate. 

Let file distances from the origin of the first pair of points 
be a, ^ ; and of the second a', IB' ; then the condition is 

AA!^__AJ^ "■-«■ 0--&' 

A'B~ £'B' "^ a'-^~ /3'-yS' 
which expanded may be wrilten 

But « + ^ = -^, a^J-; (a'+,3>-^', a'^'-K- 
The required condition is therefore 

ah' + a'b - 2lih' = 0.* 
It is proved, similarly, that the same Is the condition that the 
pairs of lines 

ao^^ 4 2^a^ + 5/3*, n'a' 4 '^h'a^ + b'^, 
should be Iiarmonically conjugate. 

333. If a pair of points ax' -\-2hx-\-b, be barmonically con- 
jugate with a pair a'x' + 'ih'x^ b', and also with another pair 
a"iC* 4- 2^"ai 4- 5", it will be harmonically conjugate with every 
pair given by ihe equation 

(aV 4- 2A'ic + h')-VX {a"a? 4- 'ih"x 4- h") = 0. 
For evidently the condition 

a [U 4- X&") 4- J {«' + Xa") ~ 2A [U 4- X7i") = 0, 
will be fulfilled if we have separately 

ah' 4- ha' - 2hh' = 0, ah" 4 la" - 2hh" = 0. 
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334. To Jind the locus of a point such that the tang&nts from 
it to two given conies may form a harmonic feneil. 

If four lines form a harmonic pencil they will cut any of the 
lines of reference harmonically. Now take the second form 
(Art. 294) of the equation of a pair of fangems from a 
point to a curve given by the general trilinear equation, and 
make 7 = when we get 
( CiS" + Bi" - 2Fli'r/] a= - 2 ( Cd^' - FaY ~ G&'i + Hi^) a^ 

+ [ Ca'" + Ai' - 2 G<^i) ^' = 0. 
We have a corresponding equation to determine the pair or 
points where the Jine 7 is met by the pair of tangents from 
a'^'7' to a second conic. Applying then the condition of 
Art. 332 we find that the two pairs of points on 7 will form 
a harmonic system, provided that a'jS'7' satisfies the equation 
( C^' + B-f - 2Fidy) { G'a^ + ^ V - 2 G'ai) 

+ ( (7a= + Ar/ - 2 Gari) ( f?'/3= + Ri' - ^F^i) 
= 2 ( C«;S - Fa-i - G/3j + Hj") [ C'o/3 - F'ay - G'/B'y + Bf). 
Oa expansion the equation is found to be divisible by 7'', and 
the equation of the locus is found to be 

{BG'-vB'C-2FF')^'-[[CA'^CA-^GG')^'^{AB'-vAB-2HE']ri' 
-\-2{GH'-\ G'H-AF'-A'F) ^y+2{BF'+irF-BG'-B'G)ja 
■]-2{FG' + F'G-CE'~C'iriai3 = 0; 
a conic having important relations to the two conies, which will 
be treated of further on. If the anharmonlc ratio of the four 
tangents be given, the locus is the curve of the fourth degree 
F' = 7e8S', where S, S', F, denote the two given conies, and 
that now found. 

335. To fini the condition that the line \a + /i0+vy should 
he cut harmonically/ hy the two conies. Eliminating 7 between 
this equation and that of the first conic, the points of inter- 
section are found to satisfy the equation 

(cV 4 ai^ - ^gXv) a" + 2 (cX/i -fXv - gp-v + hv') a.^ 

We have a similar equation satisfied for the points where the 
line meets the second conic; applying then the condition of 
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Art. 332, wo find, precisely as in the last article, tliat the re- 
quired condition is 

{ho' 4- h'c - 2/f) S? + {ca' + o'a - Igg') n^ + {aV + a'h - 2lh') v" 
^2{gh'^g'h-af-a'f)iJ.v^2{hf-\-ky-hg'-h'g)v\ 

+ 2 (/?' +fg - cTi' - c'h) \fi = 0. 
Tlie line consequently envelopes a conic* 
INVOLUTION. 
336. Two Bystems of points a, b, c, &c., a', h', (/, &c;, situ- 
ated on the same right line, will be liomographic (Art. 331). if 
tlie distances measured from any origin, of two corresponding 
points, be connected by a relation of the form 
Axx'-{- Bx+ Csf-\-D = 0. 
Now this equation not being symmetrical between x and x', tbe 
point which corresponds to any point of the line considered as 
belonging to the first system, will in general not be the same 
as that which corresponds to it considered as belonging to the 
second system. Thus, to a point at a distance x considered as 
belonging to tbe first system, corresponds a point at the dis- 
tance— -_. -^; but considered as belonging to the second 

system, corresponds — ~j- j, . 

Two bomograpbtc systems situated on the same line are 
said to form a system in involution^ iv-hen to any point of tbe 
line the same point corresponds whether it be considered as 
belonging to flie fii-st or second system. That this should be 
the case it is evidently necessary and sufficient that we should 
have jB= G In tbe preceding equation, in order that tbe relation 
connecting x and x' may be symmetrical. We shall find it 

* If eutetitiiling in the equaHona of two conica U, V, fov n, \a + ixa', Ac. we 
obtmn results 

then it is easy to see, as above, Uiat UV + TTV — ^FQ, represents tho pair ol lines 
which can be di-awn through a'^-/, so as to be ont harmonioaUy by the eonira. In 
OiB same case (Art. 296), the equation ol the syatem of foiu: lines jnining a?'-/ to 
Hie intersections of the conies, is 

(E7F'+ f7T-3PQ)' = 4 (CiJ' - J^) (FT"- Q)- 
VT? ~ Pi and VV - CP denote the pairs o! tangents from n'j3'i'' to the conies. 



y Google 



308 ASHAKMOSIC PROPERTIES "OF COMICS. 

convenient to write the relation connecting any tv,'o correspond- 
ing points _^^_c' ^B{x + x') + B = Q; 
and if tlie distances from the origin of a pair of corresponding 
points be given by the equation 

ax^ + Ux + & = 0, 
we must have Ah + Ba- 2llh = 0. 

337. It appears from what has been said that a system in 
involution consists of a number of pairs of points on a line 
a, a'l b, h'l &c., and such that the anharmonic ratio of any 
four is equal to that of their four conjugates. The expression of 
this equality gives a number of relations connecting the mutual 
distances of the points. Thus, from {aSca'J = [a'b'o'a], we have 

aa'.bc w'a.iV 
or ah.ca . h'c' = — ab'. c'a.lc. 

The development of such relations presents no difficulty. 

338. The relation Axx ■'r H [x •>r x') ■\- B = D, connects the 
distances of two corresponding points from any origin cJioseii 
arbitrarili// but by a proper choice of origin this relation can 
be simplified. Thus, if the distances be measured from a point 
at the distance x = a, the given relation becomes 

A{x + a) {x -\- a) + H{x + X +2fx) + B=Oi 
or Axx' + {H^ Aa) {x + x) + Aa' + 2Hci-\- B^O. 

And if we determine a, so that S+ Act = 0, the relation reduces 
to xx' = constant. The point thus determined is called the 
centre of the system ; and we learn that the product of the dis- 
tances from the centre of two corresponding points is constant. 

339. Since, in genera!, the point corresponding to any point 
. Hx+B 

'^'^ Ax-\-H' 

infinitely distant: or the centre is the point whose conjugate is 
infiniidy distant. The same thing appears from the relation 
[alcc'\ = [a'b'c'c], or 

ac.be' _ a'c'.i'c 

ac' .he a'c.h'c" 
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Let </ be infinitely distant, fie' ultimately = ac', and a'c = i'c', 
and this relation becomes aa.a'c =hc.b'cj or, in other woids, the 
product of the distances from c of two conjugate points is con- 
stant. Tlie relation connecting the distances fiom the centie 
may be either c«-ca' = 4 ?c* or ca. ca' — ~i^. In the one ci'ie 
two conjugate points lie on the same side of the centie , in the 
other case they lie on opposite sides. 

340. A point which coincides with its conjugate is called a 
focus of the system. There are plainly two foci/,/' equidistant 
from the centre on either side of it, whose common distance 
from the centre c is given by the equation cf' = ± ]c\ Thus, 
when h" is taken with a positive sign, that is, when two con- 
jugate points always lie on the same side of the centre, the foci 
are real. In the opposite case they are imaginary. By writing 
3; = ic'in the general relation conilecting corresponding points, 
we see that in general the distances of the foci from any origin 
are given by the equation 

B41. We have seen (Art. 336) that if a pair of corresponding 
points be given by the equation nic" -!■ 2hx + S = 0, we must have 
Ab-irBa-2Hh=-Q, Now this equation signifies (sec Art. 332) 
that any two corresponding -points are ha-rmonicalbj conjugate 
with the two foci. The same inference may be drawn from 
the relation [aj^'a'] = [a'j^'a], which gives 

qf.ar_a'fMf\ fa__ ^. 
aa'.//-a'a./f>'"'/'a ~ fa" 
or the distance between the foci/''' is divided Internally and ex- 
ternally at a and a' Into parts which are in the same ratio. 

Coii, When one focus is at infinity, the other bisects the 
distance between two conjugate points; and It follows hence 
that in this case the distance al> between any two points of the 
system is equal to a'l>', the distance between their conjugates. 

342. Two pairs of points determine a system in involution. 
We may take arbitrarily two pairs of points 

ax' ^- '2hx + h, (tV + 2h'x + h', 
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and we can then determine A, H, B from tlie equationa 

Ab + Ba-2Hk = 0, Ab' + Ba'-2Hh' = 0. 
We see, as in Art. 333, tliat any otlier pair of points in in- 
volution with the two given pairs may be represented by an 
equation of tho form 

{ax^ + 2hx + b)+X (a'x" + SA'a: + 7/) = 0, 
since, ivLen A, H, B are determined so as to satisfy the two 
equations written above, they must also satisfy 

J (J + XJ') + i? [a + Xffl') - 2Zr (A + U') = * 
The actual values of A, B, H, found by solving these equations, 
are 'i[ah' -ah), 2 [hh' — h'b), ah' ~ a'b. Consequently the foci 
of the system determined by the given pairs of points, are 
given by the equation 

[ah' ~ a'k) :t^ + [ah' r- a'h) x + [hh' - h'b) = 0. 
This may be otherwise written if we make the equations 
homogeneous by introducing a new variable y, and write 

U= ax^ + 2hxy + b'f, V = aV + 2h'xi/ + h'f. 
The equation which determines the foci is then 
dUdV_dUdV^^ 
dx dy dy dx 
The foci of a system given by two pairs of points «, a' ; h, h' 
may be also found as follows, from the consideration that 
\afba'] = {<^fh'a], or 

(,f.la'_ a'f.l'a ^ 
a'f.ba af.b'a" 
whence af : a'/' :: ah.ab' : a'b.a'b'; 

or/ is the point where aa' is cut either internally or externally 
in a certain given ratio, 

343. The relation connecting six points in involution is of 
the class noticed in Art. 813, and is such that the same relations 

* It easily follows from this, tliat the 
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will subsist between the sines of tbo angles subtended by them 
at any point as subsist between the segments of the lines them- 
selves. OonseC[ucntlyj if a pencil be drawn from any point to 
six points in involution^ any transversal cuts this pencil in six 
points in involution. Again, the reciprocal of six points in in- 
volution is a pencil in involution. 

The greater part of the equations already found apply 
equally to lines drawn through a point. Thus, any pair of lines 
a — }i^, a - fi.'^ belong to a system in involution, if 

A/j-iJ,' + Il{iJ. + n') + B = i); 
and if we are given two pairs of lines 

U= aa' + 2/ia/S + b^% V= a'd' + 2h'a0 + h'^', 
they determine a pencil in involution whose focal lines are 
(ak' - a'h) a= + (ah' - a'b) ay3 1 [kb' - Kb) ^' = 0, 

344. A system of conies passing through four fixed points 
meets any transversal in a system of points in involution. 

For, if S, 8' be any two conies through the points, 8+X8' 
will denote any other; and if, taking the transversal for axis 
of a; and making j/ = in the equations, we get aa^ -\- 2_gx -i- c, 
and a'x^ + 2^'a; + c' to determine the points in which the trans- 
versal meets S and S", it will meet 3 + Xff in 

aX' + 'Jgx-^c + X («V + 2ff'x + c'), 
a pair [Art. 3i2) in involution with the two form 

This may also be proved 
geometrically as follows : 

By the anharmonio proper- ,^~.z-. 

ties of conies, //^ \^ 

{a.AdbA'] = {c.AdbA']: 
but if we observe the points 
in which these pencils meet 
AA', we got [ACBA'] = [AB'i.'A'] = [A'C'EA]. 

Consequently the points AA' belong to the system in in- 
volution determined by BK^ GO', the pairs of points in which 
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the transversal meets the sides of the quadrilateral joining the 
given points. 

Eeciprocating the tbeorem of this article we learn that, ike 
pairs of tangents drawn from any point to a eystem of conies 
touching four fixed Unes^ form a system in involution. 

345. Since the diagonals ac^ hd may be considered as a conic 
through the four points, it follows, as a particular ease of the last 
Article, that any transversal cuts the four sides and the diagonals 
of a quadrilateral in points BB", 0(T, DD', which are in invo- 
lution. This property enables us, being given two pairs of points 
-BB', Diy of a system in involution, to construct the point con- 
jugate to any other G. For take any point at random, a\ join 
aB, aD, aC; construct any triangle bed, whose vertices rest on 
these three lines, and two of whose sides pass through S'D', then 
the remaining side will pass through <7', the, point conjugate to G. 
The point a may be taken at infinity, and the lines aB, nD, aG 
will then be parallel to each other. If the point G he at infinity 
the same method will give us the centre of the system. The 
simplest construction for this case is, — " Through i?, D, draw 
any pair of parallel lines Bh, Dc ; and through B", D', a different 
pair of parallels I/h, B'n ; then ic will pass through the centre 
of the system." 

Ex. I. If three conica circnmsoribe the same quadrilateral, the common tangent 
to any two is eat harmonically by the third. For the points of contact of this 
tangent are the foci of the system in involution. 

Es. 2. If through the intersection of the common chorda of two conies we draw 
a tangent -to one of them, this line will be out harmonically by the other. Por in 
this case the points D and H' in the last figure coincide, and will therefore be e, focus. 

Es. 3. If two conicB have double contact with each other, or 11 they have a con- 
tnct of the third order, any tangent to the one is cut harmonically at the points where 
if meets the other, and where it meets the chord of contact. For in this case the 
common chords coincide, and the point where any transversal meets the chord of 
cnniaot is a focna. 

Ei. 4. To describe a conic through four points a,b, e,d,to tjinch a given right 
line. The point of contact must be one of the foci of the system BB', CC', Sc, and 
thes^ points can be determined by Art. 342. This problem, therefore, admits of two 
solutionB. 

Ex. S. If a parallel to an asymptoto meet the curve in C, and any inscribed 
quadrilateral in points aSodi Ca.CcT= Cb.Cd. For C is the centre of the eystem. 

Ek. 6. Solve the eiampJea, ArL 326, as cases of involution. 

In Ek, 1, Sisafocua; in Es. 2, T is also a focus ; in Es. 3, Tia a centre, Ac. 

Ex. 7. The intercepts on any line between a hyperbola and its asjmptotea are 
equal. For in this case one focna of the system is at infinity (Cor., Art. 341), 
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346. If there he a system of aonics having a common self-con- 
jugate triangle, any line passing through one of the vertices oj 
this triangle is cut hy the system in involution. 

For, if in aa° 4-5/3" + cf we write « = h^, we get 
{al^ + b)^^ci', 
a pair of points evidently always harmonically conjugate witli 
the two points where the line meets /3 and 7. Thus, then, in 
particular, a system of conies touching the four aides of a fixed 
quadriiateral cuts in involution any transversal which passes 
through one of the intersections of diagonals of the quadrila- 
teral (Ex. 3, Art. 146). The points in which the transversal meets 
diagonals are the foci of the system, and the points where it 
meets opposite sides of the quadrilateral are conjugate points 
of the system. 

Bi. 1. If two oorios V, V tonct their common tangenta A, B, C, J) in the points 
ff, J. o» d; ri,\ b'i c\ d'\ a conic S through the points o, b, c, and touching J) at d', 
will have for its second chord of intersection with V, the lino joining the intersections 
of A with ic, B with ca, C with ab. 

Let V meet aS in a, p, then, by this arijde, ance ab passes through an intersection 
of diagonals of ABCD (Ei. 2, Art. 263), n, i ; a, ^ bebng to asystem in involntion, c£ 
which the points where ai meets C'sjid D are conjugate points, Ent {Art. 345) tho 
common chords of S and V meet ab in points belonging to this same system in 
inTolutJon, determined by the points a,b; a, p, in which S and V meet the line ab. 
If then one of the common chords he D, the other must pass through the intersection 
of C with ab. 

Ei. 2. If in a triangle there be inscribed an ellipse touching the ades at their 
middle poinfa a,b,c, and also a circle touching at the points b', b', c', and if the fourth 
common tangent D to the ellipse and circle touch the oirele at d*, thea the circle do- 
ecrlbed through the middle points touchra thoinscrihed circle at rf*. By Ex. I, a conlo 
described through a, 5, c^ will tonch the circle at d', if it also pass through the points 
where the circle is met by the line joining the intersections ni A, be; if, ca ; C, ah. 
But this line is in this case the line at infinity. The tonchiug conic is therefore a 
circle. Sir W. S. Hamilton has thos deduced Feuarbaeh's theorem (p, 127) as a par- 
ticular case of Ex. 1, 

The point if and thji lino I> can be constructed without drawing tho ellipse. Foe 
finoe the diagonals of aa inscribed, and of the corresponding circumscribing quad- 
rilateral meet in a point, the lines ab, cd; a'b', c'd', and the lines joining AJ), BC; 
AC, BD all intersect in the same point. If then a. /S, y he the vertices of the triangle 
formed by the inteiEectiona of be, iV; ca, ifa'; ab, a'b' ; the lines joining a'n, b'^, e'y 
meet in iT, In other words, the triangle n^y is homologons with abe, a'b'c', the 
centres of homology being the points d,d'. In like manner, the triangle a/Sy is also 
homologous with ABC, the nsis of homology being the line I>. 
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CHAPTER XVII. 

THE METHOD GF PE0JT5CTI0N.* 

347. We liave already several times had occasion to point 
out to tlie reader tlie advantage gained by taking notice of 
the number of particular theorems often included under one 
general enunciation, but we now propose to lay before him a 
short sketch of a method which renders us a still more impor- 
tant service, and which enables us to tell when from a particular 
given theorem we can safely infer the general one under which 
it is contained. 

If all the points of any figure be joined to any fixed point 
in space (0), the joining lines will form a cone, of which the 
point is called the vertex, and the section of this cone, by any 
plane, will form a figure which is called the projeotion of the 
given figure. The plane by which the cone is cut is called tho 
flane of 'projection. 

To any point of one figure will correspond a point in the other. 

For, if any point A be joined to the vertex 0, the point o, 
in which the joining line OA is cut by any plane, will be the 
projection on that plane of the given point A. 

A right line will always be projected into a right line. 

For, if all the points of the right line be joined to the vertex, 
the joining lines will form a plane, and this plane will be inter- 
sected by any plane of projection in a right line. 

Hence, if any number of points in one figure He In a right 
line, so will also the corresponding points on the projection; and 
if any number of lines in one figure pass through a point, so 
will also the corresponding lines on the projection. 

* This method is tlia invention of M. Ponoelet, Sea his Trails des FropriHh 
Frojecthei, pnUislLed in the yeac 1839, a wort which I believe may be regarded 
as the foundaUon of the Modem Geometry. In it were taught the principles, that 
theorems concerning infinitely distant points may be extended to finite points on a 
right line ; that theorems concerai^g systemB of cirdea may be extended to conies 
having two points common ; sind that theorems concerning imaginary points and lines 
may he extended to real points and lines. 



y Google 



THE METHOD OP FRyjECl'ION. 315 

348. Any plane curve will alioays he projected into another 
curve of the same degree. 

For it is plain that, if the given curve be cut by any rigbt line 
in any iiumbcr of points, A, B, 0, D, &c. the projection -will 
be cut by the projection of that right line in the same number of 
corresponding points, a, i, c, d, &c. ; but the degree of a curve is 
estimated geometrically by the number of points in which it can 
be cut by any right line. If AB meet the curve in some real and 
some imaginary points, ah will meet the projection in the same 
number of real and the same number of imaginary points. 

In like manner, if any two curves intersect, their projectiona 
will intersect in the same number of points, and any point 
common to one pair, whether real or imaginary, must be con- 
sidered as the projection of a corresponding real or imaginary 
point common to the other pair. 

Ant/ tangent to one curve will be projected into a tangent to 
ike other. 

For, any line AB on one carve must be projected into the 
line ah joining the corresponding points of the projection. Now, 
if the points A, B, coincide, the points a, b, will also coincide, 
and the line ab will be a tangent. 

More generally, if any two curves touch each other in any 
number of points, their projections will touch each other in the 
same number of points. 

349. If a plane through the verlex parallel to the plane of 
projection meet the original plane in a line ABj then any pencil 
of lines diverging from a point on AB will be projected into a 
system of parallel lines on the plane of projection. For, since 
the line from the vertex to any point of AB meets the plane of 
projection at an infinite distance, the intersection of any two lines 
which meet on AB is projected to an infinite distance on the 
plane of projection. Conversely, any system of parallel linea on 
the original plane is prqfected into a system of lines meeting in a 
point on the line DF, where a plane through the vertex parallel to 
the original plane is cut by the plane of projection. The method 
of projection then leads us naturally to the conclusion, that any 
system of parallel lines may be considered as passing through a 
point at an infinite distance, for their projections on any plane 
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pass tbroogli a point in general at a finite distance ; and again, 
that all the points at infinity on any plane may he considered as 
lying on a right line, since we have showed that the projection 
of any point In which parallel lines intersect must He somewhere 
on the right line DF in the plane of projection. 

350. We see now, that if any property of a given curve does 
not involve the magnitude of lines or angles, hut merely relates 
to theposition of lines as drawn to certain points, or touching 
certain curves, or to the position of points, &c., then this property 
will be true for any curve into which the given curve can be pro- 
jected. Thus, for instance, " if through any point in the plane 
of a circle a chord he drawn, the tangents at its extremities will 
meet on a fixed line." Now since we shall presently prove that 
every cui-ve of the second degree can be projected into a circle, 
the method of projection showa at once that the properties of 
poles and polars are true not only for the circle, but also for all 
curves of the second degree. Again, Pascal's and Bnanchon's 
theorems are properties of the same class, which it is sufficient 
to prove in the case of the circle, in order to know that they are 
true for all conic sections, 

351. Properties which, if true for any figure, are true for its 
projection, are called pryective properties. Besides the classes of 
theorems mentioned in the last Article, there are many projective 
theorems which do Involve the magnitude of lines. For instance, 
the anharraonic ratio of four points in a right line {ABCB], 
being measured by the ratio of the pencil [O.ABGI)] drawn to 
the vertex, must be the same as that of the four points {abed], 
where this pencil is cut by any transversal. Again, if there be 
an equation between the mutual distances of any number of 
points in a right line, such as 

AB.CI>.EF-\-?c.AC.BE.DF+l.AD.C]<:.BF+&c.=(i, 
where in each term of the equation the same points are men- 
tioned, although in different orders, this property will be pro- 
jective. For (see Art. 311) if for AB we substitute 

OA. OB. ma A OB ^ 

OP '&<=■' 

each term of the equation will contain OA.OB. OG.OI). OE.OF 
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in the numerator, and OP^ In the denorainjitor. Dividing, tlien, 
by tliese, there will remain merely a relation between the sines 
of angles subtended at 0. It is evident that the points A, B, G, 
i), E, F, need not he on the same right line ; or, in other words, 
that the perpendicular OP need not be the game for all, provided 
the points be so taken that, after the substitution, each term of 
the equation may contain in the denominator the sarae product, 
OF. OP". OP", &c. Thus, for example, " If lines meeting in a 
point and drawn through the vertices of a triangle ABO meet the 
opposite sides in the points a, h, c, then Ab.Bc. C'a = Ac.Ba.Cb." 
This is a relation of the class just mentioned, and which it is 
siitScient to prove for any projection of the triangle ABO. Let 
us suppose the point C projected to an infinite distance, then 
AC, BO, Oc are parallel, and the relation becomes 

Ah.Bc^Ac.Ba, 
the truth of which is at once perceived on making the figure. 

352. It appears, from what has been said, that if we wish to 
demonstrate any projective property of any figure, it is sufficient 
to demonstrate it for the simplest figure into which the given 
figure can be projected ; e.g. for one in which any lino of the 
given figure is at an infinite distance. 

Thus, if it were required to investigate the harmonic pro- 
perties of a complete quadrilateral ABCD, whose opposite sides 
intersect in E, F, and the intersection of whose diagonals is G, 
we, may join all the points of this figure to any point in space 0, 
and cut the joining lines by any plane parallel to OFF, then 
FF is projected to infinity, and wo have a new quadrilateral, 
whose sides ab, cd Intersect in e at infinity, that is, are parallel ; 
while ad, he intersect in a point/at infinity, or are also parallel. 
We thus see that any quadrilateral may ie projected into a 
parallelogram. Now since the diagonals of a parallelogram 
bisect each other, the diagonal ac is cut iiarmonicaUy in the 
points a, g, c, and the point where it meets the line at in- 
finity ef. Hence AB is cut harmonically in the points A, O, 0, 
and where it meets EF. ■ 
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Pmject to infinity the line in which AB, A'B', Ac. intersect ; then the tlieoi-em 
becomes : " If two tiiangiea aid, a'b'd have the Bides of tiie one respectivelj parallel 
to the sides of the othei', then ths lines nn', W, ce' meet in a point." But the truth 
of this latter theorem is eTident, since oo', W both out <m' in the same ratio. 

353. Ill order not to interrupt the account of the applications 
of the method of projectiou, we place In a separate section 
the formal proof that every cur\'e of the second degree 
may be projected so as to become a circle. It will also be 
proved that by choosing properiy the vertex and plane of pro- 
jection, we can, as in Art. 352, cause any given line EF oa the 
figure to be projected to infinity, at the same time that tbe 
projected curve becomes a circle. This being for the present 
taken for granted, these consequences follow : 

Given any conic section and a point in its plane, we can project 
it into a circle, of which the projection of that point is the centre, 
for we have only to project it so that the projection of tlie polar 
of the given point may pass to infinity (Art. 154). 

Any two conic sections may he projected so as both to become 
circles, for we have only to project one of them into a circle, 
and so that any of its chords of intersection with the other shall 
pass to Infinity, and then, by Art. 267, the projection of the 
second conic passing through the same points at infinity as the 
circle must be a circle also. 

Any two conies which have double contact with each other may 
he projected into concentric circles. For we have only to project 
one of them into a circle, so that Its chord of contact with the 
other may pass to infinity (Art, 257). 

354. We shall now give some examples of tbe method of 
(deriving properties of conies from those of tbe circle, or from 
other more particular properties of conies. 

Ex 1. "A Une through any point is out harmonicallj hy the curve and the polar 
of that point." This property and its reciprocal are projective properties (Art. 361), 
and hotli being tma for the circle, are tru'' for every conic, Henoe all the properties 
of the ■d d pending on th thccry f pol and polars are true for all the conic 

Ex 2 The an! a m n pmpert f the p nts and tangents of a conic ai'e pro- 
3«;t I p t wh h h p d f th drde, as in Ai-t. 312; are proved for 
all n H nee j property f th m-le which results from either of its 

mil arm n p p t tru al f all th nic sections. 

Ex.8. Camot a theorem (Art. 313), that ilaconio meet the aides of a ti-iaugle, 
A/i.Ab-.Bc.Bc.Ca.Ca'^Ac.Ac'.Ba.Sa-.C&.a/, 
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ifl a projective praperty wliioh need only he proved in the case o£ the ciicle, in which 
case it is evidently tme, since Ab.Ab' = Ac.A&, &c 

The theorem can evidently be proved in like mannev for any polygon. 
Ex.4. FratQ Cimot's theorem, thua proved, conid be deduced the properties of 
Art. 148, by suppo^g the point Cat an infinite distance; we then have 
Ab.Ah - __Ba.Ba' 
Ac.As'~ Bc.Ba' ' 
where the line Ab ia parallel to Ba, 

Ei. 5. Given two concentric circles, Given two corics having double con- 
any chord of one which touchea the tact with each other, any choid of one 
other is bisected at the point of con- which tonches the other is cut hatmo- 
tact, nieally at the point of contact, and whei'e 

It meets the chord of conljict of the 
conies. (Ek. 3, Ai-t. 3J5). 
For the line at infinity in the first case ia projected into the chord of contact of 
two conies having double contact with each other, Ea. 4, Art. 236, iaonly a particular 
case of thi theo m 

Ei. 6. G ven thiee con ntn les G th ee 11 t h g 1 

any tange t to t by tl tl tl th m t p t any t 

two in fc f ints whose harm gtt istbythiJit 

ratio iscotat furpt wh anhoim m lat is 

ly t™ mc» th f 1 i^h t t Th 

1 exte iijion of ti e anharmo cpiopeij f tl e t „ t 

ratios in oonica having double contact is immediately proved by projecting the coniea 
info concentric circles. 

Ex. 7. We mentioned already, that it was sufficient to prove Pascal's theorem 
for the case of a circle, but, by the help of Art. 833, we may still further amplify 
our figure, for we may suppose the line joining the intersection of A3, BE, to that 
of BC, EF, to pass off to infinity j and it is only necessary to prove that, if a hexagon 
be inaoribed in a circla having the side AB parallel to BE, and BC to EF, then 
CB will be parallel to AF; but the truth of this can, be shown from elementary 
considerations. 

Ex. 8. A triangle ia inaoribed in any conic, two of whoso sides pass through flied 
points, to find the envelope of the third (Bi. 3, Art. 273). Let the line joining the fixed 
points be projected to infinity, and at the same time the conic into a circle, and this pro- 
blem becomes, — "A triangle is inscribed in a circle, two of whose sides are parallel 
to fixed lines, to find tho envelope of the third." But this envelope is a concentric 
circle, ance the vertical angle of the triangle ia given ; hence, in the general case, 
flie envelope is a conio touching the given conic in two points on the line joining 
the two given pointa. 

Ex. 9. To investigate the projective properties of a qnadrilateral inscribed in a 
conic let the conio be projected into a circle, and the quadrilateral into a parallelo- 
gram (Art. 363). Now the intellection of the diagonals of a pmallelogram inscribed 
in a circle is the centre of the circle ; hence the intersection of the diagonala of a 
qnadrilateral inaoribed in n conic is the pole of the line joining tho intci-scctions of 
the opposite sides. Ag^, if tangents to the circle be drav.'n at the vertioea of this 
paraUelogram, the diagonals of the qnadrilateral so formed will also pass through 
the centra, bisecting the angles between the first diagonals ; hence, " the diagonals 
of the inscribed and corresponding circumscribing quadrilateral pass through a point, 
and form a harmonic pencil. ' 
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Ei. 10. Gireii foui poinls on a conic, Given lonr points on a conic, the locna 

the locnB of its centro is a conic through of the pole of any fised line la a conic 
the middle points of the sides of the given pasang through the fourth harmonic to 
quadrilateral, (Ei. 15, Art. 528), the point in which this line meets each 

side of the given quadrDatersl. 

If through a fixed point a line be 

drawn meeting the conic in A, B, and on 
given ratio is an ellipse having double it apoint P be talien, Euch that {O^B/l 
contact with the circle. [Art. ICB). may be constant, the locus of J* is a 

conic having double contact with the 

355 "VVe may project several properties relating to foci by 
the help of the definition of a focua, given- p. 239, viz. that 
if .f be a focus, and A^ B the two imaginary points in which 
any cucle 1=1 met by the hue at infinity; then FA, FB are 
tangents to the conic. 

Ex. 1. The locns of the centre of a If a conic be described through two 

cii'cle toochmg two given cu'clea la a hy- fixed points A, B, and touching two given 

■perlxila, having the centi'es of t!ie given conies which also pass throi^h those 

Cu:des for foci. points, the locus of the pole of AB is !i 

conic tcuching the tonr lines CA, CB, 

CA, CF, whei'e C, C, are the pties of 

AB with legird to the two given conits. 

In this example we sitbstituta for the word 'euide,' "conic throngh two fixed 
points jJ, 5," (Art. a57), and for the word 'centre,' " pole of the line .dB." (Art. 154). 

Ex ■' G'ven the foe a and two points Given two tangents, and two points 

of a con sect on the ntP ect n of ta on a conic, the locus of the intersection 
gents at tho e pou ts w ill he on a h^ed of tangents at those points ia a right line. 
Ime. (Art 191) 

Ex 3 Given a toe 9 an 1 two tan Given two fised points A, B ; two tan- 

gents to a con c the locus ot the other gents FA, FB passing one throngh each 
focua ia a right line (This to luws from point, and two other tangents to a conic ; 
Art, IbS) the locns of the intersection of the other 

tangents from A, B, is a right line. 

Ex 4 It a triangle c rcum^nbe a If two triangles circumscrilio a conic, 

parabola, the c cle ciroumEonb ng the their six vertices lie on the same conic" 
triangle pas.^s through the focus, Cor. 4, 
Alt. 223, 

For if the focua be F, and the two circular po nt at nfimty 4 B, the triangle 
FAB is a second triangle whose three sides touch h parabola. 

Ex. 6. The looua of the centre of a Gi n n tang nt id thi-ee points 

circle passing throngh a fixed point, and on a co th locus f tho intersection 

touching a fixed line, is a parabola of ot tang t t any tw f these points ia 

which the fixed point is the focus. a con scnbed n th triangle formed 

by those points. 

• This is easily proved dkectly. Taice a aide of each triangle and, by the anhar- 
monic property of the tangents of a conic, these lines are cut homographically by the 
other tour sides ; whence it may easily be seen that the pencils joinmg the opposite 
vertices ot each triangle to the other four are homographic; 
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Ex. B. Given four tangents to a conic, Given four tangents to a conic, the 

the locus of the centre ia the line joining locu3 of the pole of any line is the line 

the middle points of the diagonals of the joining tlie fourth harmonics of the points 

quadrilateral. whei'e the given line meets the diagonals 

of tlie quadrilateral. 

It follows from one definition of a. foons, that if two conies have the same focus, 
thia point will be an intersection of common tangents to them, and will possess the 
properties mentioned at the end of Art. Wi. Also, that if two conies have the same 
focus and directni, they may be considered as two conies having double contact with 
each other, and may he projected into concentric oiiiiles. 

356. Since angles which are constant in any figure will iu 
general not be constant in the projection of that figure, we pro- 
ceed to show what property of a projected figure may be inferred 
when any property relating to the magnitude of angles is given ; 
and we commence with the case of the right angle. 

Let the equations of two lines at right angles to each other 
be a; = 0, 7/ = 0, then the equation which determines the direction 
of the points at infinity on any cirele is x" +y' = 0, or 

x + T/>^ -1 = 0, 3;-2/V-l = 0. 
Hence (Art. 57) these four lines form a harmonic pencil. 
Hence, given four points A, B, C, J), of a line cut harmonically, 
where A, B may be real or imaginary, If these points be trans- 
ferred by a real or imaginary projection, so that A, B may 
become the two imaginary points at infinity on any circle, then 
any lines through G, D will be projected into lines at right 
angles to each other. Conversely, any two lines at rigTit angles 
to each other will be projected into lines which cut harmonically/ 
the line joining the two fixed points which are the projections of 
the imaginary points at infinity on a circle. 

3 is at Any chorf of a conic is cut harmoni- 

cally by any tangent, and by the line 
joining the point of contact of tliat tau- 
gent to the pole of the given chord, 
(Art 14b) 
For the chord of the conic is snpposod to be the projection of the line at infinity 
in the plane of the circle ; the points where the chord moets the conic will be the 
projections of the imaginary points at mfinity m the circle , and the pole of the 
chord will he the projection of the ci'ntie of the oitde 

Bx. 2. Any right line drawn through Any right hue through a pomt, the 

the focus of a conic is at right angles Ime joimng its pul<- to that pomt, and 
to the line joining its pole io the focus the tao tangents fiom the point, form 
(Art. !93). a harmonic pencil (Art 1461. 

It ia evident that the first of th«"^^ [ropetiies la rnly a prfirulu- caip rf the 

TT. 
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second, if we recollect that tlie tangents from the tooua are the lines joining the 
foons to the two imaginary points ou any circle. 

Bk. 3. Let ns apply Ex. 6 of the last Article to determine the Joona of the polo 
of a giyen line with regard to a system of confooal conies. Being ^ven the two 
foci, we are given a quadrilateral circumscribing tho conic (Art. 268o) ; one of the 
diagonals of this qnadrilateral is the lina joinii^ the foci, therefore (Ei. 6) one poult 
on the locus is the fourth hacmonlc to the point where the given line cuts the dis- 
tance between the foci. Again, another diagonal is the line at infinity, and ance 
the exti'emilies of tbis diagonal are the poinla at infinity on a di-cle, therefore by the 
present Article the locus is perpendicular to the giTen line. Tlie locus is, therefore, 
completely detcrroined, 

quadrilateral, tbe two tangents at any of 
their points of intersection out any dia- 
gonal of tho circumscribing quadrilateral 
harmonically. 
The last theoreni is a case of the reciprocal of Es. 1, Art. 345. 

Ek. 5. The locus of tha intersection The locus of the intersection of tan- 

of two tangents to a central conic, which gents to a conic, which diride harraoni- 
cut at right angles, is a drcle, cally a giyen finits right line AB, is a 

The last theorem may, by Art. 14G, be stated otherwise thus ; "The loons of a 
point 0, such that the line joining to the pole of AO may pasi through 3, iB a 
conic through A, B ;" and the trnth of it is evident directly, by talcing four positions 
of the line, when we see, by Es. 2, Art. 297, that the aoLarmonic ratio of four lines 
^0 is eq^nal to that of four corresponding lines BO. 

Ex. 8. Tha loons of the intersectioii If in the last eiample AB touch the 

of tangents to a parabola, which cut at given conic, tha locus of will be the 
r%ht angles, is the directrii. line joining the points of contact of tan- 

gents from A, B. 

Ei.7. The circle circumscribing a tii- If two triangles are both sclf-con- 
angla self-conjugata with regard to an jugate with ragai-d to a conic, their sis 
equilateral hjperbola passes through the vertices lie on a conic, 
centre of the curve. (Bs. 6, Art. 228) . 

The fact that the asymptotes of an equilateral hyperbola are at right angles may 
be stated, by this Article, that the line at infinity cuts the curve in two points which 
are harmonically conjugate with respect to A, B, the ima^ary circular points at 
infinity. And ainca the centre C is the pole of AB, tie triangle CAB is self-conjugate 
with regard to the equihiteral hyperbola. It follows, by redprocation, that tho sis 
sides of two self -conjugate triangles touch the same conic, 

Bs. 8. If from any point on a conic ■ If a harmonic pencil be drawn through 
two lines at right angles to each other be any point <m a conio, two legs of which 
drawn, the chord joining their extremities are fixed, the chord joining the ostrcmities 
passes through a fixed point. (Ex. 2, of the other legs will pass through a fixed 
Art. ISl). point. 

In other words, given two points a, c on a conic, and [abcd\ a harmonic ratio, hd 
will pass through a fixed point, namely, the intersection of tangents at a, c. But the 
trnth of thia may be seen directly; for let the' line ao meet hd in K, then, Hnce 
{a.abcd\ is a harmonic pencil, the tangent at a cuts id in the fourth harmonic to K: 
but so likewise must the tangent at c, therefore these tangents meet bd in the same 
point. As a particular case of this theorem we have the following : " Through a fixed 
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357. A system of pairs of right lines drawn through a pointy 
so that the lines of each pair make equal angles with a fixed line, 
cuts the line at injimti/ in a system of points in involution, of 
which the two points at injinity on any circle form one pair of con- 
Jugate points. For tbey^ evidently cut any right line in a system 
of pointa in involution, the foci of which are the points where the 
line Is met by the given internal and external bisector of every 
pair of right lines. The two pointa at infinity just mentioned 
belong to the system, since tboy also are cut harmonically by 
these bisectors. 

The tangents from any point to b. The tangents from any point fo a 
eystem of conlocal conies make equal sjEtem of conies inscribed in the same 
angles with two fiipcl linca. (Art. 189). quadrilateral cnt any diagonal of that 
qaadtilateval in a system of points in 
involution of which the two extremitiea 
of that diagonal are a pair of conjugate 
points. (Alt. M4). 

358. Two lines which contain a constant angle cut the line 
Joining the two points at infinity on a circle, ao that the anhar- 
monic ratio of the four points is constant. 

For the equation of two lines containing an angle 9 being 
a; = 0, y = 0, the direction of the points at infinity on any circle 
is determined by the equation 

ai' -f j" + 2xy cos ^ = ; 
and, separating this equation into factors, we see, by Art. 57, that 
the anharraonic ratio of the four lines is constant if 6 be constant. 

Ei. 1, " The angle contained in the same segment of a cirolo is constant." We 
fan, by the present Article, that this is the form asarancd by tho anhacmonic praperty 
of four pointa on a oirole when two of them are at an infinite distance. 

Es. 2. The envelope of a ohocd of a If tangents through any point meet 

conic which subtends a constsnt angle the conic in T, T', and there ba taken 
at the focus ia another conic having tho on the oonio two points J, B, such that 
same focus and the EEunediifcttii. [O.ATBT'; is constant, the envelope of 

AS is a conic touching the given conic 
in the points T, T\ 
Es. 3. The looua of the intersection If a finite line AB, touching a oonio 

of tangents to a pai'abola which out at be cut by two tangents in a given an- 
a given angle is a hyperbola having the harmonic mtio, the locus of their inter- 
same fooue and the same directrix. section is a conic touching the given roniO 
at the points of oontaot of tangents from 
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Ex, 4, It f I'om the focus of a conic a If a variable tangent to a conic meet 
Una be drawn making B given angle with two fiKed tangenis in T, T', andafised 
any tangent, the locus of the point wliera lino in M, and there be taken on it a 
it meets it is a circlo. pomt P, such that [PTMT'] may be con- 

stant, the locus of P is a conic passing 
through the points where the fixed tan- 

A particular CBse ot this theorem ig ; " The locus of the point where the intercept 
of a vaiiable tangent between two fised tangents is cut in a ^ven ratio is a hyper- 
bola whose asymptotes are parallel to the fixed tangents." 

Es. 5. If from a fixed point 0, OP be Given the anharmoriic ratio of a pencil 

drawn to a given circle, and Tf he drawn three of whose legs pass through fiKed 

making the angle TPO constant, the points, and whose vertex moves along a 

envelope of TP ia a conic having for its given conic, passing through two of the 

focus. points, the envelope of the fourth leg Is 

a conic touching the Mnes jouiing these 

two to the third fixed point. 

A particular case of this is ; "If two fixed points A, S one, conic be joined to 

a variable point P, and the intercept made hy the joinuig chords on a fixed line be 

cut in a given ratio at iff, the envelope of PM is a conic tonching parallels through 

A and B to the fixed line. 

Ex. 6. If from a fixed point 0, OP be Given the anharmonio ratio of a pencil, 

drawn to a given right line, and the angle three of whose legs pass through fixed 

TFO be constant, the envolope of TP is points, and whose vei'tes moves along a 

a parabola having for iW focus. fixed hue, the envelope of the fourth leg 

is a conic touching the three sides of the 

triangle formed by the given points. 

359. We have now explained the geometric method by 
which, from the properties of one figure, may be derived those 
of another figure which corresponds to it (not as ia Chap, xv., 
30 that the points of ono figure r.nswer to the tangents of the 
other, but) so that the points of one answer to the points of the 
other, and the tangents of one to the tangents of the Other. 
All this might be placed on a purely analytical basis. If any 
curve be represented by an equation in trilincar coordinates, 
referred to a triangle whose sides are a, b, c, and if we interpret 
this equation with regard to a different triangle of reference 
whose sides are a', i', c', we get a new curve of the same degi'ee 
as the first ;* and the same equations which establish any pro- 
perty of the first curve will, when differently interpreted, establish 

• It is easy to sea that the equation of the new curve referred to the old triangle 
is got by substituting in the given equation for a, ft y ; Ix+m^ + ny, I'a+m'fi+H'y, 
t'a + ia"li + n"y, where la + ni^ + ny represents tiie line which ia to correspond to 
a, &c. For fuller information on this method of transformation see Higho- PlatM 
Ciii-ves, Chap, vin, 
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a corresponding property of the second. In tliis manner a 
right hne in one system always corresponds to a right line in 
the other, except in the case of the equation aa + h^ + cy = 0, 
which in the one system represents an infinitely distant line, 
in the other a finite line. And, in like manner, a'a + b'jS + cVj 
which represents an infinitely distant line in the second system 
represents a finite ilne in the first system. In working with 
trilinear coordinates, the reader can hardly have failed to take 
notice how the method itself teaches him to generalize all 
theorems in which the line at Infinity is concerned. Thus 
(see Art. 278) if it be required to find the locus of the centre 
of a conic, when four points or four tangents are given, this 
is done by finding the locus of the pole of the line at infinity 
aa + &yS+c7, and the very samo process gives the locus under 
the same conditions of the pole of any line Xa + fid + vy. 

We saw [Art. 59} that the anharmonic ratio of a pencil 
P—kP', P—lP'j &c. depends only on the constants kj ?, and is 
not changed if P and P' are supposed to represent different right 
lines. We can infer then, that in the method of transformation 
which we are describing, to a pencil of four lines in the one 
system answers in the other system a pencil having the same 
anhai'mouic ratio ; and that to four points on a line correspond 
four points wliose anharmonlc ratio is the same. 

An equation, S = 0, which represents a circle in the one 
system will, in general, not represent a circle in the other. 
But since any other circle In the first system is represented 
by an equation of the form 

8+{aa+h^-\- cy) (Xa + /t/3 + vy) = 0, 
all curves of the second system answering to circles in the 
first will have common the two points common to 8 and 

.%0. In this way we are ted, on purely analytical grounds, to 
the most important principles, on the discovery and application 
of which the merit of Poneelet's great work consists. The 
principle of continuity (in virtue of which properties of a figure, 
in which certain points and lines are real, are asserted to he 
true even when some of these points and lines are imaginary) 



y Google 



326 THE METHOD OP PEOJECTION, 

is more easily established on analytical than on purely geo- 
metrical grounds. In tact, the processes of analysis take no 
account of the distinction between real and imaginary, so im- 
portant in pure geometry. The processes, for example, by which, 
in Chap. XIV., we obtained tlie properties of systems of conies 
represented by equations of forms 8= ka.^ or S'= ^a' are un- 
affected, whether we suppose a and j3 to meet 8 in real or 
imaginary points. And though from any given property of a 
system of circles wo can obtain, by a real projection, only a 
property of a system of conies having two imaginary points 
common, yet it is plainly impossible to prove such a property by 
general equations without proving it, at the same time, for conies 
having two real points common. The analytical method of 
transformation, described in the last article, is equally applicable 
if we wish real points in one figure to correspond to imaginary 
pomts on the other. Thus, for example, a'-i- ^3^=7* denotes a 
curve met by -y in imaginary points; but jf we substitute for 
a.,B; P±Q -/(- 1), and for 7, i?, where P, Q, H denote right 
lines, we get a curve met in real points by S the line corre- 
sponding to 7. 

The chief difference in the application of the method of 
projections, considered geometfically and considered algebrai- 
cally, is that the geometric method would lead us to prove a 
theorem, first for the circle or some other simple state of the 
figure, and then infer a" general theorem by projection. The 
algebraic method finds it as easy to prove the general theorem 
as the simpler one, and would lead us to prove the general 
theorem first, and afterwards infer the other as a particular 



THEORY OF THE SECTIONS OF A CONE. 
361. The sections of a com by parallel planes are similar. 
Let the line joining the vertex to any fixed poi at A in one 
plane meet the other iu the point a ; and let radii vcetores be 
drawn from A, a to any other two corresponding points B, h. 
Then, from the similar triangles OAB, Oah, AB is to ab in the 
constant ratio OA : Oa ; and since every radius vector of the one 
curve is parallel and in a constant ratio to the corresponding 
radius vector of the other, the two curves are similar (Art. 233). 



y Google 



THE METHOD OF PROJECTION. 327 

CoE. If a cone standing on a circular base be cut by any 
plane parallel to the base, the section will be a circle. Thig 
is evident as before ; we may, if wc please, suppose the points 
A, a the centres of the curves. 

362. A section of a cone, standing on a circular base, may 
he either an ellipse^ hyp&rhola^ or parabola. 

A cone of the second degree is said to be right if the line 
joining the vertex to the centre of the circle which is taken for 
base be perpendicular to the plane of that circle ; In which case 
this line is called the axis of the cone. If this line be not per- 
pendicular to the plane of the base, the cone is said to be oblique. 
The investigation of the sections of an oblique cone is exactly the 
same as that of the sections of a right cone, but we shall treat 
them separately, because the figure in tho latter case being more 
simple will be more easily understood by the learner, who may at 
first find some difficulty in the conception of figures in space. 

Let a plane [OAB) be drawn through the axis of tho cone 
OC perpendicular to the plane of tho 
section, so that both the section MSsN 
and the base A8B are supposed to 
be perpendicular to the plane of the 
paper; the line R8^ in which the 
section meets the base, is, therefore, 
also supposed perpendicular to the 
plane of the paper. Let us first 
suppose the line MN, in which the i 
section cuts the plane OAB to meet 
both the sides OA, OB, as in the 
the vertex. 

Now let a plane parallel to the base be drawn at any other 
point 8 of the section. Then we have (Kuc. Ill, 35) the square 
oiES, the ordinate of the circle, = AB.SB, and in like manner 
rs^ = ar.rh. But from a comparison of the similar triangles 
ARM, arM; BBN, irN, it can at once be proved that 

AR.RB-.MR.RN:: ar.rb: Mr.rN. 
Therefore RS' : rs^ :: MR. EN: Mr.rN. 

Hence the section MSsN Is such that the square of i\ny ordinate 
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rs is to the rectangle under the parts in which it 
MN in the constant ratio R8' : MR.BN. 
Hence it can immediately be infen-ed 
{Art. 149) that the section is an ellipse, 
of which MN is the axis major, while 
the square of the axis minor is to MN'' 
\a the given ratio 

RS^:MR.EN. 

Secondly. Let MN meet one of the 
sides OA produced. The proof proceeds 
exactly as before, only that now we prove 
the square of the ordinate rs in a constant 
ratio to tho rectangle Mr.rN under the 
parts into which it cuts the line MN pro- 
duced. The learner will have no difficulty 
in proving that the locus will in this 
case be a hyperbola, consistiog evidently of the 
branches Ns8^ Ms 8'. 

Thirdly. Let the line MN be parallel 
to one of the sides. In this case, since 
AR = ar, and EB:ri:: EN : rN, we have 
the square of the ordinate rs{=ar.rb] to 
the abscissa rN in the constant ratio 

R8'{^AB.RB):RN. 
The section is therefore a, parabola.* / 




I •'" 



363. It is evident that the projections of the tangents at the 
points A^ B of the circle are the tangents at the points M, N of 

* Those who first treated of oonio sections only considered the case when a right 
cona is cut by a plane perpendionlar to a side of the cone ; that is to say, when Mtf 
Is perpendicular to OB. Conic Eections wera then divided into sections of a right- 
angled, acute, or obtnae-angled cone; and according to ButoeliiuB, tho commentator 
on ApolIouiuB, were called parabola, ellipse, or hyperbola, according as the angle of 
the cote was equal to, loss than, or exceeded a right angle. (See the passage cited 
in full, WaltoTt's Example!, p. 423). It was Apollonius who first showed that all 
three sections eonld be made frooi one cone; and who, according to Pappus, gare 
them the names parabola, ellipse, and hyperbola, for the reason stated. Art. 194. The 
authority of Eutochiue, who was more than a century later than Pappus, may not 
be very great, but the name pai'abola was used by Archimedes, who was prior to 
Apollonius. 
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the conic section (Art. 348) ; now in tbe case of the parabola tbe 
point M and tbe tangent at it go off to infinity ; we are tberefore 
again led to the conclusion that even/ parabola has one tangent 
altogether at an wfinite distance. 

364. Let tbe cone now be supposed oblique. Tbe plane of 
the paper is a plane drawn through the line OC, perpendicular to 
the plane of the circle AQ8B. Now let 
the section meet the base in any line Q8, 
draw a diameter LK bisecting Q8^ and 
let the section meet the plane OLK In the 
line MN^ then tbe proof proceeds exactly 
as before ; we have the square of tbe ordi- 
nate RS equal to the rectangle LR. RK; 
if we conceive a plane, as before, drawn 
parallel to tbe base (which, however, is left 
out of the figure in order to avoid render- 
ing it too complicated), we bave the square 
of any otber ordinate rs equal to the corresponding rectangle 
Ir.rki, and we then prove by the similar triangles KHM, krMi 
LRN, IrN, in the plane OLK, exactly as in the case of tbe right 
tone, that US'' : rs', as the rectangle under the parts into which 
each ordinate divides MN, and that tberefore the section Is a 
conic of wblch MN Is the diameter bisecting QS, and wbicb is an 
ellipse when MN meets both the lines OL, OK on the same side 
of the vertex, & byperbola when It meets tbem on difi^crent sides 
of the vertex, and a parabola when It la parallel to either. 

In the proof just given QS is supposed to intersect the circle 
In real points ; if it did not, we have only to take, instead of the 
circle AB, any other ]jarallc! circle ah, which does meet the sec- 
tion In real points, and tbe proof will proceed as before. 

365. We give foimal proofs of the two following theorems, 
tbough they are evident by the principle of continuity : 

1. If a circular section he cut hg any plane in a line QS, 
the diameters conjugate to QS in that plane, and in the plane of 
the circle, meet QS in the same point. When gs meets tbe circle 
in real points, the diameter conjugate to it in every plane must 
evidently pass through its middle point r. We bave therefore 
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only to examine the case wliere Q8 does not meet in real 
points. It was proved (Art. 361) that the diameter df which 
hisects chords, parallel to $s, of any circular sectionj will be pro- 
jected into a diameter DF bisecting 
the parallel chords of any parallel 
section. The locns therefore of the 
middle points of all chords of the 
cone parallel to qs is the plane Odf. 
The diameter therefore, conjugate 
to QS in any section, is the inter- 
section of the plane Odf with the 
plane of that section, and must 
pass through the point li in which - 
Q8 meets the plane OBf, 

II. In the same case, if the diameters conjugate to QS in the 
circle, and in the other section, he cut into segments BD, MF; Hg, 
Rk; the rectajigle DR.RF is to gB.Rh as the square of the dia- 
meter of the section parallel to QS is to the square of the conjugate 
diameter. This is evident when qs meets the circle in real 
points; since rs'' = dr,rf. In general, we have just proved that 
the lines gJc, df, DF, lie in one plane passing through the vertex. 
The points S, d are therefore projections of g ; that is to say, 
the)' lie in one right line passing through the vertex. We have 
tiierefore, by similar triangles, as in Art. 364, 

dr.rf: DR.MF:: gr.rk : gR.Bk; 
and since dr.rf is to gr.rk as the squares of the parallel semi- 
diameters, BR.RFis to gjR.Rk in the same ratio. 

If the section gskq and the line QS be given, this theorem 
enables us to find DR RF, that is to say, the square of the 
tangent from Til to the circular section whose plane passes 
through Q8. 

366. Given any conic gskq and a line TL in its plane not 
cutting it, we can project it so that the conic may become a circle, 
and the line may he prcgect^d to infinity. 

To do this, it is evidently necessaiy to find the vertex of 
a cone standing on the given conic, and such that its sections 
parallel to the plane OTL shall be circles. For then any of 
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these parallel sections would be a projection fulfilling the con- 
ditions of the problem. Now, if TL meet the conjugate dia- 
meter in the point L, it follows from the theorem last proved 
that the diatance OL ia given; for, since the plane OTL is 
to meet tho cono in an infinitely small circle, OL' is ta gL.Lk 
in the ratio of the squares of two known diameters of the section. 
OL must also lie in the plane perpendicular to 2X, since It la 
parallel to the diameter of a circle perpendicular to TL, And 
there is nothing else to limit the position of the point 0, which 
may He anywhere in a known circle in tSie plane perpendicular 
to TL. 

367. If a sphere he inscnbed in a right cone touching the 
plane of any section^ the point of contact will he a focus of that 
section, and the corresponding directrix will be the intersection of 
the plane of the section with the plane of contact of the cone with 
the sphere. 

Let spheres be both inscribed and esscrlbcd between the 
cone and the plane of the section. Now, if 
any point P of the section be joined to the 
vertex, and the joining line meet the planes 
of contact in I>d, then we have PL — PF, 
since they are tangents to the samespherc, and, 
similarly, Pd^PF', therefore PF+PF'=Dd, 
which is constant. The point (E), where FF' 
meets AB produced, ia a point on the direc- 
trix, for by the property of tlie circle NFMR 
is cut harmonically, therefore ill Is a point on the polar of F. 

It is not difficult to prove that the parameter of the section 
MPN is constant, if the distance of the plane from the vertex 
be constant. 

Cor, The locua of the vertices of all right coues, out of 
which a given ellipse can be cut, is a hyperbola passing through 
the foci of the ellipse. For the difference of MO and A'O is 
constant, being equal to tho difference between MF' and NF'* . 

* By tie telp ot tWa principle, Mr. Muloaliy showed iow to deriTO properties of 
angles subtended at the focus of a oonic from properties of small circles of a sphorfl. 
Foe eiample, it ia known that if throngh anj point P, on the surface of a BphEre, a 
great ciide be drawn, cutting a small circle in tlie points A, B, then tan ^AP tan JBP 
isconstant. Now, let us talce a cone whose base is the small circle, and whose vertei 
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368. If from all the points of any figure porpondieukrs be 
. let fall on any plane, their feet will trace out a figure which is 
called the orthogonal prelection of the given figure. The ortho- 
gonal projection of any figure is, therefore, a right section of a 
cylinder passing through the given figure. 

All parallel lines are in a constant ratio to their- orthogonal 
prelections on any plane. 

For (see fig. p. 3) MM' represents the orthogonal projection 
of the line PQ, and it ia evidently = PQ multiplied by the cosine 
of the angle which PQ makes with MM'. 

All lines parallel to the intersection of the plane of tJie figure 
with the plane on which it is projected are equal to their orthogonal 
projections. 

For since the Intersection of the planes is itself not altered 
by projection, neither can any line parallel to it. 

The area of any figure in a given plane is in a constant ratio 
to its orthogonal projection on another given ^lane. 

For, if we suppose ordinatea of the figure and of its pro- 
jection to be drawn perpendicular to the intersection of the 
planes, every ordinate of the projection is to the correspond- 
ing ordinate of the original figure in the constant ratio of 
the cosine of the angle between the planes to unity; and it 
will he proved, in Chap, xix,, that if two figures be such that 
the ordinate of one Is in a constant ratio to the corresponding 
ordinate of the other, the areas of the figures are in the 
same ratio. 

Any ellipse can ie orthogonally projected into a circle. 

For, if we take the Intersection of the plane of projection with 
the plane of the given ellipse parallel to the axis minor of that 
ellipse, and if we take the cosine of the angle between the planes 



ia the centre of tbe sphere, and let us cnt this cone hj any plane, and v/e leam that 
" if through a point p, in the plane of anj conic, a Ihie be drawn cutting the conic 
in the points a, b, then the product of the tangents of the halves of the anglea which 
ap, bp Buhtend at tlie vertex of the cone will be constant." Tliig property will bo 
trne of the yertex of any right cone, oot of which the section can be cut, and, 
therefore, ance the focus ia a point in the locus of such vertices, it must be true 
that tan iafp tan h'tfp is constant (see p, Sllj. 
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nor will be unaltered 

by projection, but every line parallel to the axis major will 
be shortened in the ratio J : a ; the projection will, therefore 
(Art. 163), be a circle, whose radius is h, 

369. We shall apply the principles laid down in the last 
Article to investigate the expression for the radius of a circle 
circumscribing a triangle inscribed in a conic, given Ex. 7, 
p. 220.* 

Let the sides of the triangle bo a, 0, y, and its area A, then, 
by elementary geometry, 

iA 
Now let the ellipse be projected into a circle whose radius is ^, 
then, since this is the circle circumscribing the projected triangle, 
we have 

iA' 
But, since parallel lines are in a constant ratio to their projec- 
tions we have 



lb'"; 

and since [Art. .^68) A' is to A as the area of the circle (=t5*) 
to the area of the ellipao (= ■jtoI) (see chap, xix.), we have 
A' : A :: b : a. 

Hence -^-^ : ^ :'. a!/ : b h h , 



4:A' ' iA ■ 

b'b"^ 
" ab 



and therefore S = 

* This proof of Mr. MacCnllagU'a theorem ia due to Dr. Graves. 
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INTAEIANTS AND COVARIANTS OF 

370. It was proved (Art, 250} that if S and 8' represent 
two conies, there are three values of k for which kS-\- S' re- 
presents a pair of right lines. Let 

S=aa?+hy^ +C3^ +2/7/3 +2^S3; +^hx^, 
S' = a' a? + h'y' + c's' + 2fyz + 2g'zx A- ^h'xy. 
We also write 

A = ahc + ^f()h ~ of" — hg^ — cJi^, 
A' = a'b'c' + 2fg'k' - a/' - i'g"^ - c'h"\ 
Then the values oik in question are got by substituting Sa4 «', 
&b + h', &c. for a, 6, &c. in A = 0. We shall write the resulting 
cubic i/^s ^ Qjc" ^ 0'^ + A' = 0. 

The value of 0, found by actual calculation, is 
[ie -f) a' + {ca - g") b' + [ah - ¥] o' 

+ 2(^h- af)f 4 2 [hf- bg)g' ^^{fg- ch) h' ; 
or, using the notation of Art. 151, 

Aa' + Bb' -v Gd + 2^' + 2 (%' + 2IIK ; 
or, again, 

, (^A ,, (?A , JA ., dZi. , (?A ,, t^A 

° *r+' '*+<'*+/ rf7+» a, +* nv 

as is also evident from Taylor's theorem. The value of 0' is 
got from by interchanging accented and unaccented letters, 
and may be written 

0' = ^'a + S'6 + G'c + 2F'/+2G^V + 2ff7j. 
If we eliminate h between h8^r 5' = 0, and the cubic which 
determines 4, the result 

AS'= - %B'^8-^ %'8'S' ~ A'5" = 0, 
(an equation evidently of the sixth degree), denotes the three 
pairs of lines which join the four points of intersection of the 
two conies (Art. 238). 
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Ex. To find the locns of the interaeotion of normala to a conic, at th 

of a chord whidi paEses ttiougli a given point ajS, Let the curve be 8 — -^ + ^~ 1 ; 

then the pointa whose normals pass throngh a givec point ic'j' are Setetniined (Art. 181, 



S.I) aa the intersectionB of >5 with the hyperbola 8' ~2{c'xy+yhfx-a'hi'y). 
then, by this article, form the cquatiou of the as. chords which Join the feet of 
noimala through sftf, and espresaing that this equation ia EatisSed for the point aj?, 
we have tlie locus required. 

We haTO d = i-^ , 9 = 0, e' = - {(fy,'' + i'j'^ - c<), A' = - 2a'iVa:'/. 

The equaljon of the locus ia then 
-tj, W» -r.,- ••./!)■ + 2 ("■"■ + »¥ - "') ("•(!« - '""S - "'•/!) (S + S - 1 )' 

+ !.Wxs(J + e-l)"=0, 

which represents a curve of the third degree. If the given point be on either asig, 
the locus reduCGB to a tDnic, aE may he seen hy maJdng a = in the preceding equa- 
tion. It is also geometrically evident, tiiat in this case the axis is part of the locus. 
The locus also reduces to a conic if the point bo infinitely distant ; that is to say, 
when the problem is to find the locus of the intei'section of noiinala at the estvemitiea 
of a chord paraEel to a given line, 

371. If Oil transforming to any now set of coordinatcB, 
Cartesian or trillnear, S and S^ become S and S", it is manifest 
XhsikS-vS' lecomeB k8-\-S\s.x\A tliat the coefficient J is not 
affected. It follows that the values of h, for which kS-\ 8' 
represents right lines, must be the same, no matter in what 
system of coordinates S and S' are expressed. Hence, then, 
the ratio between any two coefficients in the cubic for k, found 
in the last Article, remains unaltered -when we transform from 
any one set of coordinates to another.* The quantities &, 0, 
0', A' are on this account called invariants of the system of 
conies. If then, in the case of any two given conies, having 
by transformation brought S and S' to their simplest form, and 
having calculated A, 0, 0', A', we find any homogeneous rela- 
tion existing between them, we can predict that the same relation 
will exist between these quantities, no matter to what axes the 
equations are referred. It will be found possible to express in 

• It may be pwved by octnal tmnEfonnation that if in S and S' we substitute 
for x,y,s; Ix + mij + m, I'x + m'y + n'a, Tk + m"ff + n'% the quaulitiea &, O, 6' A' 
for the ti-ansformed system, ar? equal to those for the old, lespeotively multiplied by 
the square of the determinant 
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336 INVARIAKTS AKD COVAKIANTS. 

terms of the eame four quantities the condition that the conies 
should he connected by any relation, independent of the position 
of the axes, ae is illustrated in the next Article. 

The following exercises in calculating the invariants A, 0, 
©', A', include some of the cases of most frequent occurrence. 



Ex. 1. CaloDlate the invariants when Oie conies aie lefeiTeil to their < 


amnion 


self- conjugate triangle. We may take 




S=oi= + V + <^. S'=:aV + iy + c's'; 






xj{a-), 


ji J(i'), s J(c'), so as to bring S' to the form k* 4- ji= + a=. We have then 




A = ciic, e = 6<: + ca + ai,, 6' = o + i + c, A' = 1. 




And B + !:S' will represent right lines, if 





. Let iS", as before, ho a;' + y* + z', ^"^ let B represent the general et 

Am. ft = (is -/^ + ica - s^ + lab - h^j = A -t- S + C ; 6' = t 

'; Let S and S' represent two circles j^ + j' — r*, {a — a)' + (y - ^)' 



that if D he the distance between the centres of 
right lines if 

r^ + (2r-' + f-' - B^ k + (r= + Sr'' 
Now ance we Itnow that S — S' repreaenta tw<: 
infinitely distant), it is evident that - 1 mnst bo 
in fact divisible by t + 1, the quotient being 


the oireles, S + Wwill represent 

1 right lines (one finite, the other 
a root of this equation. And it is 


Ex. 4. Let a represent ^^ + ^ - 1, while S" is the circle (s - n)! + (y - 


-fiy-r\ 


Am. A = -^, = ^i,(-' + 


(3= - a' - *' - <■"), 





Es. 6. Let S repiesent the paialfflla j= — 4nLr, and S' the circle as before. 

^Ibs. A=-4ni', e=-4m(o + jn), 6' = ^-4Hia - )■=, A' =^ - )■=. 

372. 3b _;?w6? the condition that two comes B and S' should 
touch each other. When two points, A, B, of the four Inter- 
sections of two conies coincide, il is plain that the pair of lines 
AG, BB is identical with the pair AD, BO. In this case, then, 
the cubic 

A7c' + Ql^ + &k + A' = 0, 
must have two equal roots. But it can readily be proved that 
the condition that this should bo the case is 
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OF SYSTEMS OF CONICS. 337 

or 0'0" + 18 AA'00' - 27 A"i" - 4i0'' - 4A'Q' = 0, 

wliiiih is tlie required condition tbat the conies should touch. 

It is proved, in works on the theory of equations, that the 
left-hand member of the equation last written is proportional 
to the product of the squares of the differences of the roots of 
the equation in k; and that ivhen it is positive the roots of 
the equation in k are all real, but that when tt is negative two of 
these roots are Imaginary, In the latter case [see Art. 282), 
S and S' intersect in two real and two imaginary points : in 
the former case, they intersect either In four real or four 
imaginary points. These last two cases have not been dietin- 
guisbed by any simple criterion. 

If tliree points A, B, coincide the conies osculate and in 
this case the tbrec pairs of right lines are all identical so tbat 
the cubic must be a perfect cube; the condition for this are 

— = ■ , = ^—7 . The conditions for double contact are of a 

different kind and will be got further on. 

En, I. To find by this method the condition that two circles shall touch. Forming 
the condition that the reduced equation {Ei, 3, Art. 371), i-' + {r^+r'^- !}')&+ r'^i^^O, 
should hKTe equal roots, we get !■' 4- r'' - i)* = ± 2rc' ; D = r ±r' as is geometrically 

Es. 2. The conditions for contact between two conic? can be Eliortly found in 
the ctinaa of trinomial equations by identifying the equations of tangents at any 
point given Arts. 127, 130, and ate for 

f!,^+gzx + },xs = 0, J(&;) -i- JM + J(Bs) = 0, (/?)* + (5™.)* -|. {A»)i = 0, 

fot ^{l.r) + J(«;,) + 4M = 0. as? + */ + <^ = 0, (^f + (^* + (J)* = 0, 

for «£-- + V + "^^ = 0. /*= + ?=^ + ''^■J == 0, {-./^i + (V)* + (>;''')* = 0- 

Bs. 3. Bind the locns of the centre of a circle of constant ravins touching a gi™n 
conio, Wa have only to write for A, A", 6, 6' in the equation of this article, the 
vEduea Ex. 4 and 5, Art. 371 ; and to consider a, jl es the running eootdlnatfis. TJie 
loons is in general a curve of the eighth degree, but reduces to the siith in tlie case of 
the parabola. This curve is the same which we should find by measuring from tlie 
cnvVB on each normal, a oonatant length, equal to f. It is sometimes called the curve 
jjarallel to the given conio. Its evolute is the same as tiiat of the conic. 

Tbe following are the equations of the parallel cnrvea given at full length, which 
may also be regarded as equations giving the length of tlie normal distances from 
any point to the curve. The paral'el to the parabola is 
i" - (3j' + a" + 8m:c - 8™=] r' + {3f + f (2^= - Sntr + 20,»') 

+ Smx' + S,nV - 3J™».t + IRffl'} 1-' - <;,'- ~ 4«.t)' {f- + t^ - 7«)1 ^ (1. 
X X. 
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The parallel to the ellipse ia 

<M - 2t»r« {cs (h' + J!) + {ai _ 2¥) a' + (2a' - i=) !/<] 

+ H {o" (o' + 40=*' + &<) - 2c" (fli - Q'i' + 3i') 3^ 4- 2c" (3tt' - n^i' + i') y" 

+ (o' - 6o"S' + 6i<) ic< + (6a« - Go's' + i')y* + (60' - lOn'i' + 66'] I'j,'} 

+ r' {- 2o»i"c« (a' + Js) + 2c'j:'i= (3a' - aV + b') - 2c'^'o= (n' - o'i' + 84*) 

- Ko' (60* - lOa'S' + eS') - oV (6"*' - 10"'*' + 6*') + »^/ (4a' - 6a'i' - 6o'i' + W) 

+ 2*' (o' - 2i') is" - 2 (a' - o^S" + 8i') aff - 2 [3at - o'4'+ 6') a"j'+ Ka' (S' - 2a') /} 

+ (i'lS + o'y' - a'6")' {(a, - 0)' + jfl {(a, + c)' + /} = 0. 

Thus the locua of a pomt 13 a, conic, if the sum of agnai'es of its ncnnal distunces to 

the cnrve be given. If we form the condition that the equation in !•' should have 

eqnal roots, we get the ajuaies of the axes multiplied by the cube of the evoiute. If 

we moke r = 0, we find the foci cppearing as points wliose normal distance to the 

curve vanishes. This is to be accounted tor by remembaring that the distance from 

the oiigin vanishes of any point on either of the lines 3? + j' = 0. 

Ex. i. To find the equation of the evolate of an ellipse. Since two of the normals 
coinciiie wMch can be drawn through every point on the evoiute, we have only to 
expcBBB the couditioQ tbat m, Ex. Art. 370 the cnrves S and S' touch. How when the 
term h' is ahsont from an equation, the condition that Ai' + B'k + A' should have 
equal roots cedncoa to 27AA" + 4B'= = 0. The equation of the Byolute is thei-cfoia 
(0=1' + ¥f - c^Y + 27aWc<ie'y^ = (I. (See Art. 248). 

Ik. 5. To find the equation of the evoiute of a pai-abola. We have hera 
8 = y'-imx, S'~2x!/ + 2{i>a~!if)y-imy', 
4 = -4mS 9 = 0, e' = -4m (2!»-3i), A' = 4jnj, 
and the equation of the evoiute is27jnj'= 4 (a — 2m)'. It is to be observed, that the 
Intersections of S and 8' include not only the feet of the lltree normals which can be 
drawn through any point, but also the point at infinity on ji. And the sii chords ot 
intersection of 3 and S' consist of three chordE joining the feet of the normals, and 
three parallels to the axis through these feet. Consequently the method nsed (Ex., 
Art. 370) is not the simplest for solving the corresponding problem in the case of the 
parabola, We get thus the equation found (Ex, 12, Art. 227), but multiplied by the 
factor im (2mj + y'x- imt/") — y'K 

373. If S' break up into two right lines we have A' = 0, 
and we proceed to examine tbe meaning in this case of and ©'. 
Let ua suppose the two right lines to be x and 1/ ; and, by the 
principles already laid down, any property of the invariants, 
true when the lines of reference are so chosen, will be true in 
general. Tbe discriminant of S+ ikxy is got by writing li^Te, 
for h. in A, and ia A + 2j4 {fy — cK] — ci*. Now the coefficient 
of i" vanishes when c = ; that is, when the point xy lies on 
the curve 8. The coefficient of h vanishes when_^=:cA; that 
is (see Ex. 3, Art. 228), when the lines x and y are conjugate with 
respect to 8. Thus, then, wh&n S represents two right lines^ A' 
vanishes; 0' = O represents the condition that the intersection of 
the two lines should lie on 8 / and = is the condition that the 
two lines should he conjugate with respect to S. 
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The condition that A + ©^ + ©'4* should be a perfect square 
is ©" = 4a0'j whichj according to the last Article, is the conditioa 
that either of the two lines represented by jS" should touch 8. 
This is easily verified in the example chosen, where ©" — 4A©' 
is found to be equal to {be —f] {c.a — y"). 

Ei. 1. GiFen fise coniwi S,, Sj, &o., it is of comae possible in an infinity of ways 
ki dstermine the con^taate 1„ 1^, &o,, so that 

l^S, + EjSj + kSi + l,S^ + l^S^ 
may be eithei- a perfect square If, or the product of two lines Mf/: prava that the 
lines L all touch a fixed conic V, and that the lines M, N ate conjugate with i-egard 
to V. We can determine V ea that the invmiant 9 shall vanish foe V and eacli 
of the five conies, ainca wa have fire equaiiona of the form 

Aa, + Bb, + Cc, + 2F/\ + 2Gg, + ink, = 0, 
which are sufficient to determuie the mntntd ratios of A, B, &c., the coefficients in 
the tangential eqnation of V. Now if we have aepai'ately Aa, + &a. = 0, Aa^ + &c. = 0, 
Aa^ + &c. = 0, &c., me have phdnly also 

A {1,0, + l,a^ + l^ + l,a^ + l^a^) + &o. = j 
tliat 13 to say, © vanishes tor V and every conio of the system 



Ex. 2. If six lines x, i/,z,«,tr,w all touch the sarae conic, the squares are con- 
nected by a lineal' relation 

lix!' +!^+ ^js' + l,ji' + JjB' + /jio" = 0. 
This is a paiiicular case of the last example, but may be also proved as follows : 
Write down the conditions, Art. 151, that the aii lines should touch a conic, and 
eliminate the nnknown qaantitiea A, B, Ac, and the condition that the lines should 
touch the same conic is found to be tlie vanishing of the determinant 

V. /%'i "i'. /^"i. "n^s -^sMs 
/^'i "a", invay "8^ ^A 

/"i'. "'• ft"*! '^1' Kl^ 

But this is also the condition that the squares should be connected by a linear relation. 
Ex. S. If we are only given four conies S„ S^ iSj, Sj, and seek to determine V, as 
in Si. 1, so that 9 shall vanish, then, since we have only four conditions, one of tha 
tangential coefficients A, &a. remains indeterminate, but we can determine all the 
rest in terms of that; so that the tangential eqnation of Fiaof the form Z -t kZ' = 0, 
or Ftouohes four fixed lines. We shall afterwards show directly that in four ways 
we can determine tha constants so that l,S, + t^Sj + IA + l,8i may be a perfect 

It is easy to see (by taking for M the line at infinity) that if jlf be a given line 
it is a definite problem admitting of but one solution to determine the constants, bo 
that !,S, + &c. shall be of the form MN. And Ex, 1 shows that !f is the locus of 
the pole of .1/ with regard to V. Com pai-e Ex. S, Art. 3-^8. 
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374. To find the equation ofOie pair of tangents at the points 
where 8 is cut iy any line \x-\- ij.y + vz. The equation of any 
conic having double contact with S, at the points where \t meeta 
thia line, being hS + (Xar + /*■?/+ vzf = 0, it ia required to deter- 
mine k so that this ehall represent two right lines. Now it will 
be easily verified that in this case not only A' vanishes but 
also. And if we denote by S tho quantity 

AX' 4- B^' + Cv' + 2Fti.v -f 2 6v\ + 2H\[i^ 
the equation to determine i has two roots = 0, the third root 
being given by the equation iA + 2 = 0. The equation of the 
pail" of tangents is therefore 2S = A {\x -^ fiy + vzf. It is plain 
that when \x-i- /J.y+ vz touches S, the pair of tangents coincides 
with Xa; + \)/ + ViS itself; and the condition that this should be 
the case is plainly 2 = 0; as is otherwise proved (Art. 151). 

Under the problem of this Article is included that of finding 
the equation of the asymptotes of a conic given by the general 
tri linear equation. 

375. We now examine the geometrical meaning, In general, 
of the equation = 0. Let us choose for triangle of reference 
any self-conjugate triangle with respect to S, which must then 
reduce to the form ax' -^ 6/ + C3°(Ai-t. 258). We have there- 
fore /= 0, (/ = 0, A = 0. The value then of (Art. 370) reduces 
to hca' + cab' + abe\ and will evidently vanish if we have also 
a' = 0, h' = 0, c' = 0, that is to say, if S", referred to the same 
triangle, be of the (orm /'yz+g'zx-\-k'xy. Hence vanishes 
whenever any triangle inscribed in 8' is aelf-conjuyate with regard 
to 8. If we choose for triangle of reference any triangle self- 
conjugate with regard to S', we have/' = 0, ^ = 0, h' = 0, and 
becomes 

{he -/") a' + {ea-g^) b' + {ah - k^] c' ; 
and wilt vanish If we have hc=f*, '"*=^j «5 = A". Now bo^f 
is tho condition that the line x should touch :iS'; hence also 
vanishes if any tnangle circumscribing 8 is self-conjugate with 
regard to 8'. In the same manner it is proved that 0' = w; the 
condition either that it should he possible to inscribe in 8 a tri- 
angle self-conjiigate with regard to 8', or to circumscribe about S 
a triangh self-conjugate with regard to S. When one of these 
things is possible, the other is so too. 
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A pair of conies connected by tbe relation = pos 
another property. Let the point in which meet the lines joining 
the corresponding vertices of any triangle and of its polar tri- 
angle with respeet to a conic be called the pole of either 
triangle with respect to that conic ; and let the line joining the 
intersections of corresponding sides be called their axis. Then 
if = 0, the polo with respect to S of any triangle inscribed in 
S' will lie on 8'; and the axis with respect to 8' of any tri- 
angle circumscribing S will touch 8. I'or eliminating x, y, a 
in turn between each pair of the equations 

ax + hi/ + gs = 0, hx -h hy +/z = 0, ffx +fy + cs = 0, 
we get {gk ~af)x = [hf- hg) y=[fg~ ch) z, 

for the equations of tbe lines joining the vertices of the triangle 
xys to the corresponding vertices of ita polar triangle with 
respect to 8. These equations may be written Fx=Gy = Hz, 

and tbe coordinates of the pole of the triangle are ■^-,, ^ , ■^. 

Substituting these values in 8', in which it is supposed that tbe 
coefficients o', t', .c' vanish, we get 2i^' + 2(?(/'4- 2fi'A' = 0, or 
= 0. The second part of the theorem is proved in like 
manner. 

Ex. 1. It two trianglos be BBlf-conjiig:ate with regavd to any conic S', a conic can 
be descdbed passing througli their sii Teiticea ; and another can be described touch- 
ing their dx sides (see Ex. 7, Art. SaB). Let a conic be deaciibed through the three 
vertices of one triangle and through two of the otiier, which we talie for x, y, z. 
Then, because it circumscribes the first triangle, e' = 0, or a4-i + c = (Ex. 2, 
Art. 8JI), and, becansa it goes through two Terticea o£ xj?, we have n = 0, J = 0, 
therefore o = 0, or the conio goes through the remaining yertex. Tlie second part 
of the theorem is proved in like manner. 

Es. 2. The square of the tangent drawn from the centre of a conic to the circle 
cii-cmnscribing any self -conjugate triangle is constant, and =n' + i' [M. EauieJ 
This is merely tlie geometrical interpretation of the condition 9 = 0, found (Bi. 4, 
Art. 871), or a' + ^ - 1-" = a' -I- i". The theorem may be otherwise stated thus: 
"Esary oircla which eircnmscribes a Eelf-conjugate triangle cuts orthogonally the 
circle which is the locus of the intersection o£ tangents mutually at right angles." 
For the square of the radius of the latter circle is n' -l- S". 

Ex. 3. The centre of the circle inscribed in eveiy self-conjugate triangle with 
respect to an equilatei'al hyperbola lies on the curve. This appeara by making 
i' = -a' ia the condition H' = (Ex. 4, Art, 871), 

Ex, 4. If the rectangle under the segments of one of the perpendiculars of the 
triangle formed by three tangents to a conic be constant and equal to H, the locus 
1 of perpendiculars ia the circle i* 4- J;' = o" + i' -H JW. For Q = 
is the condition that a triangle self-conjugate with regard to the 
iumBcribed al)Dut S, But when a tiiangle i^ sclf-coniiigsite wii.ii 
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regard to it circle, tlie mteraeotion of perpendiculars is tlie centre oJ the circle and 
M la the square of the radius (Ej:. 3, Art, 278), The locua of the intereection of rect- 
angular tangents ia got from thia example by making ^ =: 0. 

Ex. 5. If the leotanglo under the Begments of one ot the perpendiculars of a 
triangle inscribed in S be conatant, and = M, the locus of intersection of perpen- 
dlculara is the conie concentric and eimikr with S, S = Jf f^ + i] [Dr. Hart]. 
This follows in the Bama way from S' = 0. 

Ex. 6. Find the locus of the intersection ot perpendiculars of a triangle inscribed 
in one conic and circumscribed about another [Mr. Bnmside]. Take for origin the 
centre of the latter conic, and equate the values of M found from Ex. 4 and 5 ; then 
if a', b' be the axea of the conic S in which the triangle is inaoribed, the eqtiatJOQ of 

the locus is a:^ + j' — a' — S' = a'^ZT'i ^' ^^ locus is therefore a conic, whose ases 
are parallel to those of S, and which is a circle when iS is a drcle. 

Bj:. 7. The centre of the drcle circumscribing every triangle, aelE'Conjugate with 
cegai-d to a parabola, lies on the directrix. Thia and the next example follow from 
e = 0(Bx. 6, Art. 371). 

Ex. 8. The iuteisectloa ot perpendiculars of any triangle clroumsciibing a para- 
bola lies on the directrix. 

El. 9. Given the ladiua of the circle inscribed in a self-conjugate triangle, the 
locus of centre is s, parabola ot equal parameter with the given one. 

376. If two conies be taken arbitrarily it is in general not 
possible to inscribe a triangle in one wbich sball be circum- 
scribed about the ofber; but an infinity of such tinangles can 
be drawn if the coefficients of the conies bo connected by a 
certain relation, wbich we proceed to determine. Let us suppose 
that such a triangle can be described, and let us take it for 
triangle of reference; iben the equations of the two conies 
must be reducible to the form 

S = ic" -I- j" + a" - 2^3 - 'izx - 23-j/ = 0, 

S' = 2/^3 4- Igzx + 2hxtj = 0. 
Forming then the invariants we have 

A = -4, = 4[/+5'4-^), ©' = -[/+5470'j ^' = ^M', 
values which are evidently connected by the relation 0" = 4A0'.* 

• This condition was fiiBt given by Prof. Cayley {Philosophical Maycsiine, vol. v[. 
p. 89] who derived it from the theory of elliptic functions. He also proved, in the 
same way, that if the squate root of i'fl -I- i'e + kB' 4- &', when expanded in powers 
of ft, be A + Bk+ Cl^ + &.a., then the conditiona that it should be possible to have 
a polygon of b aides inscribed in U and ciroumECribing V, are for ra = 3, 3, 7, Ac. 
respectively 

\ j),e\ = (>. \d,e,f\ 

\ E, F, G I =: 0, Ac, 
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TJiU U an equation of the kind (Art, 371) wliich is unaffected 
by any change of axes ; therefore, no matter wliat the form in 
which the equations of the conies have been originally given, 
this relation between their coefficients must exist, if they are 
capable of being transformed to the forms here given. Con- 
versely, it is easy to show, as in Ex. 1, Art, 375, that when the 
relation holds 0^ = 4A0', then if we take any triangle circum- 
scribing 8, and two of whose vertices rest on S", the third must 
do so likewise, 

Ei. 1. Knd the condition ttat two cii-cles may be sucli that a triangle can be 
insctibed in one and drcumsciibed abont the other. Lot i)s - j-^ - ,■•' = G, thun tha 
condition is (sea Bz. 3, Art. 37i) 

(G - r^Y + 4r' (G - r-^ = 0, or (G + r^ = ir',-" ; 
whence J)' = r"± 2i-r-', Eater's well known ( 
centre of the droumsoiibing circle and fcliat 
three sides. 

Es. 2. Eind tha loons of the centre of n circle of given raiiiuB, drcumsoribing a 
tiiangle circumscribing a conic, or inscribed in an inscribed triangle. The loci are 
omrres of the fourth, degree, except that of the centre of Bie circumscribing circle 
in the case of the parabola, which is a, circle whoso centre is the focus, as is other. 

En. B. IKnd the condition that a triangle may be inscribed in S' whose side* 
touch respectively S + 18', 8 + m8', S + nS'. Let 

S = iE= + 2/> + e=-2{l + JO»s-2(l + mff)^i-2(I + ii/i)=-;;, 
5'— 2/JS + 253354- 2iay; 
then it iE evident that S + (S" ia toiiched by x, Ac. We have then 
A = — (-2 + lf+ mg + liKf - ilsatjgh, 

e = 2 (/+ J, + A) (2 + ;/■+ mj + nft) + ^fgh (mB + ni + h,x), 
e' = - (Z+i, + ft)' - 2 [J + m + n)/<7ft, A' = Ifgh. 
Whence, obvionsly, 

{9 - A' (""1 + «i+ M]f = 4 (A + ?m«A') (0' + A' (/ + m + n}}, 
which is Ihe required condition. 

377. To find the condition that the line Xx^-fiy+vz should 
pass through one of tfiefour points common to 8 and S'. This 
is, in other words, to find tbe tangential equation of these four 
points. Now we get the tangential equation of any conic of 



\ F, (1, n = n, Ac. 
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the system S+kS by writing a + ka, &c. for a, &c. in the 

tangenilal equation of S, or 

S = {be -D V + [ca - /) /i" + {«& - A^) v' 

4 2 (.9^ - af] Mv + 2 (//- &^] vX + 2 (;^ - cli) V = 0. 
We get tluis 2 + ^* + i''S'=0, where 
* = {be- + 5'c - 2/') V + (ca' + c'a - ^gg) /i." 

1 {aV + a'6 - 2M') v' H- 2 (yA' + ^A - of - a'f) /j.v 
+ 2 (A/ 4 A/- f^'- 5',9) yX + 2 [// 4 /> - ch' - c'h] X/t. 
The tangential equation of the envelope of this system is there- 
fore (Art. 298)i|)" = i2S'. But since 8 + h8\ and the corre- 
sponding tangential equafion, belong to a aystcm of conies 
passing through four fised points, the envelope of the sysfem is 
nothing but the^e four points, and the et^uation •P" =■ 4'S,'S,' is the 
required condition that the line Xa; + /t^ + vz should pass through 
one of the four points. The matter may be also stated thus; 
Through four points there can in general be described two 
conies to touch a given lino (Art. 345, Ex. 4) ; biit if the given 
line pass through one of the four points, both conies coincide 
in one whose point of contact is that point. Now 4i'' = 4SS' is 
the condition that the two conies of the 93'stem 8+ h8\ which 
can be drawn to toucb \x-^ fi-y + vs, shall coincide. 

It will be observed that <l> = is the condition obtained 
(Art. 335), that the line Xx + /ii/ -i- vz shall be cut harmonically 
by the two conies. 

378. To find ilie, equation oft e four common .tangents to tioo 
conies. This is the reciprocal of the problem of the last Article, 
and is treated in the same way. Let S and 2' be the tangential 
equations of two conies, then (Art. 298) 2 4 AS' represents tan- 
gentially a conic touched by the four tangents common to the 
two given conies. Forming then, by Art. 285, the trilinear 
equation corresponding to S 4 iS' = 0, we get 

AS4^F4A"A'S" = 0, 
where 
r - [-Sa'4 B'C- 2FF') x' +{CA'+ C'A -2GG') f 

+ [AB' + A'B-2HH')z' 

4 2 ( Gll'-i- Gl{^ A F'- A'Fi yz + 2 (fiF'4 U'F- BG'- B G) zx 

+ 2 {FG' -i-F'G- OH' - G'H) .ry, 
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the letters A, B, &c. havmg the same meaning as in Art. 151. 
But a5+ /cF + ^"A'S" denotes a system of conies whose en- 
velope is F'' = 4AA'iSS'; and the envelope of the system evi- 
dently is the four common tangents. 

The equation F'' = 4Aii'jS5", by its form denotes a locus 
touching .8 and ;S', the curve F passing through the points of 
contact. Hence, tJie eight points of contact of two conies with 
ih&ir .comtnon tangents, lie on another conic F. Reciprocally, the 
eight tangents at the points of intersection of two conies envelope 
another conic *&. 

It will be observed that F = is the equation found, Art. 33i, 
of the locus of points, whence tangents to the two conica fonn 
a harmonic pencil.* 

If S' reduces to a pair of right lines, F represents the pair 
of tangents to S from their intersection. 

Ex. Find the equation of tiie common tangents to the pair of conic3 
ai^+h/ + cs' = 0, aV + 6Y + "'^" = "- 
Heia A = bc, B = ca, C = ab, whence 

F = aa' (bt- + i'c) x^ + W (co' + c-a) / + cc' {a'/ + a'i) s", 
and the reijnired equation 13 
[aa- id's + i'c) x' + bb' (CO' + c'«) i^ + co' (of + a'b) z']' 

= iaSeo'^i/ (02= + if + cs^ {a'x' + iy + e's'], 
which is eaBily rcsolred into the fonr factora 

»; jfW (i.oi ± y m (S"')} ± " Jl™' ('^'1( = 0- 
378ii. If S an.^ 8' touch, F touches each at their point of 
contact. This follows Immediately from the fact that F passes 
through the points of contact of common tangents to S and 8', 
Similarly if S and 8' touch In two distinct points, F also has 
doable contact with them in these points. This may be verified 
by forming tho F of cs" + Ihxy, c'z" + llixy which is found to 
he of the same form, via, Scc'AA'z' + Ihlt {ch' -f c'h) xy. 

From what has been just observed, that when 8 and 8' 
have double contact, F \s of the form 18-vmS', we can obtain 
a system of conditions that two conies may have double contact. 
For write the general value of F, given Art. 334, 
^'-^hf-V cz^ + 2f^3 + 2g3J! + 2hxy, 

" 1 believe I waa ths iirat to diract attention to the importance of thia oonio in 
the thsoiy of two oonios. 
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then evidently if lliey have double contact every determinant 
vaniahes of the eystem 

ll a , 5 , c, / , ,17 , A '1 
\a',h',d,r,'g\h' II 
II a, b, c, f , ^, h 11 = 0. 
That when 8 and iS" have double contact, 8, P and 8' are 
connected by a linear relation, may be otherwise seen, as 
follows: When iSaiid S' have double contact there Is a value 
of k for which k8+8' represents two coincident right lines. 
Now the reciprocal of a conic representing two coincident right 
lines vanishes identically. Hence we have 

/c''S4^*4-2' = 
identically. But the value o£ k, for which this is the case, is 
the double root of the equation 

Fa + P0 + h&' + A' = 0. 
Eliminating ?e between the former equation and the two dif- 
ferentials of the latter we have 2, 2', * satisfying the identical 
relation 

S, *, s' I 

3A, 20, 0' 
0, 20', 3A' 1=0. 
AVhen two conies have double contact their reciprocals have 
double contact also ; and it may be seen without difficulty that 
tbe relation just written between S, 2', •!> implies the following 
between S, 8', F 

8, T' , 8 
3A, 2A0', 
0', 2A'0, 3 A' 

379. The former part of this Cbapter has sufficiently shown 
what is meant by invariants, and the last Article will serve 
to illustrate the meaning of the word covartant. Invariants 
and covariants agree in this, that the geometric meaning of 
both is independent of the axes to which the questions are 
referred; but invariants are functions of the coefficients only, 
while covariants contain the variables as well. If we are given 
a curve, or system of curves, and have learned to derive from 
their general equations the equation of some locus, U= 0, 
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whose relation to tlie given curvea is independent of the axes 
to which the equations are referred, U is said to he a covaciant 
of the given system. Now if we desire to have the equation 
of this locus rcfeired to any new axes, we sliall evidently arrive 
at the same result, whether we transform to the new axes the 
equation U= 0, or whether we transform to the now axes the 
equations of the given curvea themselves, and from the trans- 
formed equations derive the equation of the locus by the same 
rule that V was originally formed, Tlius, if we transform the 
equations of two eonics to a new triangle of reference, by 
writing instead of ar, y, s, 

lx + my + nz, Tx + m'y ■+ n'z, l"x + m"y 4 n"z ; 
and ifwe make the same substitution in the equation F'=4 A A' jSi9', 
we can foresee that the result of this last substitution can only 
differ by a constant multiplier from the equation F* = 4AA'S'S', 
formed with the new coefficients of S and 8'. For either form 
represents the four common tangents. On this property is 
founded the analytical definition of covariants. " A derived 
function formed by any rule from one or more given functions 
is said to be a covariant, if when the variables in all are trans- 
formed by the same linear substitutions, the result obtained by 
transforming the derived differs only by a constant multiplier 
from that obtained by transforming the original equations and 
then forming the corresponding derived." 

380. There ia another case in which it is possible to predict 
the result of a transformation by linear substitution. If we have 
learned how to form the condition that the line "Kx + fiy-Vvz 
should touch a curve, or more generally that it should hold to 
a curve, or system of curves, any relation independent of the 
axes to which the equations are referred, then it is evident that 
when the equations are transformed to any new coordinates, 
the corresponding condition can be formed by the same rule 
from the transformed equations. But it might also have been 
obtained by direct transformation from the condition first ob- 
tained. Suppose that by transformation XxA-fJ.y-b vz becomes 

X [Ix + my + ms) + /* [I'x + m'y + n'lc) + v {Tx + m"y + n"s), 
and that we write this \'x + ii.'y 4 v's, we have 

X' = /A. + Tfi, + ^'V, /i' = mX 4 m'lj, + m!'y, v' = nX 4- n'/j- + n"v. 
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Solving these equitions, ive get equations of the form 
X=L\'+L'/j.'-i'L"v', fj, = MX'+M'fi'-i-M"v, v=N\'-^N'{i'-{-N"v'. 
If then we put these values into the condition as first obtained 
in terms of X, fj., v, we get the condition in terms of X', /*', v', 
which can only differ by a constant multiplier fi'om the condition 
as obtained by the other method. Functions of the class here 
considered are called contravariants. Contra variants are like 
covariants in tbis: that any contra variant equation, as for 
example, the tangential equation of a conic (he —/'] V + &«■ = 
can be transformed by linear substitution into the equation of 
like form (b'o' —/''] X'^ + &e, = 0, formed with tbe coefficients 
of the transformed tnlinear equation of the conic. But they 
differ in that X, ^, v are not transformed by the same rule as 
x,y,z; that is, by writing for X, I\ + m/i + Jiv, &C., but by the 
different rule explained above. 

The condition 4> = found, Art. 377, is evidently a contra- 
variant of the system of conies S, S'. 

381. It win be found that the equation of any conic co- 
variant with S and 8' can be expressed in terras of S, 8' and F ; 
while its tangential equation can be expressed in terms of S, 2', 4". 

Ex. 1. To espresH in terma o£ S, S', F the equation ot the polar conic of S witli 
respect to S', From the natiira of covariants End invatianta, any i-elation fooud con- 
necting these quantities, when tbe equations are referred to any axes, must remain 
trne when the equations are tranEformed. We may therefore refer 8 and S' to their 
common self-conjugate triangle and write S = ac' + Sy* + ei', S' = a" + s^ + a'. It 
will tie fonnd then that P = a [S + e) a^ 4- * {o + a) / + c (a + i) s'. Hovr since the 
condition that a Kne ehould touch S is fe\' + en^' + abii' = 0, the locus of the poles 
with respect to S' of the tangents to 5 is Jtit' + caf + aii" = 0. But this may be 
written (bc + ca + ai) [x' + j/' + s') = F. The loons ia therefore fEs, 1, Ai-t. 371) 
65' = P. In like manner the polar conic of S' with regard to S is e'5 = P. 

Es. 3. To express in terms of S, S', P the conic enveloped by a line cut hai-- 
monioally by Sand S'. The tangential equation of this conic * = ia 

(* + c)X=4-(c + a)/.'' + (o + J)i'==0. 
Hence its trilineai equation is 

(e + 0) (a + S) a' + (a + J) (i + c) ji + {c + a) {b + c) a= = 0, 
or (Jc + OT + fli)(a!= + / + 3^ + (a + i-(-c)(oi' + i3r'' + «s')-P = 0, 

or es' + e'8-p = i). 

Ek. 3. To find the condition that P should break up into two right lines. It is 
ubc{b + o){e + a){a + b) = 0, oi: aio {{a + b + c) (ba + ca + ab) - abc] = 0, 
or iA' (00' - &A') = 0. 

which ia the required formula. 98' = dA' is also the coniiition that * should break 
up into factora. This condition will be found to be satisfied in the case of two circles 
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wliicb cut at rigiit angles, in mhicli oafa any line throtigli eittec ceuti-o iscuttai- 
Eonically by the circles, and the ioeus of points whence tangenta form a harmonic 
pencil bJho redocea to two right linea. The locua and enyelcpe will reduce similaily 
if J)" = 2 (?■' + r"). 

Bs. 4. To reduce the eqnations of two conica to the forma 
ilf + j' + s= = 0, oar^ + iji' + es'^O. 
The conetania o, S, c aie determined at once (Es. I, Art. 371) as the roots of 

And if we then soWe the eqnationa 

we find xf, y', si' in terma of the known functions B, S', F. Strictly spiking, we 
ought to commence by dividing tlie two given equations by the cube root of i, since 
we want to reduce them t^ a form in which the discriminant of 8 shall he 1. But it 
will be seen that it will come to the same thing if leaving S and B" unchanged, we 
calculate P from the given coefficients and divide tlie result by i. 
E^ 5. Eednce to the above form 

&i^-ixy+ if - 2a: + 4s = 0, Si* - Xixy + 8j= - 6a - 2 = 0. 
It is convenient to begin by forming the coefGcients of the tangential equations 
A, S, &a. These are - i, - 1, 18; -3, 3, -2; -16, - li), -9; 21, 34, - IJ. 
We have then, 

A = -9, e = -54, e' = -99, ii'^-e-i, 

whence u, i, o arc 1, 2, 3. We nest calculate W which is 

-0 (33af-50i^ + 44^-18a + lJ(/-4). 
Writdng then 

X'+ r»+ 2''= Sit'- Gxy-i- 9sj>- ix+ ig, 
.l's + 2r= + S22= 6i!'-Uij+ 8j'- ea- 2, 
5X' + 81" + SZ' = 2ar= ~ 60rj + 44(/= - 18x + 12y - i. 
We get from 63+ 5'- P, X'= (3^ + 1)', 

fi-om p- 3S-2S', r== (23!-y)2, 

from 28 + 38-- F, Z= = - (i + y + 1)'. 

Ex., 6. To find the equation of the four tangents to 8 at its intei'sections with S'. 

Alts. (e,S-AS0s=iA5{e'S-F), 
Ex. 7. A triangle ia oireumacribcd to a given conic ; two of its verticeH move on 
fixed right lines \x + /!!/ + vs, \'x + fi'y + )■'«; to find the locua of tlie third. It was 
proved (Bi. 2, Art. 272) that when the conic is s" - a^, and the Imea oa; - y, fcc — Jf, 
the loons is (a + by (s' — x//) = (a — S)* i'. How the right-hand side ia the square of 
the polar mth regard to S of the intBrseotion of the lines, which in general would be 
r = {ax + by + gz) (ui.-' - p.',,) + (ftl + Jj +/:) (A' - i''X) + (jar +/y + 0!) {\^' ~ X» = 0, 
and a + 6 = is the condition that the lines should be conjugate with respect to 8, 
which in general (Art. 373) is e = 0, where 

e = AKK' + S^i- + Civ- + F Gui.' + n'li] + G (vV + i/X.) + ff {A/ + X'^) = 0. 
The particular equation, found Art. 272, must therefore be replaced in general by 

Es, 8. To find the envelope of the base of a triangle inscribed in 8 and two of 
whose Bides touch 8'. 

Take the aides of the triangle in any position tor lines of reference, and let 
S = 2 (/j3 + gsx + hxy), 
S' = a:= + 1/' + s= - 2js - 2m; - 2m/ - Slfcy, 
where sr and y are the lines tduohed by 8'. Then it is obvious that kS + S' will be 
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tonched by the tliitd side s, and we shall show by the invarianta that thia ia ajSrerf 
come. We have 

A = 2/gh, &--{/+ ff-bhy-ygU, e' ■= 2 (/+ j/ + S) (2 + M), A' = -(2 + ft*)', 
wlience 6'" — iSA' =: 4AA'i, and tile equation AS+ S' = maj be wiitten in the form 

(e'" - iGA') S + AAA'S' = 0, 
■wMcIi therefore denotes a Sxed conic tonohed by the third side of the triangle. It 
is obvious that when 6'" = 4eA' the third side will always tnnch 6', 

Ei. 9. To find the locua of the vertex of a triangle whosH three eidea touch a 
conio U and two ot whose verticea move on another conic V. We have slightly 
altered the notation, for the convenience of being able to denote by f and V the 
resnlta of anbatituting in B and V the coordinates of the vertex x'/s'. The method 
we pursue is to torm the equation of the piur of tangents to U through x'yV ; then 
to form the equation of the Unea joining the points where this parr ot lines maeta V; 
and, lastly, to form the condition that one of these lines (which must be the base 
of the triangle in qneBtion) touches V. How if P be the polar of x'l/i', the pair of 
tangents is UV - P'. In order to find the chorda of intersection with Fof theptdr 
of tangents, we form the condition that BB' - F' + kV may repi'esent a pair of lines. 
This disoriminant vrill be found to give us the following quadratic for determining A, 
X'A' + XP' + AU'V' = t>. In order to find the condition that one of these chords should 
tontdi B, we must, by Art. B72, form the disoriminant of ^ir+ {BB' - J« + \V), and 
then form the condition tliat this considered as a function of n should have ei^ual 
toots. The discriminant is 

^=A + (. (2P'A + xe) + Jf "A + X {BV + AV') + Ve'i, 
and the condition for equal roots gives 

X (4Ae' - e=) + 4A=F' = 0. 
Substituting tliis value for X in \^A' + XF' + AB'V, we get the equation of the 
required loous 

ieA»A'r-4a(4Ae'-e5) f+ f/ (4Ae' - e^= = o, 

which, aa it ought to do, reduces to V when 4Ae' ~ e'.* 

Ei. 10. Knd the loous of the vertex of a triangle, two of whose sides touch B, 
and the third side 0(7 4- *r, while the two base angles move on V. It is found by 
the aama method as the last, that the locos ia one Or Other of the conies, touching 
Ilie tour common tangents of U and V, 

AAW+ 7^aY + ij?U= 0, 
where \ i ;« is given by the quadratic 

uia&~pa)\i + a (4Ao 4- 29i) X/i. - iV = f> 
where a = 4AA', (J = 6= - 4iie'. 

Ei. 11. To find the loona of the free vertci of a polygon, oil whose sides touch U, 
and all whose vertices bnt one more on V, This is reduced to the last ; for the line 
joining two vertices of the polygon adjacent to that whose locna ia songht, touches 
a, conic of the form aU+iV, It wdU be found if X',/; \",p-"; \"', y!" be the 
values for polygons of n — 1, n, and is + l sides respaclively, that \"' = /i'n"', 
pf" = A'k'X" (ai>." - A'^X"). In the case of the triangle we have X' = a, /=A'p; 
m the case of the quadrilateral \" = ^, ^" = o (i^a + 2(30), and from thcEe we can 

* The reader will find (Qiiarterli/ Journal of Mathematics, voU i. p. 344) a dia- 
cuBsion by Prof. Cayley of the problem to find the locus of vertex of a triangle oiroum- 
BCribing a conic S, and whose base angles move on given cm'ves. When the curves 
are both conies, the locus is of the eighth degree, and touches S at the points where 
It is met by the polars with regard to iS of the intersections of the two conies. 
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find, step by step, the values for every other polygon. (See Philosophical Ma^aiiae, 

Ht. 12. The triangle formei by the polare oJ midiJle points of aides of a pven 
tiiangle with regard to any inscribed conic has a constant area [M. Eaure]. 

Ei. 13. Find the condition that if the points in which a oonio meets the sides of 
the triangle of reference he joined to the opposite vertices, the joining lines shall form 
two sets of three each meeting in a poinL Ans. aic — ^gh — (^f' — bg' — eft' — 0, 

382. The tbeory of covariants and invariants enables us 
readily to recognize the equivalents in trillnear coordinates of 
certain well-known formulse in Cartesian. Since the general 
expression for a line passing through one of the imaginary 
circular points at infinity Is x + y \/{—l)-\- c, tbe condition that 
Xx + /),i/ + v should pass through one of these points is X^ + /*"= 0. 
In other words, this is the tangential equation of these points, 
If then 2 = be the tangential equation of a conic, we may 
form the discriminant of S + /c (X' 4 /*'}• Now it follows from 
Arts. 285, 286, that the discriminant in general of 2 + AS' is 

A" + AA0' + k'A'& + k'A"'. 
But the discriminant of S 4 ^ (X" + /I'O '^ easily found to be 

A' + AA(a + S)4^Ca5-^'). 
If, then, in any system ot coordinates we form the invariants 
of any conic and the pair of circular points, 0' = is the con- 
dition th^t the cni\e should he an equilateral hyperbola, and 
© = that It should he a parabola. The condition 

((s + 5)" = 4 (ai - A'O, or (a-Sf + 4A'=0, 
must be satisfied if the conic pass through either circular point ; 
and it cannot be satisfied by real values except the conic pass 
tbrongh hotJi, when o = 5, ^ = 0, 

Now the condition X'-|-/** = 0* implies (Art. 34) that the 
length of the perpendicular let fall from any point on any line 
passing through one of the circular points is always infinite. 
The equivalent condition in trilinear coordinates is therefore 
got by equating to nothing the denominator in the expression 

* This condition also implies (Art. 25] that every line drawn through one of these 
two points is perpendicular to itself. This accoonts for some apparently irrelevant 
factors which appear in the equations of certain loci. Thus, if we look for the equa- 
tion of the foot of the perpendicular on any tangent from a focus a0, (x - a)^ +(;/- py 
will appear as a factor in the locus. For the perpendicular from the focus on either 
tangent through it coincides with the tangent itaelf. This tai^ent therefore is part 
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for tlie lengtli of a perpendicular (Art. Gl). The general tan- 
gential e(juation of the circular points ia therefore 

X^ + fi' + v'-^/i.v co3A~2y\ C03 B^^Xfi casO^O. 

Forming then the and 0' of the system found by combining 
this with any conic, we iind that the condition for an equilateral 
hyperbola 0' = 0, ia 

a + 5-i-c-2/cos^-2y C0S5-2A cos(7=0; 
while the condition for a parabola = 0, is 
A sinM + B sin''B + C sia'0+ ^Fsin V sin G 

+ 2 (? sin C sin ^ + 2S sin -4 sin S = 0. 
The condition that the curve should pass through either circular 
point is 0"' = 40, which can In various ways be resolved into a 
sum of squares. 

383. If we are given a conic and a pair of points, the 
covariant F of the system denotes the locus of a point such 
that the pair of tangents through It to the conic are harmoni- 
cally conjugate with the lines to the given pair of points. 
When the pair of points Is the pair of circular points at in- 
finity, P denotes the locus of the intersection of tangents at 
right angles. Now, referring to the value of F, given Art, 378, 
it is easy to see that when the second conic reduces to X" -f /i' ; 
that is, when ^' = B' = 1, and all the Other coefficients of the 
tangential of the second conic vanish, F is 

which is, therefore, the general Cartesian equation of the locus 
of intersection of rectangular tangents. (See Art. 294, Ex.). 

When the curve is a parabola = 0, and the equation of the 
du-ectrix is therefore 2i_0x + Fy) = A + B. 

The corresponding trilinear equation found in the same way is 
[B+0+2^cos^)a:'' + {0+-4+2f?cosS)/+(^ + -S+2-a"c03C)3' 
+ 2 (^ cos^ -F-GcosO~H eosS) ys 
+ i{B<iosB-G-B:msA- F ao&C)zx 
+ 2(Cco9C-H'-^co9S- (? cos 4) ,rj/ = 0, 
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It may be slio-wn, as In Art. 128, that this represents a circle, 
by throwing it into the form 

, . ,. . r> ■ ^, /if+C+2i^cos^ (7+-4 + 2G'cobB 

^ ' \ smA s\aB " 

A+B+2HcosG \ & / ■ ^ ■ „ . X,, 

smG J sin^amBsinC^ ^ " 

■where = ia the condition (Art, 382) that tbe curve should 

be a parabola. When = 0, this equation gives the equation of 

the directrix. 

384. In general, 2 + ^2' denotes a conic touching the four 
tangents common to 2 and S' ; and when h is determined so 
that 2 + &2' represents a pair of points, those points are two 
opposite vertices of the quadrilateral formed by the common 
tangents. In the case where 2' denotes the circular points at 
infinity, when 2 + A2' represents a pair of points, these points 
are the foci (Art. 258a). If, then, it be required to find tie foci 
of a conic, given by a numerical equation in Cartesian coordi- 
nates, we first determine k from the quadratic 

{ab - Ji') i' + A (a + &) & + A' = 0. 
Then, substituting either value of J in 2 -f- Z; (V + /t"), it breaks 
up into factors (Xic' + fi^' + vz') [Xx" + fi-y" + ve') ; and the foci 

are -; , "—,\ -^ , ~, One value of k gives the two real foci, 

and the other two imaginary foci. The same process is appli- 
cable to trilinear coordinates. 

In genej-al, S + A {X" + ^i^) represents tangentially a conic 
confocal with the given one. Forming, by Art, 285, the corre- 
sponding Cartesian equation, we find that the general equation 
of a conic confocal with the given one is 

AS+k{C{ai' + f)~2Gx-2m/ + J+B] + h' = 0. 
From this we can deduce that tbe equation of common 
tangents is 

{C{a^ + f)-2Gx-2Fi/ + A-\-BY = ij^8. 
By resolving this into a pair of factors 

((==-a)'+(j-/3)')((«-«r+(s-^71, 
we can also get a, /3 ; a', ^' the coordinates of the foci. 
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Ex. 1. mm the foei of 2x^-2x1; 
ai' 4- 4tA + ii= = 0, whose roots are k 
value i = S, 



3 {A.* + ^') - 3 (X + 2n + 1-) (3X + 4/1 + v). 
The value 9 gives tiie Imagiuavy foci 

ocas of a parabola pven by a Caiiesian 
. simple equation, and we find tliaC 
(a + i) {A\' + S^' + 2F^lv + 2GiiK + 2HApt - A (X' + /,') 
is resolvable into factors. But these evidently must be 

(• + « ea + J« .«i %'ii}~e - ' + 'Vti^rwF ' + '• 

The first factor gives the infinitely distant focus, and shows that the axis of the onrre 
is parallel to Fx ~ Gy, The second factor shows that the coordinates of the focus 
are the coeffieients of \ and /i in that factor. 

Bs. 3, Find the coordinates of the focna of a parabJa given by the fcrilinear 
equation. The equadon which represents the pair of foci is 

e'S = A (\' 4- |i= + !■' - ayj" cos ^ - 2"^ cos 2J - 2X/i cos (7). 
But the cooidinatea of the infinitely distant focus are fenown, from Art, 293, sinca it 
is the pole of the line at infinity. Hence those of the finite focus ate 

eu A 6'.g-a 

.dainJ + JainB+OBinC' ^"BinA + Ssiiifl + f smC" 



GslnJ + ^smit+ Csint" 

385. The condition (Art, 61) that two lines should be 
mutually perpendicular, 
W + ij-iif + c/ - (/i/ + ii'v) cos A — (pX' H- v'X) cos B 

-(X/t' + X» cos C = 0, 
18 easily seen to be the same as the condition (Art. 293) that 
the lines should be conjugate with respect to 

X'' + fj,'' + v' — 2/j,viiosA ~2v\ cos B — 2Xf>. QOS = 0. 
The relation, then, between two mutually perpendicular lines is 
a particular case of tbe relation between two lines conjugate 
■with regard to a fixed conic. Tlius, the theorem that the three 
perpendiculars of a triangle meet in a point is a particular 
case of the theorem that the lines meet in a point which join 
the corresponding vertices of two triangles conjugate with re- 
spect to a fixed conic, &c. It Is proved [Geometry of Three 
Bimensiovs, Chap. IX.) that, In spherical geometry, the two 
imaginary circular points at infinity are replaced by a fixed 
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imaginary conic ; that all circles on a sphere are to be considered 
as conies having double contact with a fixed conic, the centre 
of the circle being, the pole of the chord of contact ; that two 
lines are perpendicular if each pass through the pole of the 
other with respect to that conic, &c The theorems then, which, 
in the Chapter on Projection, were extended by substituting, 
for the two imaginary points at infinity, two points situated 
anywhere, may be still further extended by substituting for 
these two points a conic section. Only these extensions are 
theorems suggested, not proved. Thus the theorem that the 
intersection of perpendiculars of a triangle inscribed in an 
equilateral hyperbola is on the curve, suggested the property 
of conies connected by the relation ©=0, proved at the end 
of Art. 375. 

It has been proved {Art.306) that to several theorems concern- 
ing systems of circles, correspond theorems concerning systems 
of conies having double contact with a fixed conic. We give 
now some analytical investigations concerning the latter class 
of systems. 

386. To form the condition that the line \x + /iy + vs may 
touch S+ (k'x H- ft'y + v'z]'. We are to substitute in S, a + \'\ 
h + /i'", &c. for o, 5, &e. The result may be written 

2+{a(/:t/-/^)= + &c.j=0, 
where the quantity within the brackets is intended to denote 
the result of substituting In 8 y-v' — /t'c, cX' — /\, X/t' - X'^ for 
ic, ^, z. This result may be otherwise written, Tor it was 
proved (Art. 29i) that 

[a^ 4- &c.) (aai" + &c.] - {axa^ H- tSJc.)' = A [yz' — ■ifzf + &c. 
And it follows, by parity of reasoning, and can be proved in 
like manner, that 
{Al^ + &c.} (^X" + &c.) - (^XX'+ &c.)^= A {a {/j.v'- ;iV)'+ &c.j, 

where -dXX' + &c. is the condition that the lines Xa;-f ("y + c^, 
X'a; + /I'j + v'z may be conjugate ; or 

^XX'+ Bfitt'+ Cvj/ + F{iAv'+ //v) + G {vX'-i- v'\) + II[Xix'-\- X».; 
If then we denote ^X'H&c. by 2', and AXk'^&c. by n 
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and if -we substitute ?or a {/iv' — i/y)' + &c. the value just found, 
the condition previously obtained may be written 
(A + S') S - n' = 0. 
If we recollect (Art. 321) that X, /i, v may be considered as 
the coordinates of a point on the reciprocal conic, the latter 
form may be regarded as an analytical proof of the theorem 
that the reciprocal of two conies which have double contact is a 
pair of conies also having double contact. This condition may 
also be put into a form more convenient for some applications, if 
instead of defining the lines Xa; + /ly -V vz, &c. by the coefficienta 
X, fi, I-, &c., we do so by the coordinates of their poles with re- 
spect to S, and if we form the condition that the line P" may touch 
S+F"\ where P' is tbe polar of ic'/z', or axx' -\-&c. Now the 
polar of x'}/'z' will evidently touch S when x'^^^ is on the curve ; 
and in fact if in 2 we substitute for X, p, f ; 5„ S^, S^ the cocfE- 
eients of x, y, z in tbe equation of the polar, we get aS'. And 
again two lines will be conjugate with respect to S, when their 
poles are conjugate ; and in fact if we substitute as before for 
X, iijVivtU. we get A^, where E denotes the result of substituting 
the coordinates of either of the points x'y'^, x'y"^', in the 
equation of tbe polar of tbe other. The condition that P' should 
touch 8-^ P'" then becomes (1 + S") S' = E'. 

387. To find the, condition that the two conies 

8-i- (X'x + iify + v'zf, (84 (X"a! 4 li"y 4 /'«)', 
should touch each other. They will evidently touch if one of 
the common chords (X'a; + fi'y 4 ^^) ± (X"a! 4 iJ."y + i^'s) touch 
either conic. Substituting, then, in the condition of the last 
Article X' ± X" for X, &c., we get 

{A4S')(S'±2n4 2") = (2'±n)'', 
which reduced may be written in the more symmetrical form 
{A 4 S') (A 4 S") = {A ± n)=. 
The condition that /S4P'^and 5 4 P'^ may touch is found 
from this as in tbe last Article, and is 

(l4S')(l4:8"} = (l±Pr- 

Ex. 1. To draw a. conic having double contact with S and touching three given 
eoniCB S + i"', S + P"», S + P"", also liaving double contact witli S. Let xyn he the 
coordinates of the pole of the chord of contact with S of the sought conic S-i-S", 
then we have 
(1 + S) [1 + fi-) = (1 + /")= i (I + B) (1 + S") = (1 + JT i (1 + -S) (1 4 B"') = (1 + i^T 
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where the reader will observe that S", S", S"' are tiiowii 

invohe the coordiuatcB of ihe sought point x^. I£ tlien we vaits 1 + S = /e', iic, 

lck'~l + P; fti" = 1 + P", M;'" = 1 + P'". 
It is to tie obEBTVed that P', P", P"' might each have been written with a double 
Bign, and in taking the Bquare roots a double sign may, of course, be given to 
k', k", A"'. It will be found that these varietiea of sign indicate that the problem 
admits of thirty-two solutiona. The equations last written give 

k{h'-h'') = r~P";k{k"-k-) = P"-F"; 
whence eliminating k, we get 

P' (i" - i"") + P" {k"' - *■) + P"' {if - i") = 0, 
the equation of a line on which must lie the pole with regard to fl" oJ the chord 
of contact of tie sought conic. This equation is evidently satisfied by the point 
P' = P" = P". But this point is evidently one of the radiml centres (see Art. 30C) 
of the conies S + P", 8 + P"», S + P"'=. 

The equation is also satisfied by the point p—lj'—Tai- 1° order to see the 



(l-ffi')2 = A(W+/.j' + !«')=, {1 + S")L = 



repreeent points of intersection o£ common tangents to S + i™, 8+P"^, that Is to 
say, the coordinates of these points are t; ± j;; > Ac, and the polars of these pcdola, 

p. p" pr p-r p; 

withieapeottoS, arc -p ± pr ■ It follows that p- = p; = p? denote the pole, with 
respect to S, of an aaia of similitude (Art. 306) of the three given oonica. And the 
theorem we have obtained is, — the pole of the sought chord of contoct lies on one 
of the linet joining one o/ the fovr rndical centres to the pole, mlh regard to S, of 
one of the four axes qf siiailUade. This is the extension of the theorem at tte end 
of Art. 118. 

To complete the solution, we seek for the coordinates of the point of contact of 
S + P' with S + F'^. Now the coordinates of the point of contact, which is a centre 
of similitude of the two conies, being j ~ t, , &•:., we must substitute si + p e' for 
«, &o. in the equations kk' = 1 + P', &c., and we get 

11^ = 1 + ^ + ^ 8'; kk" = l + F" + ~R; kk"' = 1 + P-" + ^,P', 



k{^ -k") = P' - P" + j,{S' -Ii)i !i{k'-k"')^P'~F"' + j,(,S'-E'), 
whence eliminating k, we have 

^{-■-?^('"-F)}*^-{--F-(''-F)}-^"{'-^(--f». 

the equation of a line on which the sought point of contact must lie ; and which 
evidently joins a radical centre to the point where P', P", P'" are i-eepectively pro- 
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portioDal to *'-p7 ^'-V'^''^^' ""^ '" ^' '''^" ~ ^ k'k'" - If. But if we 

form the eqnatanna of the polara, with lespect ki S + F'', of the tliree centres of 
similitude ae above, we get 

(IcT- -E)P'- P", {h-&"' - if ) P' = P"', &c., 

Knowing that the line we want to conatroot is got by joining one of the four radical 
centres to the pole, with respect to S + P'^, of one of the four axes of similituda. 
This may also be derived geometrically aa in Art, 121, from the theorems proved, 
Art. 306. The sixteen lines which can ha eo drawn meet S + /"* in the thirtytwo 
points of contact ot the different conies which can be drawn to fulfil the Ci 
ot the problem* 



• The solution here given ia the same in saljstance (though somewhat simplified 
in the details) as that given by Prof. Cayley, Crdle, Vol. XXXIX. 

Prof. Casey iPfoceediar/s of the Royal Irish Academy, 1866) has arrived at another 
solution from considerations of spherical geometry. He shows by the method used, 
Art. 131 (a), that the same relation wiiich connects the common tangents ol four drclcs 
touched by the same fifth connects also the sines of the halves of the common tan- 
gents of four such oirclra on a sphere; and hence, as in Art. 121 (i), that if the 
equations of thiee ciicles on a apliere (see GeomOry of Three Zttmensions, chap. IX.) 
be S — i' = 0, S — Jf = = 0, S~ N' — 0, that of a group of circles touching bU three 
will be of the form 

4[\ (s* - L)] + j[M (s* -iri] + -Jf- (fi* - jV)i = 0. 

This evidently gives a solution of the problem in the text, which I have nrriveil 
at directly by the following process. Let the conic S be afl + y' + z', and let 
Z = Jj! + my + B3, M=l'x-i-m'y + n'i; then the condition that S — L', 8-M' 
Bhould toDcIi U (Art. 387) (I - S') (l ~ S") = (I - H)', where «■ = P + m" + b", 
J"=f=-m'»+n'', R=ir+aaa-+aa: I write now (12) to denote J(l-S')(I-S")-(l-fl). 
Let us now, according to the rule of mnltiplioation of determinants, form a deter- 
minant from the two matrices containing five oolnmns and six rows each. 



1, 0, 0, 0, 

1, I, m, «, J{l-fiT 




0, 


0, 

I, 


0, 0, 1, 
m, n, J(l - S-), 


1, F, m% «', J(l-a") 




-1 


i', 


m\ «■, J(l - fi'O, 


1, r, m", «■', J(l - S"-) 


^ 


-1 


r 


m", «", J(l - S'") 


I, r; m'", «"', j(i - s^ 




-1 


r 


m'", n."% J{1 - S,), 


1, h' "i^, «., J(i-s,) 




-1 


h' 


,n„ «„ J(l - S,). 



The resulting determinant which t 



's'), 0, (12), (13), (14), (15) 

S"), (13), 0, (23), (24), (:>5) 

«"'), (19). (28), 0, (3i), (35) 

J(l - «J, (14), (24), (34), 0, (45) 

j(l - S,), (15), (25), (S5), (45), 



J(t 
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Ex. 2. The fonr conlos having double contact with a, given one 8, which can lie 
drawn through three fixeii points, ara al! touched by tout other conies also Saving double 
contact with S.* Let 

S=x' + f + !^-2se cosA-izx cos 8-2x1/ coaC, 
then the four conica aie S = tx ± ij ± s)', which are all touched by 

S={3;cos(B-C)+2,co3((7--4) + scos(A-C)l', 
and by the three others got by changing the ^gn of A, 3, or C, in this equation. 

Es. 3. Ttie four conica which touch x, s, s, and have double contact roith S are 
all touched by four other conies having doable contact mth 5, 1stM=HA + B+C), 
then the four conica are 

S = {x Ein(Jlf - A) + y sia(M- ii} + a sin (M- C)}\ 
together with those obtained by changing the wgn of A, B, or C in the above ; and 
one of tlie touching conies ia 

ra^aintBsin^g y sJniCm ojA aainj^smjg i' 
^-1-^i^i— + -^tap"+ ain^C I' 

the othei's being got by changing the sign of x, and at the same time increasing B 
and C by 180", Ac 

Ex. i. rind the condition that three conies U, V, W shall all have double contact 
with the same conic. The condition, as may he easily aeen, ia got hy eliminating 
\, M, K between 

AX' - ex'/i + e'Xp' - i>' = 0, 

and the two corresponding equations which espresa that fif- nW, vW— X-t' break 
up mto right liuea. 

then (15), &o. vanish; and we leam that the invarianta of four conies all having 
douHe contact with S and touched by the same fifth are cormected by the relation 
I 0, (12), (13), (14) I 
(12), 0. (23). (2*) 
(13), (23), 0, (3i) 
I (14), (24), (34), ;=0, 
or J!(13) (34)} + Ji{ie) (24)} ± Jl(14) (23)} = 0. 

We may deduce from this equation as follows the equation of the conic touching 
three others. If the diaoriminant of a conic vanish, 5 = 1, and then the condition of 
contact with any other reduces to B =: !. If, then, a, p, y be the coordinates of any 
point satisfying the relation S — ir^ = 0, or a' + y" 4- s' — (& + nij + ns)^ = 0, then 






evidently denotes a conio whose discriminant vanishes and which touches S — L'. 
If, then, we ai-e given three conica S — L', S — M', S — iV', take any point a, (3, y 
on the conic which touches all thi-ee and take for a fourth conic that whose equa- 
tion has just been written, then the functions (14), (a4), (34) are respectively 



' 'm- ''wy '"■«■ "'' " '" "■' "' ""•* °° °" "™ '""'"= 

all three satisfies the relation 

J[(2S) {J(S) - X}] ± J[(3l) [j(Sj - M)} ± 41(1-2) {4[S) - N]-\ = 0. 
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388. The theory of invariants and covariants of a system 
of three conies cannot be fully explained without assuming some 
knowledge of the theory of curves of the third degree. 

Owen three comes U, V, W, the hens of a point whose polars 
with respect to the three meet in a point is a curve of the third 
degree, which we call the Jacobian of the three conies. For we 
have to eliminate x, y, z between the equations of the three 
polars 

XI^x-V U„y-^ f^,s = 0, 7^x+ V.J/+ F^3 = 0, W,x+ W^ + W^s=0, 

and we obtain the determinant 

It is evident that when the polars of any point with respect to 
U, V, W meet in a point, the polar with respect to all conies of 
the system W + mV-\'nW will pass through the same point. 
If the polars with respect to all these conies of a point A on 
the Jacobian pass through a point B, then the line AB is cut 
harmonically by all the conies; and therefore the polar of B 
will also pass through A. The point B ia, therefore, also on 
the Jacobian, and is said to correspond to A. The line AB 
is evidently cut by all the conies In an involution whose foci 
are the points A, B. 8ince the foci are the points in which two 
corresponding points of the involution coincide, it follows that 
if any conic of the system touch the tine AB, it can only be 
in one of the points A, B; or that if any break up Into two 
right lines intersecting on AB, the points of intersection must 
be either A or B, unless indeed the line AB be itself one of 
the two lines. It can be proved directly, that if lU+mV-i-nW 
represent two lines, their intersection lies on the Jacobian. 
Tor (Art. 292) it satisfies the three equations 

lU^ + mr,+nW,^0, lU^-^mV,+ nW=0, IU,+ mV^+nW, = ; 

whence, eliminating I, m, n, we get the same locus as before. 
The line AB joining two corresponding points on the Jacobian 
meets that curve in a third point ; and it follows from what 
has been said that AB is itself one of the pair of lines passing 
through that point, and included in the system lU-\- mV+ nW. 
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The general equation of the Jacobian is 

(«5'r)^'+(fiAr)y+(«//V 

- {(«6yo+ («Ar)i^'j/-((c<x'A")+(«/:9")i^s-[(«&r)+ {^^''W'^ 

~[{hc'h") + {hfg")]y\-[{car]^{cg'k")]z'a^-{[yg") + {chT)\ ^'y 
~ [[al'c") + i{fg'h")}xyz = % 
■where {af/li") &c. are abbreviations for determinants. 

Bi. 1. Through four points to draw a conic to tonoh. a given conic W. Let the 
lour points be the intBrseotion of two conies U, V; and it is evident that the proTjlem 
Hiimits of sis solutions. For if we subatitate a + ka', Ac. for a in the condition 
(Art. 872) that U and W should touch eaoli other, k, as is easily seen, enters into 
the result in the aixth degree. The Jaootnan of U, V, W interaeots W in the as 
points of eontact soi^ht. For the polar of the point of contact with regard to W 
being also its polar with regard to a conic of the foim \U+ ^F passes through the 
intersection of the polacs with regard to U and V, 

Ei. 2. It three conies haye a oomnion Eelf-conjugate triangle, Iheir Jacobian 
is three tight lines. For it is veiified at once that the Jacobian of aif + by' + ci', 
a'l? + iy + if^, a"s? + i'y + o"e= is xys = 0. 

Bs, 3. If three conies have two points common, their Jacobian conaiEts of a line 
and a conic through the two points. It ia evident geometrically that any point on 
the line joining the two points fulfils the conditions of the problem, and the theorem 
can easily be verified analytically. In particnlar the Jacobian of a system of three 
drclea is the circle cutting the three at right angles, 

TV , 4. The Jacobian also breaks np into a line and conic if one of the quantities 
S be a perfect square I?. "For then i is a factor in the loons. Hence we can describe 
toureonica touching a gjven conic Bat two given points (S, L) and also touching S"; 
the intersection of the locus with 5" determining the points of contact. 

When the three conies are a conic, a chijle, and the square of the line at infinity, 
the Jacobian passes through the feet of the normals which can be drawn to the conio 
through the centre of the circle. 

388 (a). We return now to the theory of two conies which 
it was not possible to complete until we had explained the 
nature of Jacobians. We have seen that a system of two conies 
jS', 5' has four invariants A, 0, 0', i', and a covarlant conic F, 
but there is besides a cubic covariant. In fact, the covariant 
conic F has a common self-conjugate triangle with S, S' 
(Art. 381, Ex. 1), therefore (Art. 388, Ex. 2) if we form J the 
Jacobian of S, 8\ F we obtain a cubic covariant, which, in fact, 
represents the sides of the common self-conjugate triangle of 8 
vaA 8'. It appears from (Art. 378a) that J vanishes identi- 
cally if 8 and 8' have double contact. We have given (Art. 381, 
Ex. 4) another method of obtaining the equation of the sides 

AAA. 
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of the common self-conjugate triangle, and if we compare the 
results of the two methods, we get the identical equation 

+ T8S' (00' - Si A') - A'^A/S" - aWS" 
+ A' (2A0' - ©'} -S"-S"-l- A (2i'© - 0"=) 8S"'- 

Thus we see that a system of two conies has, besides the four 
invariants, four covariant forms iS, S', F, J, these being con- 
nected by the relation just written. In like manner, there are 
four contravariant forms 2, S', *, T, where the last expresses 
tangentially the three vertices of the self-conjugate triangle, its 
square being connected by a relation, corresponding to that just 
written, between S, S', * and the invariants. 

Es. 1 . Write down the 12 forma for the oonice i' + ^ + a*, ox' + Jj' + c^. 



S = 3;' 


+ j= + J 


', S'-- 


ax^ + bf+ci', F: 


= a(i+c). 


,= + i{0 + « 


)/+c 


(»+51i 


-r=(i- 


-c)(c- 


■a)(a 


-6)^1^, 










r = \' 


+ /<' + ! 




= 6cX' + ca^^+ah\ 


* = (i + e 


)X=+(o + , 


.)^=+i 


;-.+i)j 


r=(s. 


-=)(=- 


.a)(« 


- i) X^,.. 










2. Findi 


m expre 


saion J 


™ tlie aj'ea of tlie 


common < 


conjugate 


trlangl 


eofti 


The Eciu 


are of the area 


is found to be 














. .^eW + lSAA-Gfi'^ 


-27A=A'=- 


-iAS"- 


4A'9! 





where M is the area of the triangle of reference, and T' the resnlt of anbstituting in T, 
sin J, Bin£, an C, the coordinates of the line at inSnity. That the expression must 
contain in the numeifttor the condition of contact, and in the denominator r', ia 
evident from the consideration that this area mnat vanish if the conios touch, and 
tecomee infinite if any vertex of the triangle be at infinity. 

388 (t). We have already explained what is meant by 
covariants which express relations satisfied by x, i/, z, the 
coordinates of a point lying on a locus having some permanent 
relation with the original curve or curves, and by oontravariants 
which express relations satisfied by X, /*, v the tangential 
coordinates of a line, whose section by the original curve or 
curves has some property unaffected by transformation of 
coordinates. There ai^e besides forms called mixed concomitants 
which contain both ic, y, z and also \, ^, v, and these we proceed 
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to enumerate for the system of two conies S, S'. Tbeso 
mixed concomitants of a system of two carves may olso be 
regarded as covarianta of the system of three, conBisting of 
8, 8' and the right line "Kx + fiy + vz. For instance, we may 
form the Jacobian of that system, or the locus of the point 
whose polars, with respect to 8 and 8', intersect on 7i,x-i-fiy+ vs, 
thus obtaining the mixed concomitant N or \ , fi, 
which for the canonical form ia S, , S^, 

X[h~e) yz + /(. (c - a) sa; + v (a - 6) xy. K'i ^s'j 

There is evidently a corresponding reciprocal form N' obtained 
in the same way from S, 2', which for the canonical form ia 

a/iv (6 — c) a; + bv^ {c — a)y-\- cX/i. {a — i) a. 
This expresses the equation of the line joining the poles of 
TiX-Y fiy + VZ with respect to S and 8'. Again, for any line 
Xx -r /iy + vz, we may take its pole with regard to :S' and 
again the polar of that point with regard to :S'' and so 
obtain a companion lino .K". This for the canonical form Is 
aXx + h/iy + cv3. We obtain a different companion line K' by 
taking the pole with regard to S' and tben the polar with 
regard to 8, thus finding hoXx + ca/iy + ahvz. Gordan has 
shewn (Clebsch, Geometrte, p. 291) that there are in all eight 
mixed concomitants of a system of two conies in terms of which, 
and of the forms previously enumerated, all other concomitants 
can be expressed. In addition to the four already mentioned we 
may take the Jacobian of K, 8 and \x + fiy + vs, or for the 
canonical form 

fiv[b — c)x + vX (c — a) y 4- X/i (« — S) a ; 
and, in like manner, the Jacobian of K', 8', and X-e 4- /xi/ + rz, or 

fiva^ {h~c)x + I'XS" (c — a)t/-\- X/iO' {a — h) s, 
These with the two reciprocal forms 

Xayz (6 — c) + fi.hzx {c — a) + vcxy [a — 6), 
and Xho (6 — c)yz-^ iica (c - a) sic -f- vab {a-h)xy 

make up the entire system. 

We return now to the theory of three conies. 

388(c). To find ike condition that a line Xx ■\- fiy -\- vz should 
oe cut in involution hy three conies. It appears from Art. 335 
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and from tlic Note, Art, 343, that the reqnired condition is the 
vanishing of the determinant 
cX' —2gv\ -iav', Cji' - ^fvfi, + 5v', cX/t —fvX —gvp. -!-A/ 
c'V —Ig'vX 4-tt'v', //i' — S/'i'/t + &'v*, a'Xp. —fvX —g'vfi, +AV^ 
o"\^— ay vX+a"/, c"/*"— ^f'vif' + &"v', c"X/it —f"y\—g"yf>, -\-h"v^ 
When this is expanded it becomes divisible by v', and may be 
written 
X' ilc'/') + /i' (':«'.9") + y' {cA'h") + XV {2 {ch'f) - iW)] 

+ Vv {2 (b/Y) - {b(^h"]] + /.'X {2 (c/A") ~ (c«r')! 

+ /iV (2 «.9") - {ca-A")} + v'X {2 ( 6/^") - [ah'/')] 

+ vV J2 («A7') - {ah'g")\ + X^v [(a£V') - 4 (/g'h")] = 0. 

This may also be written in the determinant form 

& , c , 2/ , 2.9 , 2A 

b', c', 2/, 27', 2/i' 

h", e", 2/", 2^", 2^' 



/». 



From tbe form of this condition, it is immediately inferred that 
any line cut in involution by three conies U, V, W is cut in 
involution by any three conies of the system lU -v mV + nW. 
The locus of a point whence tangents to three conies form a 
system in involution is got by writing x, y, z for X, /t, v in the 
preceding, and the reciprocal coefiicienta A^ B, &c. instead of 
o, h, &c. 

389. If we form the discriminant of IU+mV+ nW, we may 
write the result l^^+ I'mB^, +l'n6^^g-\-lmn0^^^^ik,c., and the co- 
efficients of the several powers of I, m, n will be invariants of 
the system of conies. All these belong to the class of invariants 
already considered, except the coefficient of Imn, in which each 
term abc of the discriminant of U is replaced by 

ah'c" + aVc' + a'V'c + a'bc" 4 a'bo + a"b'c, &c. 

Another remarkable invariant of the system of conies, first 
obtained by a different method by Prof. Sylvester, is found by 
the help of the principle [Higher Algebra, Art. 139), that when we 
have a covariant and a contravariant of the same degree, we 
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can get an invanant by subslltuting differential sjmbok in 
either, and operating on the otber. By the help of the Jaeobian 
and the contravariant of the last article we get the invariant 2*, 
2-= {al>'c"f + 4 [aVf") [acT) H- 4 [hc'f) {Wf) + 4 [m'h") (ch'h") 
+ 8 ia/g") {bfg") + 8 {afh") [qfk") 4 8 {cg'h") [hg'h") 
- 8 {ag'h") [bin - 8 (6^'/') (<=«'/') ' 8 [cff) [ab'h") 

+ 4 Kc") (///*"}- 8 [//rr. 

389a, Some of the properties of a system of three con"ic3 
can be studied with advantage by expressing each in terms of 
four lines x, y, z, w : thus 

U= ax' + Sy + cz' + dw', V= d:^ + h'y^ + c's" + d!v?, 
W= a"x' + 6'y + c"^ + ^'iti'. 
It is always possible, in an infinity of ways, to choose x, y, s, io, 
80 that the equations can be brought to the above form ; for 
each of the equations just written contains explicitly three in- 
dependent constants ; and each of the tines a:, y, s, w contains 
implicitly two independent constants. The forna, therefore, just 
written puts seventeen constants at our disposal, while U, V, W^ 
contain only three tiroes five, or fifteen, independent constants. 
The equations of four lines are always connected by a relation 
of the form w = Aa; + /t?/ + cs, and we may suppose that the 
constants X, &c. have been included in a;, &c., so that this rela- 
tion may be written in the symmetrical form x-^y + z-\-w = G. 

Let it be required now to find the condition that U, V, W 
may have a common point. Solving for a:", y, z', vf between 
the equations U=0, 7=0, W=0, and denoting by A,B, C, B 
the four detet-minants {bc'd"), {dcfa"), [dab"), {ha'c"), we get 
ic", y", n", iD^ proportional to A, B, G, I>j and substituting ia 
x + i/ + s + w = Q, we obtain the required condition 

V{A) + V(5) + V{0} + >/iD] = 0, 

or {A'-\-B'+0'-\-J)''~2AB-2BO-2CA-^AD-2BD-1iC'D)'' 

= UABGD. 

The lett-hind side of this equation is the square of the 
^nv^llant T iheidy found; the right-hand side ABCD is an 
invanant which we shall call J/, whose vanishing expresses the 
condition th it it may be possible to determine l^ m, n, so that 
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lU -{■ mV+ nW shs.\\ be a perfect square. This invariant may 
be directly fouiid from the principle that when the equation 
of a conic is a perfect square its reciprocal vanishes identically. 
The reciprocal of IS+ mS'-^ nS" is evidently (Art. 377) 



^"S + K 



n^S" + mn^.- + nl<P., + Im 



and if we equate separately ea^h coefficient to zero and then 
linearly eliminate the six quantities f, m°, &c., we get the result 

A , B , , F , G , H 

A' , B' , C, F', G' , B' 

A", B", G'% F", G", If 

^^. -Sis, ^=« K,^ ^^. ^« 

A,i A„ C'si. KiJ f^a,> ^>i 

A,^, 5,,, C,,, F,,, 0„, H„ 

where A^^, &a. denote the coefficients in •t)^^, &c., Art. 377. 
This determinant is of the fourth degree in the coefficients of each 
conic, those of the first conic, for example, entering in the second 
degree into the first row, and in the first into the fifth and 
sixth, and so for the others. It follows that four conies of the 
system S + lU-i- ■mV-\- nW can be determined so as to be per- 
fect squares {see Ex. 3, Art. 373), for if we equate to nothing 
the invariant Jlf found for 8+lU, V, W, we have an equation 
of the fourth degree for determining I. 



389b. Considering two conies, if we form the discriminant 
of the reciprocal system ^S + mS' we get no new invariant, 
the diEcriminaut in fact being 

J!' A" + I'mA® + Im'A'®' + m^A'\ 

But if we form the discriminant of Is. + mS'+ «S" the coefficient 
of Imn, answering to ©^^ of Art. 389, or 

A,{B^C,-\-B^G^-2F,FJ + &c. 

is an invariant of the second degree in the coefiicients of each 
conic, not expressible in term of the invariants A, 0„j, &c. 
Mr. Burnside has shewn that the invariant T of Art. 389, 
which is of the same order in the coefficients, is expressible in 
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terms of this new invariant and of those of Art. 389. In fact, 
let two of the cooics have the caQonical form, and write them 
a;'' + / + s' = 0, Ix^ + mf + nz' = 0, 
ax" + by' + cz" + ^fyz + 'igsx + "-limy = 0, 
If then we form the resultant of the three, that is, the condition 
that they ehall have a commcn point, the first two equations 
are aatisfied by 

a!'' = JM — n = a, ^" = »i — Z = ,8, z' = l-~m, = '^. 
Substituting these values in the third and clearing of radicals, 
■we have 

{aV+6"i3'+ cY- 25c/S7 - 2ca'^a.- 2ahix0 + 4 {Affy + Bya. + Cai0)Y 
= Ua0y{FgkoL+ Ghf0 + Bfgy). 
The left-hand side of the equation is what we have before 
called jP. Writing then for a, ^, 7 their values m~n, n-l, 
I— m, we can reduce T to 

{l{h+c) + m{c + a)+n{a-\-h]Y-i{a + b-^c)(amn^inl + cM) 
-i{A[' ^ Bm" + Cn')-i{A + B+ G){'mn + nl-[ Im) 
-i-8[Al{m-\-n] + Bm{n + l)-^ Cn{l + 7n)] 
all the separate groups in which expression will be found to be 
fundamental invariants of the system, except Al' + Bm' + Cn", 
which is ''^i^ssj— where is the invariant of this Article. 
Thus we get 

2"= 8\^^ - 4 (3,^^.3^ + ^^,,^^3, + i3s„i?^J + 120. 

If we consider the discriminant of 18 + mS' -i- n8" as a 
ternary cubic in I, m, n, and by the theory of cubic curves form 
its S and T invariants, Mr. Burnside has calculated the S to 
be T''-iSM, and the T to be ST(72M- T^). Thus we have 
T'-iSM, and T{12M- T') expressed in terms of the ten 
fundamental invariants which occur in the discriminant of 
IS-^mS' + nS". And though M, 2", are not linearly ex- 
pressible in terms of these ten, yet we have just shown how 
to form two equations implicitly connecting M and T with these 
ten ; and of course we could, if we please, eliminate either M or 
T from these equations, and thus get an equation connecting 
either, singly with the fundamental invariants. 
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389c. Any three conies may in general be considered as 
the polar conies of three points with regard to the same cubic ; 
or, in other words, their equations may all be reduced to the 
form 

a (a:" - 2^3) + (3 (/ - 2zx) + 7 (s" - 2xTf) = 0. 

If we use for the equations of the conies the forms given in 
Art. 389aj the equation of the cubic whence they are derived 
■will be 

and it appears that if the invariant M vanish (in which case 
either A, B, G or D vanishes), an exception occurs, and the 
conies cannot all be derived from the same cubic. In the 
general case, the equation of the cubic may be obtained by 
forming the Hessian of the Jacobian of the three conies, and 
subtracting the Jacobian itself multiplied by twice T. 

If we operate with the conies on the cubic contra vaj-iant, 
or with their reciprocals on the Jacobian, we obtain linear 
contravarianta and covariants which geometrically represent the 
points of which the given conies are polar conies, and the polar 
lines of these points with respect to the cubic. 
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CHAPTER XIX. 

THE METHOD OP INFINITESIMALS. 

390, Kepeering tlie reader to otlier works where it is 
shown how the differential calculus enahles us readily to draw 
tangents to curves, and to determine the magnitude of their 
areas and arcs, we wish here to give him some idea of the 
manner in which these problems were investigated by geometers 
before the invention of that method. The geometric methods 
are not merely interesting in a hiatorieal point of view; they 
afford solutions of some questions more concise and simple than 
those furnished by analysis, and they have even recently led to 
a beautiful theorem (Art. 399) which had not been anticipated 
by those who have applied the integral calculus to the recti- 
fication of conic sections. 

If a polygon be inscrihcd in any curve, it ia evident that the 
more the number of the sides of the polygon Js inci'eased, the 
more nearly will the area and perimeter of the polygon approach 
to equality with the area and perimeter of the curve, and the more 
nearly will any side of the polygon approach to coincidence with 
the tangent at the point where it meets the curve. Now, if the 
sides of the polygon be multiplied ad infinitum, the polygon will 
coincide with the curve, and the tangent at any point will coincide 
with the line joining two indefinitely near points on the curve. 
In like manner, we see that the more the number of the sides of 
a drcumseribing polygon is increased, the more nearly will its 
area and perimeter approach to equality with the area and peri- 
meter of the curve, and the more nearly will the intei'section of 
two of its adjacent sides approach to the point of contact of either. 
Hence, in investigating the area or perimeter of any curve, we 
may substitute for tlie curve an inscribed or circumscribing 
polygon of an indefinite number of sides; we may consider any 
tangent of the curve as the line joining two indefinitely near 
points on the curve, and any point on the curve as the inter- 
section of two indefinitely near tangents. 
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391. Ex. 1. To find the direction of the tangent at any poin 

ofadrde. 

In any isoscelea triangle A OB, either 

than a right angle by half the vertical a 

A and B approach to coincidence, the 

vertical angle may be supposed less 

than any assignable angle, therefore 

the angle OBA which the tangent 

makes with the radius is ultimately aL 
equal to a right angle. "We shall 
frequently have occasion to use the 

principle here proved, via. that two 

indefinitely near lines of equal length 

are at right angles to the line joining tbeir extremities. 

Ex. 2. The circumferences of two circles are to each other as 
their radii. 

If polygons of the same number of sides be inscribed in the 
circles, it is evident, by similar triangles, tbat the bases ah, AB, 
are to each other as the radii of the circles, and, therefore, tbat 
the whole perimeters of tbe polygons are to each other in the 
same ratio ; and since this will be true, no matter how the 
number of sides of tbe polygon be increased, the circumferences 
are to eacb other in tbe same ratio. 

Ex. 3. The area of any circle is equal to the radius multiplied 
hy the semi-circumferenae. 

For the area of any triangle OAB is equal to half its base 
multiplied by tbe perpendicular on it from the centre ; hence tbe 
area of any inscribed regular polygon is equal to half the sum of 
its sides multiplied by the perpendicular on any side from the 
centre ; but the more tbe number of sides is increased, the more 
nearly will the perimeter of the polygon approach to equality 
with that of the circle, and the more nearly will the perpen- 
dicular on any side approach to equality with the radius, and the 
difference between them can be made less than any assignable 
quantity ; hence ultimately the area of the circle is equal to the 
radius multiplied by the semi-circumference; or =irr\ 

392. Ex, I. To determine the direction of the tangent at any 
■point on an ellipse. 
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Let P anci P' be two indefinitely near points on tlie curve, 
tlien FP+ PF' = FP' + FF' ; or, 
taking FS = FP, rU'^FP', we 
liave P'R = PS! ; but In tlie tri- 
angles PBF, PB'P', we bave also 
the base PP' common, and {by ' 
Ex. 1, Art. 391) tbe angles PRP' 
PUT nght ; hence tbe anj 
PFR^FPPf. Now TPF is ultimately equal to PP'F, since 
their difference PFP' may be supposed less than any givea 
angle ; bence TPF= TPF, or tbe foeal radii make equal angles 
with tbe tangent. 

Ex. 2. To determine the direction of ike tangent at any point 



= FP'-FP, 




"We have 

F'P'-F'P= 
or, as before, 

P'R-^F'R'. 
Hence tbe angle 

PP'R = PP'n', 
or, the tangent is the internal bisector of the angle FPF". 

Ex. 3. To detirmine the direction of the tangent at any voint 
(^ a parabola. 

We have FP=PN, and FP' = P'N'i hence P'R^P'S, or 
the angle N'FP=FFP. Tbe tangent, there- ^ 
fore, bisects the angle FPN, ; 

393. Ex.1. To find the c 
Mic sector FVP. 

Since PS=PS, and PN^FP, we have the 
triangle FPR half the parallelogram P8NN'. 
Now if we take a number of points P'P', &c. 
between F and P, it is evident that tbe closer 
we take them, the more nearly will the sum of 
all the parallelograms PSN'N^ &c. approach 
to equality with the area D VPN, and tbe sum of all tbe tri- 
angles PFR, &c. to the sector VFP; hence ultimately the sector 
PFV is half tbe area DVPN, and therefore one-third of the 
quadrilateral DFPN. 



I of the para' 
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Ex. 2. To find the area, of the sefjment of a 'parabola cut off 
hy any rigid line. 

Draw the diameter bisecting it, then the parallelogram PiT 
ia equal to PM\ since they are the com- 
plenaenta of parallelograms about the dia- 
gonal ; but since TM is bisected at F', 
the parallelogram FN' is half -PS' ; if, 
therefore, we take a number of points 
P, P', P", &c., it follows that the sum of 
all the parallelograms PM' is double the 
sum of all the parallelograms FN\ and 
therefore ultimately that the space VPM 
ia double VPN; hence the area of the 
parabolic segment V'PM'ii to that of the parallelogram VNPM 
in the ratio 2 : 3. 




of an ellipse is equal to the area of a 
mean between the semi-axes of 



394. Ex. ]. 7 
circle whose radius 
the ellipse. 

For if the ellipse and the circle on the transverse axis he 
divided by any number of lines 
parallel to the axis minor, 
since mb i md v. m'b' '. m'd' :: b 
the quadrilateral mbb'm' is 
mdd'm' in the same ratio, and ■ 
sum of all the one set of quad- 
rilaterals, that is, the polygon 
Bbb'b"A inscribed in the ellipse 
is to the corresponding polygon 
Dddd"A inscribed in the circle, 
in the same ratio. Now this will 
be true whatever be the number of the sides of the polygon ; if 
we suppose them, therefore, increased indefinitely, we learn that 
the area of the ellipse is to the area of the circle as 5 to « ; but 
the area of the circle being = tth'', the area of the ellipse = itab. 

Cob. It can be proved, in like manner, that if any two figures 
be such that the ordinate of one is in a constant ratio to the 
corresponding ordinate of the otlier, the areas of the figures are 
in the same ratio. 
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Ex. 2. Every diamiLr of a cuntr hisccis (he area enclosed hy 
the curve. 

For if we suppose a number of ordinates drawn to this dia- 
meter, since tlie diameter bisects tbem all, It also bisects the 
trapezium formed by joining the extremities of any two adjacent 
ordinates, and by supposing the number of these trapezia in- 
creaaed without limit, we see that the diameter bi^ec b the area. 

395. Ex. I. The area of the sector of a hyperbola made hy 
joining any two points of it to the centre, is equal to the area of the 
segment made by draw tny parallels from them to the asymptotes. 

For since the triangle FKG=QLG, the area PQG^PQEL. 

Ex. 2. Any tico segments PQLK, BSNM, are equal, if 
PK: QL::RM: 8N. 

For 
PK: QLr. CL: CK, 
hut (Art. 197) 

CL = MT', CK=NT; 
we have, therefore, 

EM i 8N:: MT : NT, c"kl m t' N T " 

aud therefore QB is parallel to PS. We can now easily prove 
that the sectors PCQ, RC8 are equal, since the diameter bisect- 
ing P8, QR will bisect both the hyperbolic area PQR8, and 
also the triangles PC8, QGR. 

If we suppose the points Q, R to coincide, we see that we 
can bisect any area PKN8 by drawing an ordinate QL, & geo- 
metric mean between the ordinates at its extremities. 

Again, if a number of ordinates be taken, forming a continued 
geometric progression, the area between any two is constant. 

396. The tangent to the interior of two similar, similarly 
placed, and concentric conies cuts off a constant area from the 
exterior conic. 

For we proved (Art. 236, Ex. 4) that this tangent is always 
bisected at the point of contact ; now if we draw any two tangents, 
the angle A QA' will be equal to SQB' > 
and the nearer we suppose the point Q 
to P, the more nearly wiit the aides 
AQjA'Q approach to equality with the 
sides BQ, B'Q; if, therefore, the two 
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tangents be taken mdefinitely near, tbe triangle -i(3^' will be 
equal to BQff, and the space A VB will be equal to A' VB' ; 
since, therefore, this space remains constant as we pass from any 
tangent to the consecutive tangent, it will be constant whatever 
tangent we draw, 

COE, It can be proved, in like manner, that if a tangent 
to one curve always cuts off a constant area from another, it will 
be bisected at the point of contact; and, converselyj that if it 
be always bisected it cuts off a constant area. 

Hence we can draw through a given point a hue to cut off 
from a given conic the minimum area. If it were required to 
cut off a given area, it would be only necessary to draw a tangent 
through the point to some similar and concentric conic, and the 
greater the given area, the greater will be the distance between 
tbe two conies. The area will, therefore, evidently be least when 
this last conic passes through tbe given point ; and since tbe fan- 
gent at the point must be bisected, the line through a given 
point which cuts off the minimum area is bisected at that point. 

In like manner, the chord drawn through a given point 
which cuts off the minimum or maximum area from any curve 
is bisected at that point. In like manner can be proved the 
following two theorems, due to tbe late Professor MacCuUagh. 

Ex. l.Ifa tangent ABio one curve cut off a constant arc front 
anoiher, it is divided at the point of contact, so that AP ; PB in- 
versely as the tangents to the outer curve at A and B. 

Ex. 2. If ike tangent AB be of a constant lengthy and if the 
perpendicular ht fall on AB from the intersection of the tangents 
at A and B meet AB in M, then AP will = MB. 

397. To find the radius of curvature at any point on an ellipse. 

The centre of the circle circumscribing any triangle is the 
intersection of perpendiculars erected at the middle points of the 
sides of that triangle ; it follows, therefore, that the centre of the 
circle passing through three consecutive points on the curve is 
the intersection of two consecutive normals to the curve. 

Now, given any two triangles FPF', FP'F\ and PiV, P'N, 
the two bisectors of their vertical angles, it is easily proved by 
elementary geometry, that twice the aagle PNP'= PFF+ PF'P'. 
(See figure, Art. 392, Ex. l). 
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Now, since the arc of any circle Ja proportional to the angle 

it subtends at the centre (Euc. Yi. 33), and also to the radius 

(j*rt. 391), if we consider PP' as the arc of a circle, whose centre 

PP" 
is N, the angle PNP' is measured by -77^ . In like manner, 

PR 
taking FR = FP, PFP' is measured by -^ , and we have 

2PP^ _ PR rRf_ 
FN " FP'^ 'rp' ' 
bat PR = P'R' = PP' &mPP'F; 

therefore, denoting this angle by 6^ FN by P, PP, P'P, by p, p', 
we have 2 11 

P sin ^ ~ p p'' 
Hence it naay be inferred, that the/ocal chord 0/ curvature is double 
the harmonic mean between the focal radii. Substituting j-, for 
sin^, 2(1 for p 4 p', and J" for pp', we obtain the known value 

bj;. 

ab 
The radius of curvature of the hyperbola or parabola can be 
investigated by an exactly similar process. In the case of the 
parabola we have p' infinite, and the formula becomes 
__^ _ 1 
B, sixid p ' 
I owe to Mr. Townsend the following investigation, by a 
different method, of the length of the focal chord of curvature : 

Draw an^ parallel QR to the tangent at P, and describe a 
circle through PQR meeting the focal 
chord PL of the conic at C. Then, by 
the circle PS.SC= QS.SR, and by q0 
the conic {Ex. 2, Art. 193) 

PS. SL : QS. 8R::PL : MN; 
thei-efore, whatever be the circle, 

80: 8L::MN:PL; 
but for the circle of curvature the 
points S and P coincide, therefore PO : PL :: MN : PL ; or, (he 
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focal chord of curvature is equal to the focal chord of the conic 
drawn parallel to the tangent at the point (p. 219, Ex. 4). 

398. The radiua of curvature of a central conic may other- 
wise be found thus : 

Let $ be an indefinitely near point on the curve, QB a 
parallel to the tangent, meeting the 
normal in S', now, if a circle be de- 
scribed passing through P, Q, and 
touching PT at P, since QS is a per- 
pendicular let fall from Q on the 
diameter of this circle, we have 
p§'=P5'multipliedby the diameter; 

PQ' 
or the radius of curvature ^-^pQ- Now, since QR\s always 

drawn parallel to the tangent, and since PQ must ultimately 
coincide with the tangent, we have PQ ultimately equal to 
QR ; hut, by the property of the ellipse {if we denote CP and 
its conjugate by a', b'), 

¥' ■.a'":: QR' : PR . RP' {= 2a'. PR), 

therefore QE'^-^f-. 

Hence the radius of curvature = -7 . -p^ . Now, no matter how 

small PR, P8 are taken, we have, by similar triangles, their 

. PR GP a' „ ,. , ^ b" 

ratio -iTT; = -7=i7f. = — • Hence radius ot curvature = — . 
PS CT p p 

It is not difficult to prove that at the intersection of two con- 
focal conies the centre of curvature of either is the poU with respect 
to the other of the tangent to the former at the intersection, 

398 (a). If we consider the circle circumscribing the triangJe 
formed by two tangents to a cnrve and their chord, it is evident 
geometrically, that its diameter is the line joining the inter- 
section of tangents to the intersection of the corresponding 
normals. Hence, in the limit, the diameter of the circle 
circumscribing the triangle formed by two consecutive tangents 
and their chord is the radius of curvature ; that is to say, the 
radius of the circle here considered is half the radius of curvature 
(Compare Art. 262, Ex. 4). 
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399. If two tangents he drawn to an ellipse from any point oj 
a confoeal ellipse, the excess of the sum of these two tangents over 
the arc interested helween them is constant,* 

For, take an mdefinitely near point T', and let fall the per- 
pendiculars Tit, rS, then {see fig.) 

PT=PB = PP' + P'B 
(for P'H may be considered as the continuation of the line PP'] 
in like manner ~ 

Q'r = QQ' + QS. 
Again, since, by Art. 189, the ai 
Trn= T'TS, we have T8= T'B; \ 
and therefore 

PT+TQ^ = PT'+T'Q'. 
Hence {PT+ TQ) - {P'T'-\- rQf)=PP'-QQ'=PQ~FQ'. 

OoR. The same theorem will be true of any two curves winch 
possess the property that two tangents TP, TQ to the inner one 
always make equal angles with the tangent TT' to the outer. 

400. If two tangents he drawn to an ellipse from any point 
of a confoeal hyperhola, the difference of the arcs FK, QK is equal 
to the dijerence of the tangents TP, TQ.^ 

For it appears, precisely as 
before, that the excess of 
2"P'-P'-ffover TP-PK=T'R, 
and that the excess of T' §'- Q'K 
over TQ - QK is T'8, which is 
equaltorj;,since(Art.l89)r2" _ / 
bisectstheanglePr^. Thedif- * 
ference, therefore, between the 
excess of TP over Pff, and that 
of rt^over ^£"13 constant; but 
in the particular case where T 

• This beaotifnl theorem was disoOTered by Bishop GraTea, See hia Translation of 
Chashe's Memoira m Cooes and Spherical Coniss, p. 77. 

f This estension of the preceding theorem was discovered hj Mc. Mao Cuilagh, 
Dublin Exant. Papers, 1841, p 41 ; 1842, pp. 6S, 88, M. Chasles afterwards inde- 
pendently noticed the aame estension of Bishop Graves's theorem. Comptes Rtndas, 
October, 1843, torn. xvii. p. 838. 

CCC. 
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coincides with K^ both these excesses and consequently their dif- 
ference vanish; in every case, therefore, TP--PK= TQ- QK. 
Cor. Fagnani's theorem, " That an elliptic quadrant can be 
so divided, that tlie difference of its parts may be equal to the 
diiFerence of the semi-axes," follows immediately from this 
Article, since we have only to draw tangents at the extremities 
of the axes, and through their intersection to draw a hyperbola 
confocal with the given ellipse. The coordinates of the points 
where it meets the ellipse are found to be 

401. Jf a polygon circumscribe a conic, and if all ike vertices 
hut one move on confocal comes, the locus of the remaining vertex 
will be a confocal conic. 

In the first place, we assert that if the vertex T of an angle 
PTQ circumscrihing a conie, move on a confocal conic [see fig,, 
Art. 399) ; and if we denote by a, b, the diameters parallel to 
TP,TQ; and by a, /3, the angles 27*2", T^)" 2", made by each of 
the sides of the angle with its consecutive position, then aa = 1>8. 
For (Art. 399) Tn=^T'S; but TR=TP.a;T'S=T'Q\0,s,nA 
(Art. 149) TP and TQ are proportional to the diameters to 
which they are parallel. 

Conversely, If aa=b0, 7" moves on a confocal conic. For 
by reversing the steps of the proof we prove that TB = T'S; 
hence that TT' makes equal angles with TP, TQ, and therefore 
coincides with the tangent to the confocal conie through 2"; and 
therefore that 2" lies on that conic. 

If, then, the diameters parallel to the sides of the polygon be 
», 5, c, &c., that parallel to the last side being d, we have aa = 6/3, 
because the first vertex moves on a confocal conic; in like 
manner h^=cy, and so on until we find aa = (?S, which shows 
that the last vertex moves on a confocal conic* 

♦ This proof is taken from a paper by Dr. Hart; CoMbridge and Duilin Jlathe- 
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Pascal's Thuorek, Art. 267, 
M. Stbinbe was the first who (in Gergomi^s Anaalei) directad the (it(«iiUon of 
geometers to the complete fignre olatajned by joining in every possible way lur points 
on ft conic. M. Straner'a theorems were corrected and extended by M. Piadtec 
{Crelle'i Jovrsal, toI. v. p. 274], and the subject has been more recently invealigated 
by Messrs. Cayley and Kiitman, the latter o£ whom, in particular, has added aeveral 
new theorems to those already known (sea Cambridae and JDailin Hatkemalical 
Journal, vol. v. p. 185). We shall in this note give a slight sketch of the more 
important of these, and of the methods of obtaining them. The greater part ate 
derived by joining the simplest principles of the theory of combinations with the 
following elementary theorems and their reciprocals : " If two triangles bo such that 
the lines joining corresponding vertices meet in a point ((*8 centre of homolnp!/ of the 
two triangles), the intersections of corresponding sides will lie in one right line (their 
asHj)." " If the intersections of oppofjte sides of three triangles ho for each pmr the 
same three points in a right line, the centres of homology of the first and second, 
second and third, third and first, will lie in a right line." 

Now let the six points on a conic be o, J, c, i^ e, / which wo shall call the 
points F. These may be connected hy^^rteen right lines, oS, ac, &o, which we sliall 
call the lines C. Each of the lines C (for example) ab is intersected by the foarteen 
others i by fonr o£ them in the point a, by four in the point i, and consequently by 
eii in points distinct from the points P (for example the points (06, cd), Ac.). These 
we shall call the points p. There are forty-live such points; for as there are sis on 
each of the lines C, to find the number of points p, we must multiply ths 
number of lines by 6, and divide by 2, since two hnes C pass through every point p. 

If we take the sides of the hexagon in the order ahcdef, Pascal's theorem is, that 
the three p points, [ab, de), (cd, fa), (be, ef), lie in one right line, which we may call 

either the Pascal abcdef, or else we may denote as the Pascal j J^^ ' /■ ijii f* foim 
which we sometimes prefer, as showing more readily the three points through which 
the Pa=cal passes. Through each point p four Pascals can be drawn. Thus through 
(ah, de) can be drawn abc3ej, abfdet:, aicedf, abfed,:. We then find the total number 
of Pascals by multiplying the number of points p by 4, and dividing by 3, since 
there are three points j) on each Pascal. We thus obtain the number of Pascal's 
lines = 60. We might have derived the same dii'cctly by considering tlie number of 
different ways of iuranging the letters ohcdef. 

Consider now the three triangles whose sides are 

ab, ed, ef, (1) 

<fe, /n, fc, (2) 

tf be, ad, (3) 



yGoosle 



lai.de. ofl <ed.fa.ie\ uf.ic Jid\ 

\cd.fa.be.r Xef.bc.aii' Xab.de.cfr 

This ia Steinet'a theorem (Art. 263) ; we shall call tiis the g point, 

\cd.fa.be\. 

^ef.hc.ad' 
The notation eho^ra plainly tliat on each Pa!0!il'a line ttere is only one g point ; for 
given the Pascal |"j'/'^j- the g point on it is found by writing under each terra 
the two lettelH not already found in that vertical line. Since then three Pascals 
fnteiseot in every point g, the namber of points g = 20. If we taifce the triangles 
2, 8; and 1, 3 ; the lines joining corresponding vertices are the same in all cases 
therefore, by the reciprocal of the aecond jaeliminaij theorem, tho thn« axes of the 

three triangles meet in a point. This is also it g point -j de .fa , ic f , and Steiiier 

\cf.he.adl 
haa stated that tiie two g points just written are harmonic conjugates with regard 
to the conic, bo that the 20 g points may be diatrihnted into ten pairs ,• The Fascate 
which pass throngh these two g points correspond to hexagons taken in the order 
respectively, abefed, afcd^, adcbef; abed^, qfcbed, adefei ; three alternate varticSB 
holding in all the same position. 
Let ua now consider the triangles, 

cd ef (1) 

qf.ce.id!' bc.ae.d/J' '■*> 
cd.b/.ae-i ef.bd.ac-i 

be.ac.d/i' ad.te.bji' 
The intecfcctions of corresponding sides of 1 and i are thr 
the same Pascal ; therefore the lines joining corresponding V' 
Bnt these are the three Pascals, 

cd.bf.ae\ e/.oc.Ml 
e/.iui.bd!' ab.d/.eef- 

ab.ce.df. 
We may denote the point of meeting as the h point, (d . bf. ue !• . 

ef. ec . Id) 
The notation differs from that of the g points i 
columns contains the six letters without omission oi 
there are tluree h poults, viz. there are on 

, , - Bi.ei.eA ai.T^.eA ab.cd.ef\ 

tit}' '■■•f-H- "■"■n' "-'^A- 

ae.qf.bcl af,i^^„e> ae.he.dfl hf.ce.ad} 
where the bar denotes the complete vertical column. We obtain then Mr, Kirkman'a 
estension of Steiner's theorem -.—The FaaeaU intersect three by three, not only m 
(Steirtcr'i tinesi^ poiitti g, but also in stably other poittli h. The demonstration of 
Art. 268 applies alike to Mr. Kirkman's and to Steiner's theorem. 

In like manner if ws consider the triangles 1 and 6, the lines joining corresponding 
vertices are the same as for 1 and 4 ; therefore the coiresponding sides intersect on 

* Por a proof of this see Staudt {Ci-elle, ixil. 142). 



Bb.ee.dfl 
de.bf.aol' 

ef.bd.aej' 



ab.ce.dfl 
cd.bf.aei' 



(,5). 
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8. ngbt line, as tiey mRnifeefly do 
eponding sidea of 4 and 5 muat inter 
tlie thiee h pointB, 



id) 



ae.cd.b/\ ae.id.ef\ 

U.af,ce\, i^.Be.bcV. 

ac.be. df) ce.hf.ad) 



Moreorar, tJie asis of i and 5 most pass tbrottgli the inteisectioa of the axes of 
ai.cd.^\ 
1, 4, and 1, 5, namely, throi^h the g peint, de . of, be } , 
qf.be. ad) 
In this notation the g point ia fonnd by combining the complete rertical columns 
of the three k points. Hence we have the theorem, " There are tieentg lines G, eaeh 
of mkich passes through one g ofid three h poitils." The esiaffince of these lines 
was obsened independently by Piof. Cayley and myself. The proof here giyen is 
Prof. Cayley'a. 

It osn be proved similarly that " The (wenlj lines O pass faur bg four throagh 
fijieett points i," The fom' lines G whoae g pnints in the preceding notation hara 
a common Tertical column will pass through the same point 

Again, 1st us take three Pascals meeting ia a point h, Eor instance, 
c/.ae.iai 
ab.df.cer 

"We may, by taking on each of these a 3>oInt p, form a triangle whoFe Terticea are 
{df, ac), {if, ae), {bd, ce) and whose sides are, therefore, 

ac.bf.dey bf.ce.odl bd-ac^fi 
df.tie.cb!' ae.bd.cfi' ce.df.abi' 
Again, we may take on each a point k, by writing under each of the above 
PaBcala af. ud . be, and so form a triangle whose aides are 



o.bf.del cf.ae.bd\ ^f.di 



be.ed.afi' ie.ed.of]' be.cd.afj ' 
But tlie interaeeljons of corresponding sides of these triangles, which mnat tiierefore 
be on a right line, are the three g points, 

be.cd.af\ be. ed. lift be.cd.qf^ be.ed.af-. 

iic.bf.de\ , <f.ae.bd\, df.ai.ce\, cf.ab.del. 

4f.oe.icJ ad.bf.eel ae.ef.ld) ad.ef.bc) 

I hare added a fourth g poinf, which the sjmmeltjr of the notation shows muat 
lie on the same right line ; these being all the g points into the notation of which 
be.ed.afaaii enter. How there can be formed, as may I'eadily be seen, fifteen different 
products of the form be.ci. qf; we bare then Steiner'a theorem, The g points lie 
four by four onjifte&i right lines I. Hesse has noticed that there is a oertam reci- 
procity between the theorems we hare obtained. There are 60 Kirkman pomts h, 
and 60 Paaoal lines S corresponding each to each in a definite order to be eipWnad 
presently. There am 20 Steiner points g, through each of which passes three Pascals 
S and one line G ; and there are 20 lines G, on each of which lie tiu«e Kirkman 
points h and one Steiner g. And as the twenty lines O pass four by four through 
fifteen points i, so the twenty points g lie four by four on fifteen lines /. The 
following investigation gives a new proof of some of the preceding theorems and 
also shews what k point corresponds to the Pascal got by taking the vertices in 
the order abcdef. Consider the two inscribed triangles (Ke, hdf; their sides touch 
a oonio {see Bk. i. Art. 866) ; therefore we may apply Brianchon'a theorem ia the 
hexagon whose sides are ct, ^, ae, bf, ac, id. Taking them in this order, the dia ■ 
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gonals of the heiagon are the three Paacala intersectuig in the h point, df. /i^.it\. 

•K.bd.cf) 
And dnoe, if retaining the nltomatfl Bides ce, ae, ae, we permutate cyclically the other 
three, then by the reciprocal of St^ner'a theorem, the three resulting Biianohon 
pmnts lie on a right line, it is thus proved that three h points lie in a right line G. 
From the aame mrcumaoribing hexagon it can be inferred that the lines joining the 
point o to ISc, df] and d to Jos, «/) intersect on tlie Pascal abcdef, and that there are 
six such intersections on every Pascal- 
Move recently Prof. Cayley haa deflnced the properties of this figure ly consider- 
ing it as the projection of the lines of intersectiou of six planes. See Qaarterl-, 
Journal, vol. IX. p. 348. 

Still more recently the whole figore has been discussed and several new properdeg 
obtained by Veronese (Mioiii Tenremi tuie Hexagrammma Myaticam in the MemouB 
of the Reah Accadtmia dei lAncei, 1877). He states with some exten^on the 
geometrical principles which we have employed in the investigation, as follows ; 
I. Consider three linos pairing through a point, and three points in each hne ; these 
points foFDi S7 triangles which may be divided into 3S s«tj of threa triangles in 
perspective in paira, the axes of homology passing three by three through 36 points 
■which lie four by four on 27 right lines. II. If 4 triangles OiiiC,, OjijCj, &c. are in 
perspective, the first with the second, the second with the tliird, the third with the 
fourth, and the fourth with the first, the vertices marked with the same letter 
corresponding to each other, and if the four centres of homology lie in a i^ht line, the 
foar aites will pass through a point. III. If we have four quadrangles a,iieirfi, &c, 
related in hits manner, the four points of the last theorem answering to the triangles 
bed, crfn, dab, ahc lie on a right line. Conadering the case when all four quadrangles 
have the same centre of homology, we obtain the corollary : If on four lines passing 
through a point we take 3 homologous quadrangles a^-f^dy, a^b^c^, OjijCjiia ; then we 
have four sets of three homologous tnangles, a/iC,, &c. the axes of homology of each 
ttiree passing through a point and the four points lying on a right line. IV. If we 
have two triangles in perspective nii|0|, OjSjffj, and if we take the intersections of 
biCg ijC, ; e,a.^, c^n, ; a^b„ ajiy, we form a new triangle in perspective with the other 
two, the three centres of homology lying on a right line. It would be too long to 
enumerate all the tbeoi'eiDs which Yeronese derives from these principles. Suffice it to 
say Ihat a leading feature of his investigation is the breaking up of tie system of 
Pascals into six groups, each of ten Pascals, the ten corresponding Kirkman points 
lying three by three on these lines which also pass in threes through these points. It 
may be added that Veronese states the coiTespondence between a Pascal line and a 
Kirkman point as follows : Take out of the 15 hnca C the six sides of any hexagon, 
there remain 9 hnes C; ont of these can be formed three hexagons whose Pascals 
meet in the Kirkman point corresponding to the Pascal of the hexagon with which we 
started. 

After the publication of Veronese's paper Cremona obtained very elegant demon- 
strations of his theorems by studying the subject from quite a different point of view. 
From the theory of cubical surfaces we Eji w (C y J Tit D 

Art. o3G), that if sueh a surface have a nodal p t th li n th f ce n ht 
lines pacing through the node, which also 1 
fifteen other lines, one in the plane of each pi f 
figure Cremona obtains the whole theory of th h g 

It may be well to add some formulsa usef 1 n th ltd n f t 

hexagon inscribed in the conic LM ~ JP Let th 1 f th p ram te 

(Art. 270) for the sis vertices be n, S, c rf e, /■ a d 1 t n d t by ( S) t 
quantity abL — (o + i) fl + if, which, equated to ze rep esents th h d ] 
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two Terfjces. Then it 13 eaey to see tint {ab) (erf) - (ad) (tc) is LM-ET- multiplied 
bj the factor (o — c) (i — (7), and hence that if we compare, as in Art. 968, the forma 
{ab) icd) - (orf) (6c), (</) ide) - (adj (e/) we get the e^nacioa of the Pascal abcdif in 
the form 

(« - c) (i - d) (e/) = (a - e) [/- rf) (fc). 
The same equation might also have been obtained in the forms, which can eaaly bs 
verified as baing equivalent, 

[a - e) (S -/I (cd) =(e-e)(b-d) {«/), 

(e - «) (6 -/) (<fe) = («-£) (-? -/) («*). 
Tlie three other Paacala which pass through (ic) (e/") are 

(„ _ ,) (J _ d) (e/) = (a -/) (e - d) (fc), 

(o - *) (c - dj (e/) = <„-.)(/- d) (&), 

(0 _ i) (0 _ d) (e/) = („ -/) (_e-d) (fc), 
these being respectively the Pascals abcdfi, acbdef, acbdfe. 
Conuder the three Pascals 

(. -.)(»- t) (./) .(.-.)(/- J) (fcl = (i -/) (c - .) wi i 
thrae eyidently intersect in a point, viz. a Steiner j-point ; 1>nt tlie tliree 
(.-.)(S- J) (e/) = (.-. )(/-*) (S.) = »-.H«-/)M 

intersect in a Kirkman i-point. 

Mr. Cathcart has otherwise obtained the equation of the Pascal Ime in a deter- 
minant form. It was shewn (Art. 33 1) that the relation between corresponding points 
of two homegraphic systems ie of the fonu 



m, t, ff,l = 0,* 
and the double points of the system are got by puttmg S' = S, and solving the quad- 
ratic for £, Bat we saw Ai-t. 289, Es. 10, that the Pascal line LMN passes through 
X, K' the double points of the two homographlc systems determined by ACE, Dt'S 
the alternate vertices of the hesagon. And since, if * be the paramelei' of the point 
K, we have M, B, L respectively proportional to 6', S, 1, it follows that the equation 
of the Pascal aicdef ia 

M, R, B, L\ 

ad, a, d, I \ 



Systems op Takgential Coordikatbs, Art. 311. 
Through this volame we have ordinarily understood by the tangential coordinates 
of a line in + m^ + ay, the constants l,m,n in the equation of the line (Art. 70) i 
and by the tangential equation of a curve the relation necessary between these 
constants in order that the line should touch the curve. We have preferred this 
method because it is the most closely connected with the main subject of this volume, 
and because all other systems of tangential coordinates may bo reduced to it. Wa 

• On this deteiminant see Cayley, Phil. IVaiis., 18S8, p. 436, 
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wi'Ji now to notice one or two points in tUa theory whioli wa have omitisd ia 
mention, and then briefly to explain some other systems of tangential cooniiiiates. 
We have given (Ex. 6, Art. 182) the tangential equation ol a circle whoEO centre ia 
a'ji'y' and radius r, viz, 

[!■/ + mj5' + n/)» - )■' (P + m" + n' - 2nm coaA- 2ni cos B - 2?ro cos C) } 
let 03 examine what the right-hand aide of this equation, if equatfid to nothing', 
would represent. It may easily be seen that it satafles the condition of resolvability 
into factors, and therefore represents two pointa. And what these points are may 
be seen by recollecting that this quantity was obtained (Art, 61) by writing at full 
length la + m^ + ity, and takuig the Bum of the squares of the coefScients of x 
Bndsr.ZcOBiL + nt 003)3 + 14 cosy, isino + msln/3 + !iBiny, Now if a' + 6= = 0, the 
line ax + by + c ia parallel to one or other of the lines x±i/ 4{ — l) = 0, the two 
pointa therefore are the two imaginary points at infinity on any circle. And this 
appears also from tho tangential equaliou of a circle which wa have just given : 
for if we call the two factors lu, ai', and tlie cantra a, that equation is of the form 
n' = j-'mw', showing that ra, <u' are the pointa of contact of tangents from a. In 
like manner if we form the tangential equation of a conic whose foci are given, by 
espresaing the condition that the product of the perpendiculars from theae pointa 
on any tangent is constant, we obtain the equation in the form 

{la' + mjy + ny-) {la" + m^ + «y") = i'««', 
showing that the conic ia touched by the lines joining the two foci to the points 
B, oj' (Art. 2580). 

It appears from Art. 61 that the result of substituting the tangential coordinates 

e eqnation of a point ia proportional to the perpendicular from that 

po n h ne i hence the tangential equations op = iyi, ay = ^(3* when inter- 

p ted gi h tbeoi'ems proved by vedprocation Art. 311. If we substitute the 

rdm es any line in the equation of a circle given above, the result is ea^y 

to be propoi-tional U> the square of the chord hitercepted on the line by the 

H f £, S' represent two circles, we learn by interpreting the equation 

S £ he envelope of a line on which two given circles intercept chords 

having to each other a constant ratio is a conic t«ncbiug the tangents common to 

I^tly, it is to he remarked thit a syatem of tn-o points cannot be adequately 
repreaented by a ttdinear, nor a system of two lines by a tangential equation. If 
we are given a tangential eqiatun denoting two points, and form, as in Art. 285, 
the corresponding tnhnear equation, it will be found that we get the square Of the 
equation of the hne joinmg the pomts but all trace of the pointa themselves has dis- 
appeared. Similarly if we have the equation of a pair of lines intersecting in a point 
a'13'y', the corresponding tangential eqcation will be found to be [la' + m^ + ay")^^. 
In fact, a line analytically fulfils the conditions of a tangent if it meel« a curve in 
two coincident points ; and when a conio reduces bo a pair of lines, any line through 
then: intersection must be regarded aa a tangent to the system. 

The method of tangential coordinates may be presented in a form which does 
not presuppose any acquaintance with the trilinear or Cartesian systfims. Just as 
in trilinear coordinates the position of a point is determined by the mutual ratios 
of the perpendiculars let fall from it on tliiee fised lines, so (Art. 811) the position 
of a line may he determined by the mutual ratios of the perpendiculars let fall on 
it from three fixed points. If the perpendiculars let fall on a line from two points 
A, B be X, jt, then it ia pmred, as in Art. 7, that the perpendioute on it from the 
point which cuts the line AB in the ratio of m ; 2 is -yZ'^ > and consequently that 
if the lino para through that point we have IK + m/i- 0, which tlievetore may be 
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tBgBi-ded as the equation o( that point. Thus ,\. + ^ = is tha eqnadon of the mii 
point of AB, X — ,11 =: that of a, point at infinity on AB, In like manner 
Art. 7, Es. 6) it is proved that (A + mji + rni = ia the equation of a point O, w 
may be conatruGtad (see fig. p, 61) either by catting BO in the ratio n : m and 
ia the ratio m + «:(i or by ontting AC -.-.l-.n and BE :: t + n -.m, or by cut 
AB -.-.m : lanA CF :: I + m -.n. Since the ratio of the tdnnglea AOB : AOC i^ 
same aa tbat of BB : BC, we may write the equation of the point in the form 

BOC.\+COA.i.. + AOB.> = li. 
Or, again, substitulang for each triangle BOC ita value p'p" sine (aee Art. 811) 



Thus, for esample, the coordinates of the line at infinity are \ = ix 
finite points may be regarded as equidistant fcom it; the point IK 4 
be at infinity when Z + sb + n = i and generally a curve will be t< 
line at infinity if the sum of the coefficients in its equation = 0. 
equaUons of the interaeotions of bisectors ol sides, of biMOtors o 
of the perpendiculars, of the triangle of reference are respectively 

give further illustrations of the applioatjon of these coordinates beoause they differ 
only hy constant multipliers from those we nave used already. The length of lie 
perpendicnlai from any point on in + m^ + By is (Art. 61) 



4[P + m' + b' - 2mn cos.^ - 2ni oosB - 2fei Cca C) ' 
the denominatcr being the same for every point. If then p,p\p" be the perpen- 
dicnlara let fall from eacli vertes oi the triangle on the opposite side, the perpen- 
diculars \, p, f from theee verticea on any line are respectively proportional to 
Ip, mp'j np" ; and we see at once how to tranaform such tangential equations aa were 
used in the preceding pages, viz. homogeneona equations in I, m, b, into equations 
eipressed in terms of the perpendiculare \, /i, u. It is evident from the actual values 
th£^ \j Hj If are connected by the relation 

jjs J)-' p'"' p'p" p"p pp' 

It was shown {Art. 311) how to deduce from the trilinear equation of any curve the 
tangential equation of its reciprocal. 

The system of three point tangential 
coordinates just e:^lsined includes under 
it two other methods at first sight very 
different. Let one of the pomts of rC' 
ference (7 be at infinity, then both w 
and p" become infinite, but their ratio 
remains finite and = ain COS, where 
SOE ia fuiy line drawn through the 
point 0. The equatjon then of a 
point already ^ven becomes in this 



When is given every thing in this equation is constant eicept the two variables 




in COE ' sin COE ' 



i iiiiCOE = imODA, these two variables ! 



spectively AI>, BE. In other words, if we take as coordinates AD, BE the 
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inteccepta made bj a variabls line on two fixed parallel lines, then any equaUon 
a\ + b/i + c = 0, denotes a point ; and tliis eqnatian may be considered aa the form 
asBmned by tlio homogeneous equation aK + b/i + cv = when the point u = is 
at inanity. The following example illnstiHtes the use of coordinates of tliis kind 
We know from the theory of conic sections that the general equation of the EBOond 
degree can bo reduced to the form o/S = k'', wliere n, (3 are certain linear functions 

of the coordinates- This ia an analytical fact wholly independent of the inter- 
pretation we give the equations. It follows then that the general equation of cnrves 
of the second cl^s in this system can be reduced to the same form a^ = k', but thia 

denotes a curve on which the points a, ji lie and whicli has for tangents at these 
points the parallel hnea jmnir^ n, j3 to the infinitely distant point ft. We have then 

the well fenown theorem that any Tariable tangent to a conic intercepts on two fixed 

parallel tangents portions whose rectangle is constant. 

Again, let two of the points of reference be at infinity, then, as in the last Case 

the equation of a line becomes 



- + (^6- 



J3^ 



AE' 




When the point is gJTen, the only 
things variable in thia equation aie 
AD, AE, and we see that if wa take 
as coordinates the reciprocxih of the 
inteiiiepts made by a variable line on 
the axes, then any linear equation 
between these coordinates denotes a 
point, and an equation of the « degree denotes a curve or the n''' class. 

It la evident that tangential equations of thia kind are idenfical with that form 

of the tangential equationa used in the test where the coordinate are the coefficients 
^ m, in the Cartesian equation Ix + my = 1, or the mutual ratios of the ci 

11 the Cartesian equation Ix -+- ii^rf -y 



EXPRESSION 



Paras 






We have seen (Art. 270) that tl 
ejpreaaed as quadratic functions of a parameter. We show now, conversely, that 
if the coordinate of a point can be so espressed, iJie point must lie on a conic. lat 
us write down the most general expressions of the Wnd, viz. 

sc = aK^ + H\n + h/i?, y = o'\= + 24'Xfi + *>=, s = a"X' + W\ft + S'V. 

Then, solving these equations for X.', 2Xn, /i', we have (^Bigker A Ig^ra, Art. 29} 

AX' = Ax + A's + A'% 2A\fi = Sx + S'y + 3'% A^^ = Bx + B'y + B'% 

where A is the determinant formed with o, *. J, Ac, and A, H, B, ic. are the muiora 

of that determinant. The point then, evidently, lies on the locus 



(»., 



i(A: 



-■)(' 



r,). 



for the intaraeclion with this conic of any line ax + pg ■¥ ys, we have 
ute in the equation of this line the parameter expressions for j!, y, i, 
it the parameters of the intersection are determined by the quadratic 
■^ + a"y) X' + a {ha + h'li + h"y) X^ + (i« + i'(J + h"y) ^' = 0. 
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The line will he a tangent if thig equation be a pej-feot square, in which case we 



Jla^AP + Sim + Bm', A^ = A'P + H'lm + Rm^ Ay = A"P + S"lm + IT'.n^ ; 
that is to say, the reciprocal coordinates may be sirailai-ly expressed aa quadialio 
fnnotiona of a parameter, tlie constants being the minora of the determinant formeii 
'With the original constants. 

The equation of the oonio might otherwise have been obtained thus ; The pquation 
of the line joining two points is (Art. 132u) got by equating to aero the determinant 
formed with x,g,s; a', if, s*; ""iH"! s". If the two points are on the curve, we may 
anbatitute for tJieir ooordinatas their parameter eipressiona ; and when the two points 
are consecutive, we see, by mating an obvious reduction of the determinant, that the 
equation of the tangent corresponding to any point X, ^ is 

aX A- hfL, a'\ + A'ju, o"\ -t- A"/* 
I h\. + bix, h-X + S"m h"K + b"ix I = 0. 
Expanding this and regarding it as the equation of a variable lino oontdning tha 
parameter A. ; n, its envelope, by the ordinary method, gives the same equalaon as 

The equation of the line joining two points vrill be found, when expanded, to ha 
of the form X\X' + ¥ iX/i.' + X'/t) + Zpn' = 0, and we can otherwise exhibit it in 
this form, for the coordinates of either point satisfy the equations !c=aX^+-2h\/i+bu', io , 
and we have also p'/i"k' — \p{\'/i." + X"fi')-i-\'\"ii.' = ; hence, ehminating X', X/i, p''. 



If the parameters of any number of pointE on a conic be given by an algebin-io 
equation, the Invariants and covariants of that binary quantic will admit of geomairic 
interpretation (see Buvnside, Higher A/gebra, Art, 190). AquadmtiG has no invariant 
but its discriminant, and when we consider two points there is no special oaEe, 
except when the points coincide. la the case' of two quadratics their liarmonic 
invariant espressea the condition that the two corresponding lines should be conjugate 
and their Jacobian gives the points where the curve is met by the intersection of these 
lines. If we conaider three points whose parameters are given by a binary cubic, the 
covarianta of that cubic may be interpreted as follows ; Let the three points bo a, b, c, 
and let the triangle formed by the tangents at these points be ABC; these two 
triangles being homologous, then tlie Hessian ot the binary cubic determines the 
parametei-3 of the two points where the aiis of homology of these Ijian^ea meets 
the conic; and the cubic covariant determmes the parameters of tha three points 
where the Imes Aa, Bb, Ce meet the conic. In like manner, if there be foar points 
the sextio oovai-iant of the quartio determiniag thdr parameters, gives the parametsrs 
of the points where the conic is met by tha sides of the triangle whose vertices are 
the points ah, ed ae,bd, t i be 

OS THE PnOBIEH TO DESCRIBE A COHIO CNEEE FiVE CONDITIONS. 

We saw (Art 133) that five conditions determine a conic; we can, therefore, in 
general describe a con c bou g given m points and n tangents whero m + ii = 5. We 
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Bhall not think it wottli wMIe to treat separately the cases where any of ttese are at 
an infinite distance, tor wliich the constraotions for the general case only require to 
be suitably modified. Thus to be given a paralltl to on a»ymptole Ja ecfoiTalent to one 
condition, for ive are then given a point of the curra, namely, the point at infinity on 
tie given parallel. If, for example, we were required to dBEOribo a conic, given four 
points and a parallel to an asymptote, the only change to be made in the oonatruotion 
(Art. 269) is to suppiKe tte point E at infinity, ajid the lines SE, QE therefore drawn 
parallel to a given line. 

To be given an ait/mptoie is equivalent to two conditions, tor we are then given 
a tangent and its point of contact namely the point at infinity on the given 
asymptote To be given tltii the c neis a pa oioln is equivalent to one conditjoh, 
for we are then given a tangent, namely the 1 ne at infinity. To he given that the 
evrvi woe reh is equivalent to two cond tions, for we are then given two points of 
the curve at iniin tj To be given a foam s eqmvalent to two conditions, for we ere 
dien given two tangents to the curve (Ait 268(f) or we may see otherwise that the focna 
lUld any three conditions will determine the curve for by taking the focus as Origin, 
and reciprocatmg tl e p ohlem becomes, to describe a circle, three conditions being 
give and the Bolnt on of this obtamed tiy elementary geometry, may be again 
rao pTOCited for the come The reader a recommended to construct by this method 
the d rectni of one of tl e four conies which can be described when the focus and 
three points a ■e given. Agam to he given the pole, with regard to the conis, of ang 
ff veB ijftiftne laeqmvilpnttotwo coodit ons for three more will determme the carve". 
For (see figure, Art 146) if we know that F la the polar of E'B", and that T is a 
po nt on the c rve, T the fourth harmomt^ must also he a point en tho curve ; or 
if or be a tangent, OT must also be a ta ge t, f then, in addition to a line and its 
pole, we ave given three points or tangents, we can find three more, and thus determine 
the curve. Hence, to he given tke cenire (the pole of the line at infinity) is equivalent 
to two conditions. It may be seen hkewiee that to be given a point on the polar of a 
pven point is equivalent to one condition, J'or eiample, when we are given that the 
curve is an eijuilateral hyperbola, ttiia ie the same as saying that the two points 
&t infinity on any cirde lie each on the polar of the other with respect to the curve. 
To be given a self-conjugate triangle is eqnivalcnt to three conditions; and when 
ft self-conjugate tdangle with regard to a parabola is given three tangents are 
given. 

Chen five points. — Wo have shown. Art. 269, how I^ thornier alone we may deter- 
mine as many other points of the curve as we please. We may also find the polar 
flf any given pohit with regard to the curve ; for by the help of the same Aiticle we 
can perform the construction of Ex. 2, Art. 146. Hence too we can find the pole 
Cf any line, and therefore also the centre. 

Fine tangents.-^WB may either reciprocate the construction of Art. 269, or reduce 
^is question to the last by Ex. 4, Art. 268. 

Four points and a tangent. — We have already given one method ot solving thia 
qnestion, Art. 345. As the problem admits of two solutions, of oourse we cannot 
expect a construction by the ruler only. We may therefore apply Cainot's theorem 
(Art. 313), 

Ac . A^. Ba .Ea'.Cb.Ci' = Ab. A¥. Bc.Bd.Ca. Ca'. 
let the foor points a, a', b, h' be given, and let AB be a tangent, the points c, e' will 
coincide, and the equation just given determines the ratio Ad' : Bcf, everything else in 
the equation being known. This question may also be reduced, if we please, to those 
which follow ; for given four pomta, there are (Art. 282) three points whose polars are 
given i having also then a tangent, we can find three other tangents Immediately, 
end thus have four points and four tangents. 

FowtaRgentsandapoi'U.—'niz is either reduced to the last by recipiocation, ox 
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by the mettiod Juat flracribefl i for given fonr tangenta, there ate three points Trhdae 
polara are giren (Art. HS). 

Three points and liso tangents. — It is a particular case of Art. 344, that the pair of 
points where any line nieeta a conic, and where it meeta two of its tangents, belong to 
a ajBtem in inyolntion of which the point Where the line meets the chord of contact is 
one of the foci. If, therefore, the line joining two of the fixed points a, i, he cut bj" 
the two tangents in the points A, B, the chord of contact of those tangents passea 
throt^h one or other of the filed points F, f", the £oci of the ayatem (a, b, A, E), (see 
Ei. Art. 286). In like manner the chord of contact mnat pass through one or other 
of two fised pointa G, G' on the line joining the ^ven points a, c. The chord must 
theiefore be one or other of the four lines, FG, FG', F'G, WG' ; the pnjhlem, there- 
fore, has fonr aolutiona. 

Two points and three tangenl), — The triangle formed hy the three chords of contact 
has its verges resting one on each of the three given tangents ; and by the last case 
the udes pass each throngh a fixed point on thehne joining the two given points} 
therefore this triangle can be consttuoted. 

To he given t«'o points or two tangents of a conic is a particular case of being 
given that the conic h^ double contact with a given conic For the problem to 
describe a conic having double contact with a given one, and touching three lines, or 
eiae passing through three pointa, see Art. 328, Ex, 10. Having double coatact with 
two, and passing through a given point, Or tonching a given lin^ see Art. 287. Having 
double contact with a given one, and touching thtee other such conies, see Ait^ 
E67, JEi. 1. 

On systems op Conics satispyikq Fonn Cokditiokb. 

It we are only given four conditions, a system of different conics can he described 
EaiJsfying them all. The properties of syatema of curvea, satisfying one condition 
less than is sufficient to determine the curve, have been studied by De JonquiSres, 
ChaslcE, Zeuthen, and Caylej. Eefereocea to the ori^nal memoirs will be found 
In Prot Oayley'e memoir (FhU. Trans., 1867, p. 75). Here it will be enough briefly 
to state 3 few results following from the application of M. Chasles' method of 
charaoterialjcs. Let /i be the number of conira satisfying four conditions, which 
pass throngh a given point, and v the number which touch a given line, then n, v 

a system of conics passing through four points are I, 2, since, if we are given an 
additional point, only one conic will satisfy the five conditions we shall then, hare j 
but if we are given an additional tangent two conics can be detertnined. In like 
manner for three points and a tangent, two points and two tangents, a point Hud 
three tangenta, four tangents, the characteristics are r^pectivelj (2, 4), (4, 4), {4, 2), 
(3, 1). We can determine a j>ri(»-i the order and class of many loci connected with 
the system by the help of the principle that a curve will he of the «'" order, if it meet 
an artiitrary line in » real or imaginary pointa, and will be of the n'^ claaa if throngh 
HJi arbitrary pomt there can be drawn to it n i-eal or imaginary tangents. Thus the 
locua of the pole of a given hue with respect to a system whose characteriatics are 
u, 1-, will be a curve of the order v. For, examine in how many pointa the locus can 
meet the ^ven line itself. When it doea, the pole of the line is on the line, ot 
the line is a tangent to a conic of the system. By hypothesis this can only happen 
hi II cases, therefore n is the degree of the locus. This result agrees with what has 
been already found in particular cases, as to the order of locus of centre of a 
conic through four points, tonching four lines, &c In like manner let as investigate 
the order of the locus of the foci of conics of the system. To do this let us generahso 
the question, by the help of the conception of foci explained Art. 258a, and we shall 
see that the problem is a particular case of the following: Given two pointa A, B 
to find the oi-der of the I0KU6 of the intersection of either tangent drawn fiom A to 
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B, conic of the eyatem witli one of tlie tangents drawn from B. Lot us examine in 
imw manj points the locns can meet the line AB ; and we see at once that if a point 
of the locus be on AB, thia line must be a tangent to the conic. Consider then any 
conic touching ^fl in a point T, then the tangent ^T meets the tangent ST ia the 
point T, which, ia therefore on the locus; and likewise the tangent AT meets the 
second tangent from B in the point B, and the tangent BT meets the second tangent 
from A in the point A. Hence every conic which touches AS givcB thi'ee pointa 
of the locua on AB. The order of the locus is theiefore 8ir, and A and B are each 
multiple points of the order r. Thus the locus of foci of conies touching four lines 
is a cubic passing throngh the two circular points at infinity, If one of the con- 
ditions be tliat all the conies should touch the line AB, then it will be sei^n that 
any transversal through A ia met by the loons in v points distinct from A, and that 
A itself aho counts for v ; hence the locus is m thia case only of the order 2ii ; which 
is therefore the order of the locus of foci of parabolas satisfying three conditiona. 

An important principle in these investigations is that if two points A, A' on a 
right line so correspond that to any poaition of the point A correspond m poaitiona of 
A', and to any position of A' correspond » positions of A, then in m + b oases A 
and A' will coincide. This is proved as in Aria, 836, S40. Let the line on which 
A, A' lie be taken for asia of x ; then the absoisE£B x, x' of these two pointa are con- 
nected by a certain relation, which by hypothesis is of the ni™ degrea in x' and 
the B*'' ia x, and will become therefore an equation of the (m + n)'*' degree if we 
make x = 9/. 

To illustrate the application of this principle, let us examine the order of the locns 
of pointa whose polar with respect to a fixed conic ia the aame as that with respect 
to some conio of the ajatem ; and let ns enquire how many pointa of the locus can lie 
on a ^ven line. Consider two pointa A, A' on the line, auoh that the polar of A 
with respect to the fixed conic coincides with the polar of A' with respect to a conic 
of the system, and the problem ia to know in how many cases A and A' can coincide. 
Now first if .4 be fixed, its polar with respect to the fised conic is fixed ; the locus 
of poles of this last line with reapeot to conica of the syetem, is, by the iirat theorem, of 
the order ir, and therefore determines by its intersections with the given line n poaitiona 
of A'. Secondly, examine how many poaitiona of A correspond to any fixed position of 
A'. By the reciprocal of the first theorem, the polars of A' with respect to oonica of 
the ayslera, envelope a curve whose class ia /i, to which therefore /i tangents can be 
drawn through the pole of the given line AA' with respect to the fixed conic It 
foliowB then, that 11 poations of A correspond to any poation of A'. Hence, in fi -f » 
oases the two coincide, and this will bs the order of the required loous. 

Henoe we can at onoe determine how many conica of the s jat^m can touch a fixed 
conio : for the point of contact is one which has the same polar with refpeot to the 
fixed conio and to a conic of the aystem ; it is therefore one of the intereections of the 
fixed conic with the locus last found i and there may evidently be S 0" + ") such 
inleraecliona. Wa have thus the number of conicB which touch a fised conic, and 
satisfy any of t!ie systems of conditions, four points, three pointa and a tangent, two 
points and two tangenta, Ac, tho numbers being respectively 6, 12, 16, 12, 6. From 
these nnmhers ageia wa find the ehai'acteristics of the ayslem of conies which touch a 
fised conic and also satis^ three other conditions, three pointa, two points and a 
tangent, 4c. ; these charaeteriatics being respectively (S, 12), (12, 16), (16, 12), (12, 6). 
We find henoe in the same manner the number of oonica of the" respective systems 
which will touch a second fised conic, to be 36, 66, 66, 36. And thns again we have 
tlie oliaracteristica of systems of conies touching two fised conies, and also satisfying 
the oondidons two points, a point and a tangent, two tangents; viz. (36, 66), [56, B6), 
(66,86). In like manner we have the number of conies of these respective systems 
which will touch a third fixed conic, viz, 134, 224, 184. The characteristics then 
cf the systems three conies and a point, thtee conies and a. line aie (184, 22-1), 
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(234, 181). And the nnmljers of these to trauoh a fonrth fixei conic, are In each casa 
816, so that anally we ascertain that the number of conies which can be desciibed to 
touch five fiied conio is 8264. Por further dotaila I refer to the memoirs already 
cited, and only mention in conclusion that in — n conita of any Byatem reduce to 
a pair of line?, and 2n — vioa, p^ of points. 



MlSCELLANEOna KOTES. 


(1). Art. 293, p. 267. In connection with the detei'minant form he 
+ ia's + v's should lie on the conic, is tho yanishing of the determinant 




\; f.', ^, 





(2) Art.228,Ex.lO,p.217. Aad,Eitherfaotorcomb!naclwith !p+OTp'+B/)"+J'p"'='' 
gives a, result of the form V + fp' + "P" = "^i "1>«"^* \ + H + ii = 0, which representB 
a curve of the third degree. 

(3). Art. 372, p. 337. The aisoiimination of the cases of four real and fonr 
imaginary points has been made by Kemmer (Siessen, 1878). His result is that if 
D = ®'©^ + 18AA'00' - 27A=A'= - iA®'' - 4ii'®', 
i = 3 (e" - 3A'0) 2 - C®e' - 9AAT * + 2 (©!< - 3A0') £', 
Jlf=i{£'-(*^-4EL')I>), 
N = J} {A'aZ' - A'©'*£' + (®^ - 2A'®) S=E' 

+ A'©S*^ + (©= - 2A0') SS's - AA'$' 
4- A0'*'l;' - A0«S'= + A'S's - {®& - 3AA'} SS'$}, 
we must have D and M positive, i and JV negative, in order to hate four real points 



I add a selection from soma miscellaneous notes which had been sent ms 
varions times by Messrs. Burnside, Walker, and Cathcart, to be used when a i 
edition was called (or, but which I did not remember to insert in their pioper plact 

<4) B. Art. 231, Es. 10. If the normals at four points meet in a point, t 
eccentric angles ai-e connected by the relation u + (i 4- y + i = ('Jm + 1) ■»■. Hence 
Art. 244, Ex, 1) the circle through the feet of three of the normals from any p 
passes through the point on the conic opposite to the f oui-th point. 

(B) B. If 1, 2, 3. 4 bo the feet of four normals from a point, and f ^ denote 
somi-diamcter parallel to the chord 12, then i-",, + r'„ = b' + b', 

2Jl-ffA) - 

(6) B. Art. 169, Ex. 3. To any reotangulai ases, +-«i * = ■ — = ■■ ' 

has the same meaning as in Art. 383. If the coordinal 
side is multiplied by JW, which is the-value of j; sin ^1 4 

(7) B. If the tangents be drawn from the pole of <u 



"P 

:"s be trilinear. the ri 



r- + y'' - 2^y C03A - 2ya < 



Q is the quantity n 
S -lap cos C; 
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i tiie oondKlon that ai + j3j + ys, and the hna at infinity ehonid b 

n = Aa^A-i- BI3 BinB + Cy saC + Fiji moC + y wiB) + G {y iSiiA + asinC) 

+ E[ae\aB^^siaA), 
As a particular caae, the angle between the asymptotes, for which Q = 0, L = G = lie 

(8) B. The length of the chord intercepted on any line is girea hy the two, 
following equationa, p being the parallel Bemi-ciiaineter i 

Compare Art. 231, Ex. 15. 

the Jaoobian of 11, S, Q b a parabola toueliing a'x + J3'j + y's =: 0, the normals where 
this line meets the conic, and the two aies. 

(10) B, The area of a triangle circumscribing a conic is J( ^ ' ' ) . 



(13) W. The area of the tiiangle formed by the polara with respect to an ellipM of 



(14) W. li P, Q, Rhs the middle pointa of the sides of a circumscribing triangle, 
and a, (3, y the eooentrio angles of the point of contact, {QOS^ = ioi tan J {/3 - y). 
Fiom tins expresaion can easily bo dednced Fauro's theorem (Art. 381, Es. 12], 



yUVfV+F.FjF,- 



(16) C. Art. 383, p. 352. The eipression in the trilinear equation of the director 
circle there given, may be written 

0'S ~ IL' + M' -i- N' - 2MN eosA- 2NL coa B - 2LM coa C], 
where L = as + hy + gt, M=hx + ii/+fi, !f = gx -i-fi/ + en. 
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Angle, 

between two lilies wliose Cartesian 

equations are giieu, 21, 32. 
ditto, foi' tiilinear eqnations, 60. 
between two lines given by a single 

equation, 69. 



betwe 



genta to 



189, 312, 213, _.., .._. 

between two conjugate diameters, 169. 

between ns^mptotes, 1G4, 392. 

between focal radiua veoUir Jind fan- 
gent, 180. 

anbtended at focus by tangent from 
any point, 183,206. 

subtended at limit points of system of 
cirolea, 291. 

theorems respecting angles subtended 
at focus proved by reciprocation, 38i, 
by sphencal geometry, 331. 

tlieorems concerning angles how pro- 
jected, B21, 323, 
Anliarmonic ratio, 295, 



le point at infinity, 2 



given, Se, 3( 



property 

240, 252, 288, 3lS. 
of four tangects, 252, 283. 
of three tangenta to a parabola, 399. 
these properties developed, '297, 
properties derived from projeotiou oJ 



of four point 



io when equal 



of four points equal that 

pohira, 371. 
of four diameters equal that 

conjugates, 302. 



dyg terms f CO rdmates 

dices, 31 130 
aT gle, the eqi t ns f whose 



>f triangle formed bv three normals, 

220. 
ionstant, of triangle formed by jo 



constant, between any tangent and 
asymptotes, 192, 

of polar triangles of middle poinfB of 
sides of fixed triangle with regard 
to insciibed conic, 351, 892. 

of triangles equal, formed by drawing 
from end of each of two diometeia 
a parallel to the other, 173, 






8,371. 



ic by tangent 



Une cuttii^ off from a curve oonatant 

area bisected by its envelope, 374. 
of common conjugate triangle of two 

Asymptotes, 

defined as tangents through centre 

whose points of contact are at in- 
finity, 156, 
are self-conjugate, 167. 
are diagonals of a paraUelogram whose 

sides are conjn^te diameters, 190, 
general equation of, 272, B40. 
and pair of conju^te diameteiB form 

harmonic penal, 396. 
portion of tangent between, bisected 

by curve, 191. 
equal intercepta on any chord between 

curve and, 191, 812. 
constant length intercepted on by 

chords joining two iiied poinis to 

variable, 192, 294, 298. 
parallel to, how cut by same choida, 

398. 

by two tangents and their chord, 

bi-iectcd between any point and its 



bow divide any semi-diameter, 298. 

of conic, equation of, 166. 
lengths, how found, 158, 392. 
conatmcted geometrically, 161. 
how found when two conjugate dia- 
meters are given, 173, 176. 
of ledpracal curve, 291, 
axis of parabola, 186. 
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of similitude, 108, 224, 282. 
radical, 99, m. 

fiiaectora of angles between liaea given b; 

a angle equation, 71. 
of ^des OF ajigles of a triangle meet 

in a point, 5, 84, 54. 
BoloUie)' on equations of conic inscribed in 

or circumscribing a triaogle, 120. 
Boole on invariant fnnctionB of coefGcisnts 

of It conio, 1&9. 
Brianohon'3 theorem, 2*4, 880, 381. 
Burnaide, theoiems or proofs by, 80, 220, 

221, 242, 216, 267, 272, 842, 391. 

Camot, theorem of transveraala, 289, 318, 
n, ^nations, a 






! of trilinear, G4. 

Catlioari^ theorems W> 129, 132, 391. 
Cayley, theorems and proofe by, 134, 342, 

SoO, 358, 379, 381, 389. 
Centre, 

of mean portion of given points, 60. 



ladioal, 99, 282. 

of (dmilltnde, 105, 234, 

choi^js joining ends o 

c.E.meet'onradicalai , 
of conic, ooordinatsB of, 143, 153. 
pole of lins at infinity, 155, 296. 
how found, given five points, 24T, 
of ayatam in involution, 308. 
of oucvatare, 230, 37G. 
Chaalea, theorems by, 295, 300, 304, 377, S89. 
Chord of conic, perpendicular to line join- 
ing focoB to its pole, 183, 321. 
which touches confocal conic, propor- 
tional to square of parallel Gsmi- 
diameter, 212, 221, S91. 
Chords of intersection of tvro conica, equa- 
f, 834. 



triSnear equation of, 123. 

passes through two fixed imaginary 

points at iranity, 238, B25, 
drcnmscrilung a trian^, its centre 

and equatii^ 4, 86, 1L8, 130, 288. 
inscribed in a briaogl^ 12i, 238. 
Itaving triangle of i^c9;exice for self- 

conjngiite triangle, 264. 
through mictdle points of Bides (see 

Feoerbach), 80, 122. 
iihich cnts two at constant angles, 

touches two fixed droles, 108. 
touching three others, 110, 114, 135, 

291. 
"cutting three at right angles, 102, 130, 

or at a constant angle, 132. 



Tangle formed by 



Circle circumscribing triangle fonued. by 
two tauffents and chord, 241, 370. 
oiK.umaonbing triangle inscribed in a 

ciroumaccibing, or inscribed, in a eelt- 

Con]ugate triangle, 341. 
circum^L] Ltang triangles formed by 

four lines meet in a point, 240. 
when five lines are given, the five 

such points lie on a circle, 247. 
tangents, area, and arc found by in- 
finitesimals, 370. 
Circumooiibing triangles, six verticea of 

two he »□ a conic, 320, 381. 
aaas of a curve, 147. 
Common tangents to two circles, 104, 106, 

their eight points ot contact lie cm a 
conic, 845. 
Cmdition tliat, 

three points should be on a right 

three lines meet in a point, 82, 34, 
four conv^-gent lines should foi'm 

harmonic pencil, 56. 
two lines diould be perpendicular, 

21,59,354. 
a right line should pass through a 

filed point, 50. 
equation of eecond degree should re- 
present right lines, 72, 149, 153, 

155, 266, 

B drde, 75, 121, 852. 

a paralnla, 141, 274, 352. 
an equilateral hyperbola, 169, 352. 
equatdon of any degree represent right 

lin^ 74. 
two circles should be concentric, 77. 
four points should lie on a circle, 8" 
infercept by circle o 

subtend a right angle at a given 

two circles should cut at right angles, 

103, 348. 
that four circles should have common 

orthogonal circle, 131. 

267,340. ' ' 

two conica should be sirailav, 224. 
two conies should touch, 336, 356. 
a point should be inside a conic, 261. 
two lines should be conjugate with 

respect to a conic, 267. 
two pairs of points should be harmonic 

conjugates, 305. 
four points on a conic should lie on a 

circle, 229. 
a line be oat harmonically hy two 

in involution by ti 






!B touch same con 
rs of points form system 
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a triangle sslf-conjngate to one nu 
be inscribed or cii-cumscribed 
another, 540. 

tbrse conice bave double contact wil 



havi a common point, 3lSf 

may include 3 parfectfiqita 

ej^iyg;/, 366. 






liuea joining to vertices of triangle 
points where conic meets sides 
should form two seta of three, 361. 
Gone, Eections of, 326. 
Confocal oonics, 186. 

cut at right angles, 181, 291, 322. 

may be oonaideved as iuEcribed in 
.^ame i^nadrihiteral, 239. 

most geneml donation oi^ S53. 

tangents from point on (1) to (2) 
equull; inclined to tangent of (1), 



182. 



■ tangent 

1), 2»9. 

: reciprocal 



taagent from, 377. 
Conjugate diameters, 146. 

thdt lengthy how related, 159, 
triangle included hj, hua constant 



c pencil nith asj'mp- 



£arm hajjnc 
totes, 296. 

at given angle, how coostructed, 171. 

constrootion tor 21S. 
Ooniugate hyperbolas, 165. 
Coiqngftte lines, conditions for, 267. 
Oonjugate triangles, homologons, 9!, 92. 
Continuity, principle of, 326. 
Go variants, 347. 

Criterion, whether three equaHons repre- 
sent lines meeting in a point, 34. 

whether a point be within or witliout 

whether two conica meet in two real 
and two imaginary points, 337, 
Curvature, radius of, expressions fo 
length, and conatmction for, 228 

drde of, eqnation of, 231. 



De Jon^ui^res 

Delermmant n , 

Di^;onala of quadrilateral. 



droiesiie 



. . . line, 36, 62, 216. 
ribed on, as diameisrs, have 
common radical axis, 277. 
Diameter, polai of point at infinity on its 

conjuaate, 296. 
Director mccle, 269, 352. 

when four tangents ate gi 
common radical axis, 277, 
Dkectrix, 179. 

of parabola, equation of, 261 



passes through intersection of per- 
pendiculars of circumsoribing tri- 
angle, 212, 247, 276, 290, 342. 
rirninant defined, 266. 
method of forming, 73, 149, 153, 166. 

ince between two points, 3, II), 133. 

Distance of two points from centie ot 
circle proportional to distance of 
each ti-om polar of other, 03. 
rhen a rational function of cooidi- 

iiates, 179. 
if four points in a plane, how con- 
nected, 134. 
Double contact, 228, 334, 346. 

equation of conic liaving d. C with 

- two othei-s, 262. 

tangent to one cut harmonically by- 



other, 
pvopeiti( 






,hird, 2 



!, 282. 






3. fourth, 



of three liaving d. o, 

343, 26.1, 281. 
tangential eqnation of, 356. 
condition two should touch, 356. 
problem to describe one such Conic 

touching three others, 356, 358. 
Duality, principle of, 276. 



220. 



I circle, how con- 
givan by general 



a which si 



of four , 
nected, 2J9. 
Eccentricity, of conic 
equation, 164. 
depends on angle between asymp- 
totes, 164. 

mechanical description of, 178, 218. 

Envelope ol 

line whose eqnation involves indeter- 
" degree, 257j &c. 
of perpendiculars 

stant, 95. 
given product or sura or difference of 

sqiiares of pei-pendioulars from two 

fixed points, 259. 
base of triangle given vertical angle 

whose sides pass through fised points 

and vertices move on fixed Ime^ 

259. 
and inscribed in given conic, 250, 280, 

319. 
which subtends constant angle at fixed 

poml^ two sidts being ^ven in 

position, 284. 



rircle touching two 
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circle, 206. 
)f hyperbolas having EEune 
IB and duGctjix, 'J85. 
three pointa and other asTinp- 



line ioioing cmitsponding poiate of 
two homogcaphie BjHtema 
on difisrent lines, 302. 



leg of given anharmonio pencil tt 



diffi 



condi 



_UipBe given two conjugate diameters 

and sum of thdr equarea, 2fi0. 
Eqnataon, i^a meaning when coordir 

of a given point are enbstitute 

it : lot a right line, circle, or o 

29, 84, 12B, 241. 
ditto tor tar^entjal equation 384. 
pair of biaecMrs of angles between 

twolhies, 71. 
of radical asis of two circles, 98, 128. 
common tangents to two cxrcl^ 104, 

106, 203. 
drclo through three points, 86, 180, 
cntting three circles orttiogonally, 

102, 130. 
touching tllres circles, 114; 135, 359. 
insci'ibed in or circnmEcnbing a tri' 

angle, 118, 126, 288, 
having triangle of reference self- 



conjugate, 264. 
tangential of drcle, 129^ S6 
tangent to circlH or («mc, t 
polar to circle or conic, 82, 

point. 85, 149, 269, 
where conic meets given 
asymptotes tc 



0, 147, 26*. 
from any 
Ime, 272. 



having double contact with 

« others, 366, 






having double cent 

and touching thi 
through tliree poiutE , 

lineB, and having given 

and having given focus, 

reciprocal of a given conic, 292, 348, 

366. 
directrix or director circle, 269, 362. 
lines joining point to ' 

two curves, 270, 807. 
tonr tangente to one < 

meets another, 349. 
curve parallel to a conii 
evolute to a conic, 281, 
jacobiau of three conic! 



Equilateral hyperbtla, 168 
general condition for 3B2 
given three points a fom:th iB given, 

215, 290, 321 
(arcle oircumscr b ng "elf con] gate 
triangle passes thvon^h centre 15 
343. 
Enler, expression for d ?tanre fcct \ c n 
centres of inscr bed and cue m 
scribing circles 343 
Evolntes of conies, 231 S38 
Fagnani's theorem on arcs of con ts H 3 
Faure, theorems by, B4], 861, 392. 
Feuerbach, relation connecting four points 
on a circle, 87, 217. 
theorem on circles touching four lines, 
127, 313, 859. 
Ksed point, the following lines pass 
tbrough-a 
CoefSoients in whose equation are con- 
nected by relation of first degree, 69, 
base of triangle, given vertical angle 
and sum of reciprocals of ades, 48. 
whose sides pass through fixed 
points, and vertices move on tliroe 
convei^g lines, 48. 
line sum of whose liistances fr 

points is constant, 49. 
polar of fixed point with respect to 
circle, two points ^ven, 100. 
with respect to conic, four points 
mven, 153,271, 281. 
chord of intei'seotion with filed centre 

of circle through two points, 100. 

of two fised lines with conic through 

four points, one lying on each hne. 






802. 



■3, 262. 



choi-d subtending right angle at filed 

point on conic, ' ~ """ 
when product ise 



it subtends at 



tangents of 

which normal divides 
subtended 

perpendicular on its polir, from point 

on fi^ed perpendicular to axis, 184. 

Focus, see Contents, pp. 177-190, 209-212. 

infinitely small circle having double 
contact with conic, 241. 

jnteiBCCtion of tangenla from two fixed 
imaginary points at infinity, 289. 

equiv^ent to two conditions, 386. 

coordinates of, given three tangents, 

when conic is given by general equA- 

Ijon, 239, 353. 
focus and directrii, 179, 241. 
theorems concerning angles subtended 

at, 284, 831. 
focal properties investigated by pro- 
focal radii vectores from any point have 
' """ " iciprocala, 212. 



line joining 



of f< 
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locua of, ^Ten three tangenla to 
parabola, 207, SU, 274, 285, 320. 

^ven four tan^ente, 275, 277. 

given four points, 217, 288. 

given three tangents and a point, s 
Ei. 3, p. 288. 



Eamilixin, proof of Feuecbach'a tLeorem, 

313. 
Haimonic, section, 66. 

what when one point at infinity, 295. 
propeitjes of quadrilateral, 67, 317. 
property of polea and polsirs, 86, 14S, 

295, 297, 318. 
pencil formed by two t&ngents and 

two co-polac Lnes, 148, 296. 
liy Bsymptotea and two conjagate 

diameters, 296, 
by diagonals of inscritei and droum- 

scribsng quadrilateral, 242. 
by chords of contact end oomoion 

chords of two conies having double 

contact with a tiird, 212. 
properties derived from projection of 

right angloB, 321. 
condition im harmonic pencil, SO.'i. 
condition that line should he cut har- 
monically by two conice, 806. 
locus of points whence tangents to two 

conies form a harmonic pencil, 306. 
Hart, theorems and proofs by, 124, 126, 

127 263 "'" 



method of for 

locua of intersection of corresponding 

lines, 271. 
envelope of line joining corresponding 
points, 302, 303. 
Homologous triangles, B9. 
-Hyperbola, origin of name, 186, 338. 

area rf, 373. 
Imaginary, lines and points, 69, 77. 

circular points at infinity, tangential 

equation of, 352, 
every line tliioiigh either perpen- 
dicular to itself, 351. 



nity, line at, equation of, G4. 
touches parabola, 236, 290, 329. 

Inscription io conic of triangle or polygon 
sides pass through filled 
, 250, 273, 281, 807. 
Intercept on chord betveen c 






192,2 






, 191, B 



to projectiOT 

their poles, 201, 294. 
Intercept on parallel tangents by variable 

tangent, 172, 287, 299, 88o. 
■nvai-iants, 169,335. 
inversion of onrvaa, 114. 
involution, 307. 



Jacobian of three conii^ 31 
""""achimsthal, 

relation between eccei 
four points on a circ 

method of finding po 



rK BJig 

ts where line 



Limit points of sysi 



m of circles, 101, 291, 

vertex of tiiangle given base and a 
reiatimi between lengths of sidea, 
89, 47, 178. 

and a relation between angles, 39, 47, 
88, 107, 

and intercept by sides onfiied line, 300 . 

and ratio of parts into which sides 
ide a fixed pai-alld to ba?e, 41. 



given 



ngle, whoai 



^ 53 along fised lines, 208. 

vertex of tiiangle of which one base 
angle is fixed and the other moves 
along a given locus, 51, 96. 

whose sides pass throogh fixed points 
angles a '"-- '—'' 



g fixed 



scribes a given conic and whoso 

base angles move on fixed lines, 

250, 319, 349. 
generalizations of this problem; 850. 
common vertex of eeveial triangles 

given bases and sum of areas, 40. 
vertex of right cone, out of which 

given conic can be cut, 331. 
point cutting in given ratio parallel 

chords of a ciide, i62. 

intercept between two fixed lu 
— ' ^"- — 39,40,4,. 

8, 377, 323. 



;wo fixed t£ 



:e tangents to twc 
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Locna of, 

enoh that £ nr' = constant. 83. 
^h^^nce ^nare of ^ngent to circle is 
as pi-oduct oE dietancea from two 
fixBd lines, WO. 

1 given uihaFmonic Tutlo, 
' "- ■ '-id point. 



Buch that triangle formsd by joining 
feet of perpendioDiars on sides of 
triangle has conatant area, 119. 

point on line of given direction meeting 
aileiof triangle, ao that O(?~oa.ob, 



chords through which subtend right 
angle at point on conic, 270. 

whence tangenta lo two conica form 
havmon i, pencil, 306, 

whose polars with lespect to three 

middlepcint of rectanglEs inscribed in 

tnangle 43. 

of parUlel chords of conic, 143. 

of convergent choida of circle, 96. 
intersection of hisaotov of vertical 

angle with perpendioolar to a 

mde, given base and suni of sides, 

61. 
of perpendicular on tangent from 

CentL-e, or focus, with focal or central 

focal radius vector with corresponding 

eccentric vector, 220. 
of peniendiculars to sides at extremity 

of base, given vertical angle and 

of perpendio ulais of triangle given base 

and vertical angle, 8S. 
of perpendiculars of triangle inacribed 

m one conic and cii'cumscribi 

another, 342. 
eccentric vector with corresponding 



melers, 209. 
whose chord subtends constant angli 

at focus. 281. 
from two pointB, which cut a given 

liue harmonically, 322. 
each or both on one of four given 



r conditions, 2:;0, 320. 
onditlons, -II!,. 
lormala at extremity 

or chord through fixed point, 214, 835. 
foot of perpendicular from focus on 
tangent, J82. 20+, 3.1 1 . 



if inscribed c 

and anm of ade?, 208. 
of circle cutting three at equal angles, 

108. 
of eiroumsoribing circle ^ven vertical 

angle, 89. 
of circle touching two given eirdea, 

291, 320. 
centre of conic (or pole of fixed line) 

given four points, 153, 354, Sija, 

271,281,302,320. 
given four tangents, 216, 254, 267, 

277,281,321,339. 
given three tangents 



esof ai 



i, 216. 



four condirions, 267, 3--. 

pole of fixed Ime with re^id ta sys' 
tem of confocalB, 209, 322. 

pole with respect to oae oonio of tan- 
gent W another, 209, 278. 

focLis of parabola given three tan- 
gents, 207, 214, 274, 285, 820. 

focus given four tangents, 275, 377. 

given four points, 217, 288, 392. 

given three tangents and a point, 288. 

given four conditions, 389. 

vertiosa of self -oonj agate triangle,COm- 
mon to jixed conic, and variable of 
whioh lour conditions are given. 



MacCuUagh, theorems by, 210, 220, 833, 
874, 877, 

MaoLauiin's mode of generaring conioa, 
247,248,251,299. 

Molfatti'a problem, 263. 

Mechanicai construolion of conies, 178, 
194, 203, 218. 

Middle points of diagonals of quadrilate- 
ral in one line, 3fi, 62. 

Miquel, on circles oircumsoribing triangles 
formed by five lines, 247, 

Mbbins, 217, 278, 296. 

Moore, deduction of Steiner's theorem from 
Biianchon's, 247, 

Mulcahy, on Hngiaa subtended at focus, 83 1 . 

Kewion'a method of generating conies, 300. 

Kormal, 173, &.c. 835. 

Number of terms in general equation, 74. 



isof ti 



'0 otiier 



ic, 136. 
,225. 
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O'Brien, 217. 

Orthogonal ajrateme of cirdeB, 102, 131, 

34g, S6I. 
Osculating drele, 327, 234. 

three pass through ^Ten pomb on 

curve, 229. 

Pappns, 188, 285, 8'23. 
Paiabola (see Contents, pp. 195—207, 
212-214). 

origin of name, 180, 328. 

has tangent at infinity, 235, 2S0, 329. 

eoocdinates of focus, 239, 274, 354. 

equation of directiix, 269, 352. 

tonnhing four line^ 274. 
Parallel to conic, equation of, 8S7. 
Parameter, 185, 197, 202. 

eame for reciprocals of equal circles, 

Pascal's hesagon, 245, 280, 301, S19, 380. 
BipreBsion of coordinates by singlt 
217,248,380. 
Perpendicular, equation and length, 26, 6( 



Self -conjugate triangle 

ertices of two lie on a cnnii 
quation of conic referred tt 



have points common at infinity, 236. 
tangent to one cuts constant area 
from other, 373. 
Sterner, 

theorem on triangle circumscrfiiing 

parabola, 212. 247, 275, 290, 842. 
on points whose osculating drole 

passes through eiven point, 229. 
theorems on PascaTs hexagon, 240, 880. 
Eolution of Malfatti's problem, 263, 
Subnormal of parabola constant, 202, 
Supplemental chords, 172. 
Systems of circles harii^ cc 



from centre and foci on tangent, 1 
179, 204. 
Pliicker, 278, 380. 

Polar -coordinates _^ 

87, 95, loO, 162, 184, 

poles and polars, properties of, 92, 143. 

polar, equation of, 82, 147, 265. 

pole of ^ven line, coordinates of, 

polar reciprocals, 270, Ac 

— .._.. — J — ^.J. eqiuvaleut to 



Quadrilateral, 

middle points of diagonals lie 
aright1ine,26, 62, 216. 

ciroles having diagonals for diameters 
have commoa radical axis, 277, 

harmonic properties of, 57, 817. 

inscrilied m conies, 148, 319. 

sides and diagonals of inscribed quad- 
rilateral out transversal in involu- 
tion, 312. 

diagonals of inacrlbed and cvrcum- 



Sadlelr, theorems Ijy, 184. 
Self-conjugate triangles, 91. 

circle having triangle of reference for, 
254, 

of aqnilatecal hyperbola, 216. 



of a 



s, 100. 



o radical 



Tangent, general definition of, 78. 
to circle, length of, 84, 
to conic ooastrocted geometrically,151. 
deteFmination of points of contact, 

five tangents given, 247, 
variable, makes what intercepta on 

two parallel tangents, 172, J81. 
or on two ooniugats diameters, 172. 
of parabola, how divides three fixed 

tangents, 299. 
TangcntieJ equations, 65, 376, &o^ SS3, 

of inBctihed and circumscribing circles, 

121, 125, 288. 
of circle in general, 128, 884, 
of conic in general, 152, 260. 
of imaginary clrcnlar points, 352. 
of confocal conies, 353, 384. 
of points common to fonr conies, 844. 
mteipretation of, 384. 
Townsena, theorems and proofs by, 252, 



301, 375. 
335. 



n of 



tion, 312. 
Triangle, citcumBoribing, veri 

m on a conic, 320. 
Triangles made hy fonr linei 

of, 217, 246. 
Triljneac coordinates, 57, 60, 2 

Veronese, 382. 

Walter, 391. 

- Zeathen, 389, 

EKD. 



6, 9, 157, 

its sides of triangle, 36. 

m of, 289, 318, 888. 

I of conies in involu- 
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Gardiner, LL.D. 2 vols. Sva 24J. 

The Fall of the Monarchy 



1637-1642, 2 vols. Svo. 281. 

A student's Manual of 

the History of India from the Earliest 
Peiiod to the Present. By Col. 
Meadows Tavlor, M.K.A.S. Third 
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By F. Seebohm. Svo. 14J. 

History of the Romans 

under the Empire. By Dean Meri- 
VALE, D,D, 8 vols, post Svo. 4S1. 

General History of Rome 
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Influence of the Spirit of Rational- 
ism in Europe. By W. E. H. Lecky, 
M,A. 2 vok. crown Svo. i6j. 
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BIOGRAPHICAL WORKS. 



Reminiscences chiefly of 

Oriel College and the Oxford Move- 
ment. By the Rev. Thomas Mozley, 
M.A. formerly Fellow of Oriel College, 
Oxford. 2 vols, crown Svo. tSi. 



Apologia pro Vita Sua j 

Being a History of his Religious 
Opinions by Cardinal NEWMAN. Crown 



y Google 



WOJiKS fuhlished by LONGMANS 6- CO. 



Thomas Carlyle, a History 

of the first Forty Years of his Life, 
1795101835, ByJ, A. Fhoudu, M.A. 
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Havelock, KC.B. By John Clark 
Marshman. Crown Svo. 3J. 6d. 

Leaders of Public Opi- 
nion in Ireland ; Swift, Flood, 
Graflan, O'Connell. By W. E. H. 
Lecky, M.A. Croivn Svo. 71. 6d. 
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T. Arnold,M.A. Crown Svo. 7j. So'. 

Poetry and Prose ; Illus- 
trative Passages from English Authors 
from the Anglo-Saxon Period to the 
Present Time. Edited by T, Arnold, 
M.A. Crown Svo. (ss. 

The Wit and Wisdom of 

Benjamin Disraeli, Earl of Bea- 



The Wit and Wisdom of 

the Rev. Sydney Smith. Crown 
Svo. 3j. dd. 

Lord Macaulay's Miscel- 
laneous Writings ;— 



Lord Macaulay's Miscel- 
laneous Writings and Speeches. 

Student's Edition, Crown Svo. 6j-. 

Cabinet Edition, including Indian Penal 
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Observatory, in 12 Circular Maps [with 
3 Index PktesJ. Crown 8vo, ^s. 

Proctor's Larger Star 

Atlas, for the Library, in Twelve 
Circular Maps, with Introduction and 
2 Index Plates. Folio, 151. or Maps 

Proctor's Essays on As- 
tronomy. ASerlesofTaperson Planets 
and Meteors, the Sun and Sun-surround- 
ing Space, Stars and Star Cloudlets. 
With 10 Plates and 24 Woodcuts. 8vo. 



Proctor's Transits of 

Venus; a Popular Account of P.iit 
and Coming Transits from Uie First 
Observed by Horrocks in 1639 to the 
Transit of 2012, Fourth Edition, 
including Sn^estions respecting the 
approaching Transit in December 1 8S2 ; 
with 20 Plates and 38 Woodcuts. 8vo. 



Proctor's Studies of 

Venus-Transits; an Investigation of 
the Circumstances of the Transits of 
Venus in 1874 and 1S82. With 7 
Diagrams and 10 Plates. 8vo. 5J. 



NATURAL HISTORY and PHYSICAL 

SCIENCE. 



Ganot's Elementary 

Treatise on Physics, for the use of 
Colleges and Sdiools. Translated by 
E. Atkinson, Ph.D. F.C.S. Tenth 
Edition. With 4 Coloured Plates and 
844Woodcuts, Large crown Svo. 151. 

Ganot's Natural Philo- 
sophy for General Readers s.nd 

Young Persons. Translated hy E. 
Atkinson, Ph.D. F.C.S. Fourth 
Edition ; with 2 Plates and 47l Wood- 
cuts. Crown 8vo. p. 6d. 

Professor H e 1 m h o It 2 ' 

Popular Lectures on Scientific Sub- 
jects. Translated and edited by Ed- 
mund ATKINSON, Ph.D. F.C.S. With 
a Preface by Prof. Tykdall, F.R.S. 
and 68 Woodcuts. 2 vols, crown Svo. 
I$s. or separately, 7^. €d. eadl. 

Arnott's Elements of Phy- 
sics or Natural Philosophy. Seventh 
Edition, edited by A. Eain, LL.D. 
and A. S. Taylor, M.D. F.R.S. 
Crown Svo. Woodcuts, 12J. 5^. 

The Correlation of Phy- 
sical Forces. By the Hon. Sir W, 
R. Grove, F.R.S. &c. Sixth Edition, 
revised and augmented. Svo. 15/. 

A Treatise on Magnet- 
ism, General and Terrestrial. By H. 
Lloyd, D.D. D.C.L. 8vo. ioj. M. 



The Mathematical and 

other Tracts of the late James 
M'Cullagh, F.T.CD. Prof, of Nat. 
Philos. in the Univ. ofDublin. Ediled by 
(he Rev. J. H. Jellrtt, B,D. and the 
Rev. S. Haughton, M.D, 8vo, 151, 

Elementary Treatise on 

the Wave-Theory of Light. By 
H. Lloyd, D.D. D.C.L. Svo. 101. 6d. 

Fragments of Science. 

By John Ty.^dall, F.R.S, Sixth 
Edition. 2vols. croivii 8yo. i5i. 

Heat a Mode of Motion. 

By John Tyndall, F.R.S, 
Sixth Edition, Crown Svo. izj. 

Sound. By John Tyndall, 

F.R.S. Fourth Edition, including 
Recent Researches. {In Ih^ pnss. 

Essays on the Floating- 
Matter of the Air in relation to 
Putrefaction and Infection. By John 
Tyndall, F.R.S. With 24 Wood- 
cuis. Crown Svo. 71. 6d, 

Professor Tyndall's Lec- 
tures on Light, delivered in America 

in 1872 and 1873. Wilh Portrait, Plate 
& Diagrams. Crown Svo. "]!. til. 
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Professor Tyndall's Les- 
sons in Electricity at the Royal 
Institution, 1875-6. With 58 Wood- 
cuts. Croivn Svo. 2J-. 6rf. 

ProfessorTyndaU'sNotes 

of a Course of Seven Lectures on 
Electrical Phenomena and Theo- 
ries, delivered at tlie Royal Institution. 
Crown Svo. u. sewed, n. dd. clolh. 

ProfessorTyndall's Notes 

of a Course of Nine Lectures on 
Light, delivered at tiie Royal Instilii- 
tion. CrownSvo, IJ. 6\vd,, u. 61^, cloth. 

Six Lectures on Physi- 
cal Geography, delivered in 1876, 
with some Additions. By the Rev. 
Samuel Haughton, F.R.S. M.D. 
D.C.L. With 23 Diagrams. Svo. IJJ. 

An Introduction to the 

Systematic Zoology and Morpho- 
logy of Vertebrate Animals. By A, 

-■ - M.D. With 23 Dia- 

'. 6d. 



Svo. I 



Text-Books of Science, 

Mechanical and Physical, adapted for 
the use of Artisans and of Students in 
Public and Science Schools. Small 
Svo. with Woodcuts, &c. 
Abney's Photography, y. 6<l. 
Anderson's (Sir John) titreiigth of Materials, 
price 3J. 61/, 

Armstrong's Organic Chemistry, 31. 6(f. 

Balfs Elements of Astronomy, 6s. 

Barry's Railway Appliances, 31. (-d. 

Bau«rman's Systematic Mineraloijy, 6s. 

Bloxam's Metals, 31. 6rf. 

Goodeve's Mechanics. 31. 6d. 

Gore's Eiectra.Melalluigy, 6s. 

Griffin's Algebra and Trigonometry, 31. 6d. 

Jenkin's Electridty and Magnetism, 31. 6d. 

Maxwell's Theory of Heat, 3J. 6d. 

Merrifield's Technical Arithmetic, 31-. 6d. 

Miller's Inorganic Chemistry, 3J, 6d. 

Preece & Sivewright's Telegraphy, 3J. 6d. 

Rutley's Study of Rocks, 4J. 6d. 

Shelley's Workshop Appliances, 3J. 6d. 

Thome's Structural and Physical Botany, 6s. 

Thorpe's Quantitative Analysis, us. 61I. 

Thorpe Sc Mute's Qualitative Analysis, 3J. 6d. 

Tilden's Chemical Philosophy, 3J. 6d. 

Unwin's Machine Design, 6s. 

Watson's Plane and Solid Geometry, jj. 6d. 



Experimental Physi- 

ology, its Beaefits to MarJi:ind ; 
with an Address on Unveiling the 
Statue of WilKam Harvey at Folkeslone 
August 1881. By Richard Owen, 

F,R.S. &C. Crown 8vo. t,s. 

The Comparative Ana- 
tomy and Physiology of the Verte- 
brate Animals. By RiCHAaD Owen, 
F.R.S. With 1,473 Woodcuts. 3 
vols. Svo. £^. ip, 61/. 

Homes without Hands ; 

a Description of the Habitations of 
Animals, classed according to their 
Principle of Construction. By the Rev. 
J. G. Wood, M.A With about 140 
Vignettes on Wood. Svo. 14s. 

Wood's Strange Dwell- 
ings ; a Description of the Habitabiona 
of Animals, abridged from ' Homes 
without Hands.' With Frontispiece 
and 60 Woodcuts. Crown Svo. 51. 
Sunbeam Edition, 4to. 6d. 

Wood's Insects at Home; 

a Popular Account of British Insects, 
their Strocture, Habits, and Trans- 
formations. Svo. Woodcuts, 141. 

Wood's Insects Abroad ; 

a Popular Account of Foreign Insects, 
their Sti-ucture, Habits, and Trans- 
formations. Svo, Woodcuts, 14J, 

Wood's Out of Doors ; a 

Selection of Original Articles on 
Practical Katural History. With 6 
Illustrations. Crown Svo. Jj. 

Wood's Bible Animals ; a 

description of every Living Creature 
mentioned in the Scriptures. With 112 
Vignettes. Svo. 14J. 

The Sea and its Living 

V/onders. By Dr. G. IIaktwio. 
Svo. with many Illustrations, lot. 6d. 

Hartwig's Tropical 

World, With about 200 lilusi rations. 
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Hartwig's Polar World ; 

a Description of Mac and Nature in the 
Arctic and Antarctic Regions of the 
Globe. Maps, Plates & "Woodcuts. 
Svo. loj, 6(/. Sunbeam Edition, 61!. 

Hartwig's Subterranean 

World. With Maps and "Woodcuts. 
Svo. lot. 6d. 

Hartwig's Aerial World; 

a Popular Account of tlio Phenomena 
and Life of the Atmosphere. Map, 
Plates, Woodcuts. Svo. loj. 6d, 

A Familiar History of 

Birds. EyE. Stanley, D.D. Revised 
and enlarged, with 160 "Woodcuts. 
Crown Svo, 6j. 

Rural Bird Life ; Essays 

on Ornithologj', with Instructions for 
Preserving Objects relating to that 
Sdence. By Charles Dixon. With 
Coloured Frontispiece and 44 Wood- 
cuts by G. Pearson. Crown Svo. 51. 

Country Pleasures ; the 

Chronicle of a Year,chieRy in a Garden. 
By George Milker, Second Edition, 
with Vignette Title-page. Cr. Svo. 6j. 

Rocks Classified and De- 
scribed. By Beknhakd Von Cotta. 
An English Translation, by P, H. 
Lawrence, with English, German, and 
French Synonymes, Post Svo. 14s. 

The Geology of England 

and Wales ; a Concise Account of 
the Lithological Characters, Leading 
Fossils, and Economic Products of the 
Rocks. By H. B. Woodward, F.G,S. 
Crown Svo. Map & Woodcuts, 141. 

Keller's Lake Dwellings 

of Switzerland, and other Parts of 
Europe. Translated by JoHt< E. Lee, 
F.S.A. F.G.S. With 206 Illustra- 
tions. 2 vols, royal Svo. 421. 

Beer's Primseval World 

of Switzerland, Edited by James 
Heywooo, M.A. F.R.S. With Map, 
Plates & Woodcuts. zvols.Svo. 121. 

The Puzzle of Life; a 

Short II story of Praehistoric Vegetable 
nnd Animal Life on the Earth. By A. 
NICOLS, F.R,G.S. With 12 Illustra- 
tions. Crown Svo. 3s. dd. 



The Origin of Civilisa- 
tion, and the Primitive Condition of 
Man ; Mental and Social Condition of 
Savages. By Sir J. Lubbock, Bart. 
M.P. F.R.S. Fourth Edition, enlarged. 
Svo. Woodcuts, i8j. 

Proctor's Light Science 

for Leisure Hours ; Familiar Essays 
on Scientific Subjects, Natural Phe- 

Brande's Dictionary of 

Science, Literature, and Art. Re- 
ediled by the Rev. Sii G. W. Cox, 
Bart. M.A. 3 vols, medium 8vo. 63^. 

Hullah's Course of Lec- 
tures on the History of Modem 
Music. Svo. Sj. dd. 

Hullah's Second Course 

of Lectures on the Transition Period 
of Musical History, Svo. i&r. 5d. 

Loudon's Encyclopaedia 

of Plants ; the Specific Character, 
Description, Culture, History, &c. of 
all Plants found in Great Britain. With 
12,000 Woodcuts. Svo. 42J, 

Loudon's Encyclopedia 

of Gardening ; the Theory and Prac- 
tice ofHorticullure, Floricull ure, Arbori- 
culture & Landscape Gardening. With 
1,000 Woodcuts. Svo. ZIJ. 

De Caisne & Le Maout's 

Descriptive and Analytical Botany. 
Translated by Mrs. Hookeh ; edited 
and an-angedhy J, D. Hooker, M.D. 
With 5,500 Woodcuts. Impei-ial Svo. 
price 3 IJ. &/. 

Rivers's Orchard-House ; 

or, the Cultivation of Fruit Trees under 
Glass. Sixteenth Edition. Crown Svo. 
with 25 Woodcuts, Sj'. 

The Rose Amateur's 

Guide. By Thomas Rivers. Latest 
Edition. Fcp. Svo. 4J-. td. 

Elementary Botany, 

Theoretical and Practical ; a Text- 
Book designed for Students of Science 
Classics. By H. Edmonds, B.Sc. 
With 312 Woodcuts. Fcp. Svo. zr. 
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CHEMISTRY and PHYSIOLOGY. 



Experimental Chemistry 

for Junior Students. By J. E. Rey- 
nolds, M.D. F.R.S. Prof, of Chemis- 
try, Univ. of Dttblin. Fcp. Svo. Part 
T. IJ. 6d. Part II. 21. 6rf. 

Practical Chemistry; the 

Principles of Qualitative Analysis. 
By W. A, TiLDEN, F.CS. Fcp. 
Svo. IS. 6J. 

Miller's Elements of Che- 
mistry, Theoretical and Practical, 

Re-edited, with Additions, by H. 

MACLEOD, F.CS. 3 vols. Svo, 
Part I, CuEMiaii, Phvsics. i6j. 
Part II, Ikorgakic Chemistry, 34J. 
Part III. Osg.^nic Chemistry, 31J.61/. 

An Introduction to the 

study of Inorgfanic Chemistry. Sj- 
W. ALLEN' MiLLBK, M. D, LL.D, hte 
Professor of Chemistry, King's College, 
London, With 71 Woodcuts. Kcp. 
.8vo. 3J. 6ii, 



of 



Annals of Chemical Me- 
dicine; including the Applic:ition 
Chemistry to Physiology, Pathology, 
Therapeutics, Pharmacy, Toxicology 
& Hygiene. Edited by J. L. W. Thu- 
DrciruM, M.D, 2 vols. Svo. 14s, each. 



A Dictionary of Chemis- 
try and the Allied Branches of other 
Sciences. Edited by Henry Watts, 
F, R, S. 9 vols, medium Svo. .i'lj-aj, M. 

Practical Inorganic Che- 
mistry. An Elementary Text-Book 
of Theoretical and PrEictieal Inorganic 
Chemistry. By W, Jago, F.CS. 
Second Edition, revised, with 37 Wood- 
evils. Fcp. Svo. 2J. 

Health in the House ; 

Lectures on Elementary Physiology in 
its Application to the Daily Wants of 
Man and Animals. By Mrs. Buckton. 
Croivn Svo. Woodcuts, 2s, 



The FINE ARTS and ILLUSTRATED 
EDITIONS. 



The New Testament of 

Our Lord and Saviour Jesus Christ, 
Illustrated with Engravings on Wood 
after Paintings by the Early Masters 
chiefly of the Italian School. New 
Edition in course of publication in 18 
Monthly Part', U. each. 4to, 

A Popular Introduction 

to the History of Greek and Roman 
Sculpture, designed to Promote the 
Knowledge and Appreciation of the 
Eemsuos of Ancient Art, Ey Walter 
C, Perry. With 268 iflustrations 
engraved on Wood, Square crown 
Svo. 3ir, 6d. 

Lord Macaulay's Lays of 

Ancient Rome, with Ivry and the 
Armada. With 41 Wood Engravings 
by G, Pearson from Original Drawings 
by J. R. Weguelin, Crown Svo. 6s. 



Lord Macaulay's Lays of 

Ancient Rome. With Ninety liUistra- 
tions. Original and from Ihe Antique, 
engraved on Wood from Drawings by 
G. Scharf, Fcp. 4to. 21s. 

The Three Cathedrals 

dedicated to St. Paul in London. 

By W. Longman, F.S.A. With 
lUustratiDns. Square crown Svo. 21s. 

Lectures on Harmony, 

delivered at the Royal Institution. By 
G. A. Macfarren. Svo, 121. 

Moore's Lalla Rookh. 



Moore's Irish Melodies, 

Maclise's Edition, with 161 Steel 
Plates. Super-royai Svo. 2lj. 
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Sacred and Legendary 

Art. By Mrs. Jameson. 6 vols, i 
square crown Svo, £S- ^S^- ^^- I 

Jameson's Legends of the 

Saints and Martyrs. Witli 19 Etch- 
ingsand 187 Woodcuts, arols. 311-. dd. 

Jameson's Le gends of the 

Monastic Orders. With 11 Etcliirgs 

and 88 Woodcuts. 1 vol, 21J. 



; Jameson'sLegendsof the 

I Madonna, Ihe Virgin Mary as repre- 

I sented in Sacred and Legendary Art, 

With 27 Etchings and 165 Woodcuts. 



Jameson's History of the 

Saviour, His Types and Precursors. 
Completed by Lady Eastlake. With 
13 Etchings nnd z8i Woodcuts. 



The USEFUL ARTS, MANUFACTURES, &c. 



The Elements of Me- 
chanism. By T. M. GOODEVE, M.A, 
Earrister-at-Lavr. New Edition, re- 
wiilten and enlarged, with 342 Wood- 
cuts. Crown 8vo. 6s. 

Railways and Locomo- 
tives ! a Series of Lectures delivered 
at the School of Military Engineering, 
Chatham. Rail-.vays, by J. W. BARRY, 
M. Inst. C.E. Locomotives, by Sir F. 
J. Bramwbll, E.R.S. M. Inst. C.E, 
With Z28 Woodcuts. 8vo. 3ir. 

Gwilt's Encyclopaedia of 

Architecture, withabove i,6ooWood- 
Ciils. Revised and extended by W. 
Papworth, 8vo. 53J-. 6rf, 

Lathes and Turning, Sim- 
pie, Mechanical, and Ornamental. By 
W. H. NoRTiicoTT, Second Edition, 
with 338 illustrations. 8vo. iSj. 

Industrial Chemistry ; a 

Manual for Manufacturers and for Col- 
leges or Technlcid Schools ; a Transla- 
tion of Payen's Prkis de CAiniie 
Indudrielle. Edited by B. H. Paul, 
With 698 Woodcuts. Medium 8vo.43i. 

The British Navy: its 

strength. Resources, and Adminis- 
tration. By Sir T. Brassey, K.C.B. 
M,P. M.A. In6vols. Svo. Vols. I. 
and II. with many Illustrations, 14^. 
or separately. Vol. I. loj. dd. Vol. II. 
price IS. 6rf, 



A Treatise on Mills and 

Millwork. By the late Sir W. Fair- 



Useful Information for 

Engineers. By the late Sir W. 



8vo, 311, dd. 

The Application of Cast 

and Wrought Iron to Building 
Purposes. By the late Sir W. Fair- 
liAiRN, Bart. C.E. With 6 Plates and 
1 1 8 Woodcuts, 8vo, 1 6j. 

Hints on Household 

Taste in Furniture, Upholstery, 
and other Details. By C. L. Eabt- 
LAKE, Fourth Edition, with 100 Illus- 
trations. Square crown Svo. \^s. 

Handbook of Practical 

Telegraphy. By R. S. Culley, 
Memb. Inst. C.E. Seventh Edition. 
Plates & Woodcuts. Svo. i6j. 

The Marine Steam En- 
gine. A Treatise for the use of 
Engineering Students and Officers of 
the Royal Navy, By RiCHARU 
Sennett, Chief Engineer, Royal 
Navy. With numerous Illustrations 
and Diagrams, Svo. lis. 
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A Treatise on the Steam 

Engine, in its vavious applications to 
Mines, Mills, Steam Navigation, Rail- 
ways and Agriculture. By J. Bourne, 
C.E, Witli Portvait, 37 Plates, and 
546 Woodcuts. 4to. ifls. 

Bourne's Catechism of 



Bourne's Recent Im- 
provements in the Steam Engine. 
Fcp. Svo. Woodcuts, fo. 

Bourne's Handbook of 

the Steam Engine, a Key to tlie 
Author's Catechism of tlie Steam En- 
gine. Fcp. Svo. Woodcuts, gj. 

Bourne's Examples of 

steam and Gas Enginea of the most 
recent Approved Types as employed in 
Mines, Factories, Steam Navigation, 
Railways and Agriculture. With 54 
Plates & 356 Woodcuts, 410. 70J. 

Ure's Dictionary of Arts, 

Manufactures, and Mines. Seventh 
Edition, re-written and enlai^ed by R. 
Hunt, F.R.S. With2,6o4 Woodcuts. 
4 vols, medium Svo. £"]. 71. 

Kerl's Practical Treatise 

on Metallurgy. Adapted fiom the last 
Gei:manEditionbyW.CE.O0KES,F.R.S. 
&c, and E. RoHEiG, Ph.D. 3 vols. 
Svo. with fJ25 Woodcuts, £,\. 191. 



Cresy's Encyclopeedia of 

Civil Engineering, Historical, Theo- 
retical, and Practical. With above 
3,000 Woodcuts, Svo. 251. 

Ville on Artificial Ma- 
nures, their Chemical Selection and 
Scientific Application to Agriculture. 
Translated and edited by W. CltooiCES, 
F.R.S. With 31 Plates. Svo. 2ij. 

Mitchell's Manual of 

Practical Assaying. Fifth Edition, 
revised, with the Recent Discoveries 
incorporated, by W. Crookes, F.R.S. 
Crown Svo. Woodcuts, 31J. dd. 

The Art of Perfumery, 

and the Methods of Obtaining the 
Odours of Plants ; with Instructions 
for the Manufacture of Perfumes &c. 
By G. W. S. PiESSE, Ph.D. F.C.S. 
Fourth Edition, with 96 Woodcuts, 
Square crown Svo. 3 ir. 

Loudon's Encyclopedia 

of Gardening ; the Theory and Prac- 
tice of Horticulture, Floriculture, Arbori- 
culture & Landscape Gardening. With 
1,000 Woodcuts. Svo. z\s. 

Loudon's Encyclops;dia 

of Agriculture ; tlie Laying-out, Im- 
provement, and Management of Landed 
Property ; the Cultivation and Economy 
of the Productions of j^riculture. With 

1,100 Woodcuts. Svo. Z!J. 



RELIGIOUS and MORAL AVORKS- 



An Introduction to the 

study of the New Testament, 
Critical, EiiegEtical, and Theological. 
By the Rev. S. Davidson, D.D. 
LL.D. Revised Edition. 2 vols. 

History of the Papacy 

During the Reformation. By M. 
CkeightoIv', M.A, Vol. I, the Great 
Schism — the Council of Constance, 
137^-1418- 'Vol. II. the Cotmcii of 
Basel— the Papal Restoration, 1418- 
1464. 2 vols, Svo. 311. 



A History of the Church 

of England ; Pre- Reformat ion Period. 
By the Rev. T. P. Boulteee, LL.D. 
Svo. 15 J. 

Sketch of the History of 

the Church of England to the Revo- 
lution of 16S8. By T. V. Short, 
D.D, CrownSvo. ■}!. (,d. 

The English Church in 

the Eighteenth Century. By the Rev. 

C. J. Abbf.v, and the Rfv. J. IL 
OVERTOK. 2 vols. SvO. 36^. 
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An Exposition of the 39 

Articles, Historical and Doctrinal. By 
E. H. Browne, D.D. Bishop of Win- 
chester. Twelfth Edition. 8vo. i 6j. 

A Commentary on the 

39 Articles, forming an Introduction to 
the Theology of the Chiirch of England, 
By the Rev. T, P. Eoultbee, LL.D. 
New Edition. CrOHii Svo. 6j. 

Sermons preached most- 
ly in the Chapel of Rugby School 
by the late T. Aknold, D.D, 6voIs. 
crown Svo. 301. or separately, 5j. each. 

Historical Lectures on 

the Life of Our Lord Jesua Christ. 
By C. J. Elucott, D.D. Svo. \2s. 

The Eclipse of Faith ; or 

a Visit to a Religious Sceptic. Py 
Henry Rogers. Fcp. Svo. js. 

Defence of the Eclipse of 

Faith. By H. Rogers. Fcp. Svo. jf. 6;/. 

Nature, the Utility of 

Religion, and Theism, Three Essays 
by John Stuakt IVIili.. Svo. los.dd. 

A Critical and Gram- 
matical Commentary on St. Paul's 
Epistles. By C. J. Ellicott, D.D. 
Svo. Galatians, 8j. &/. Ephesians, 
81, fd. Pastoral Epistles, loj. 6rf. 
Philippiam, Colossians, & Philemon, 
ios. 6rf, Thessalonians, 7^. id. 

The Life and Letters of 

St. Paul. By Alfreb Dewes, M.A. 



4 Map 



s. 6d. 



Conybeare & Howson's 

Life and Epistles of St. Paul. 
Three Editions, copiously illustrated. 

Library Ediyoil, with all the Original 
Illustrations, Maps, Landscapes on 
Steel, Woodcuts, &c. 2 vols. 410. 42J. 

Intermediate Edition, with a Selecticn 
of Maps, Plates, and Woodcuts, 2 vols, 
square crown Svo. 21s. 

student's Edition, revised and con- 
densed, with 46 Illustrations and Maps. 
1 vol, crown Svo. 71, fin". 



Smith's Voyage & Ship- 

■wreck of St, Paul ; with Disserta- 
tions on the Life and Writings ot St. 
Lute, and the Ships and Navigation of 



A Handbook to the Bible, 

or, Guide to the Study of the Holy 
Scriptures derived from Ancient Monu- 
ments and Modern EKploration. By 
F. R, Conder, and Lieut. C. R. 
CoHOER, R,E. Third Edition, Maps. 
Post Svo. ^s. W. 

Bible Studies. By M. M. 

Kalisch, Ph.D. Part I. TAt Fro- 
phecus of Balaatn. Svo. lOf, fd. 
Part II. The Book of Jonah. Svo. 
price lOj. iid. 

Historical and Critical 

Commentary on the Old Testament ; 
with a New Translation. By M, M. 
Kalisch, Ph.D. Vol. I. Genesis, 
Svo. iSj-, or adapted for the General 
Reader, iis. Vol. II. Exodus, 15^. ot 
adapted for the General Reader, jw. 
Vol. HI. Leviticus, Part I. 15^. or 
adapted for the General Reader, &t. 
Vol. IV, Leviticus, Part II. iji. or 
adapted for the General Reader, as. 

The Four Gospels in 

Greek, with Greek-English Lexicon. 
By John T. White, D.D. Oson. 
Squaie 3zino. 51, 

Ewald's History of Israel. 

Translated from the German by J. E. 
Carpenter, M.A. with Prelace 6y R, 
Martineau, M.A. 5 vols. Svo. 631. 

Ewald's Antiquities of 

Israel. Translated from the German 

by H. S. Solly, M.A. Svo. 12J. bd. 

The New Man and the 

Eternal Life; Notes on the Reiterated 
Aniens of the Son of God. By A, 
Jukes. Second Edition, Cr, Svo. 61. 

The Types of Genesis, 

briefly considered as revealing the 
DeTcIopment ol Human Nature. By 
A. Jukes. Crown Svo. ^s. td. 



y Google 



WOJiKS published by LONGMANS 



The Second Death and 

the Restitution of all Tilings ; with 
some Preliminary Remarks on the 
Nature and Inspiration of Holy Scrip- 
ture EyA. Jukes. CrownSTO, sj.W. 

Supernatural Religion ; 

an Inquiry into the Reallly of Di- 
vine Revelation. Complete Edition, 
thoroughly revised. 3 vols. Svo. 361. 

Lectures on the Origin 

and Growth of Religion, as illus- 
trated by the Religions of India. 
By F. Max MtiLLER, K.M. Svo. 



pnci 



t. M. 



Introduction to the Sci- 
ence of Religion, Four Lednres de- 
livered at the Royal Institution ; with 
Essays on False Analogies and the 
Philosophyof Mythology. ByF. Max 
MuLLER, ICIW, Crown Svo. los. 6d. 

The Gospel for the Nine- 
teenth Century. Fourth Edition. 

Christ our Ideal, an Ar- 
gument from Analogy. By the same 
Auth-jr. Svo. 8j. 6,'/. 

Passing Thoughts on 

Religion. ByMissSEWELL. Fcp.Svo. 

price 3s. 6d. 

Preparation for the Holy 

Communion ; the Devotions chiefly 
from the works of Jeremy Taylor. By 
Miss Sewell. 32mD. 31. 

Private D e vo ti on s for 



Bishop Jeremy Taylor's 

Entire Works ; with Life by Bishop 
Heber. Revised and corrected by Ihe 
Rev, C. P. EdE«. 10 vols. £s. $s. 



The Wife's Manual ; or 

Prayers, Thoughts, and Songs on 
Several Occasions of a Matron's Life. 
By the late W. Calvert, Minor Canon 
of St, Paul's. Printed and ocnamented 
in the style of Queen Eiiaabtl/i's Prayer 
Bask. Crown Svo. Gj. 

Hymns of Praise and 

Prayer. (Corrected and ediied by 
Rev. John Martineau, LL.D. 
Crown Svo. 4^. bd, 33mo. Ij. bd. 

Spiritual Songs for the 

Sundays and Holidays throughout 
the Year, By J. S. B. Moksell, 
LL.D. Fcp. Svo. 5J. iSmo. 21. 

Christ the Consoler ; a 

Book of Comfort for the Sick. By 
Eli.ice Hopkims. Second Edition. 



Lyra Germanica ; Hymns 

translated from ihe German by Miss C. 

WiNKWORTK. Fcp. Svo. fJ, 



Hours of Thought on 

Sacred Things \ Two Volumes of Ser- 
mons. By James Marti^ieau, D.D. 
LL.D, 2 vols, crown Svo. "js. M. eacli. 

Endeavours after the 

Christian Life ; Discourses, Ey 
jAME,s Martineau, D,D, LL,D, 
Fifth Edition, Crown Svo. 7^, iid. 

The Pentateuch & Book 

of Joshua Critically Examined. 
By J. W. CoLENSO, D.D, Bishop of 
Natal, Crown Svo, ts. 

Elements of Morality, 



TRAVELS, VOYAGES, &c. 



Three in Norway. 

Two of Them. With a Ma 
Illustrations on Wood from 
by the Authors, Crown Svo. 



By I Roumania, Past and 

1 and 59 Present. By James SAMOEtSON. 

Iketches With 2 Maps, 3 Autotype Plates & 31 

CM. id. I Illnjtrations on Wood. Svo, ids. 
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Sunshine and Storm in 

the East, or Cruises to Cyprus and 
Constantinople, Ey Lady Brassey. 
Cheaper Edition, with 2 Maps and 114 
Illustrations engraved on Wood. Cr. 

A Voyage in the 'Sun- 
beam, our Home on the Ocean for 
Eleven Mouths, By Lady Bkassey. 
Cheaper Edition, with Map and 65 
Wood Engravings. CrownSvo. 71. 6ii, 
School Edition, fcp. 21. Popular 
Edition, 4to, 6d, 

Eight Years in Ceylon. 

By Sir Samuel "W. Baker, M.A. 
Crown 8vo. Woodcuts, 7j. 6tf. 

The Rifle and the Hound 



Sacred Palmlands ; or, 

the Journal of a Spring Tour in Egypt 
and ihe Holy Land. By A. C. Weld. 
Crown Svo. 71. 6d, 

Wintering in the Ri- 
viera ; with Notes of Trave! in Italy 
and France, and Practical Hints to 
Travellers. By W. Miller. With 
12 Illustrations. Post Svo. 71. &f. 

San Remo and the Wes- 
tern Riviera, dimatically and medi- 
cally considered. By A. Hill H ASS ALL, 
"" Map and Woodcuts. '""" 



8vo. 



S.6J. 



Himalayan and Sub- 

Himalayan Districts of British 
India, their Climate, Medical Topo- 
graphy, and Disease Distribution. By 
F. N, MaCnamArA, M.D. With 
Map and Fever Chart. Svo. Zlf. 

The Alpine Club Map of 

Svfitzerland, with parts of the Neigh- 
bouring Countries, on the scale of Four 
Miles to an Inch. Edited by R. C. 
Nichols, F.R.G.S. 4 Sheets in 
Portfolio, 42J. coloui'ed, or 34J-. i:n- 
coloured. 

Enlarged Alpine Club Map of 

the Swiss and Italian Alps, on the 
Scale of 3 English Statute Miles to I 
Inch, ui a Sheets, price is. td. each. 

The Alpine Guide. By 

John Ball, M.R.LA. Post Svo, with 
Maps and other Illustrations ; — - 

The Eastern Alps, los. 6d. 
Central Alps, including all 

the Oberland District, 'js. 61I. 

Western Alps, including 

Mont Blanc, Monte Rosa, Zermatt, &c 
Price 6j. 6d. 

On Alpine Travelling and 

the Geology of the Alps. Price is. 
Either of the Three Volumes or Parts of 
the ' Alpine Guide ' may be had with 
this Introduction prefised, is. extra. 



"WORKS of FICTION. 



In Trust ; the Story of a 

Lady and her Lovei'. By Mrs. Oli- 



<T. Cabinet Editi 



11. Cr. 






The Hughenden Edition 

of the Novels and Tales of the 
Earl of Beaconsfield, K.G. from 
Vivian Grey to Endymion. With 
Maclise's Portrait of the Author, a 
later Portrait on Steel from a recent 
Photograph, and a Vignette to each 
volume. Eleven Volumes, cr. Svo. 42^. 



Novels and Tales. By the 

Right Hon. the Eakl of Beacons- 
FiKLD, K.G. The Cabinet Edition. 
Eleven Volumes, crown Svo. 6j, eacli. 

The Novels and Tales of 

the Right Hon. the Earl of Bea- 
consfield, K.G, Modem Novelist's 
Library lidition, complele in Eleven 
Volumes, crown Svo. price i2s. boards, 
or 271, dil, clolh. 
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Novels and Tales by the 

Earl of Beaconsfield, K.G. Modern 
Kovelist's Librarj- Edition, complete in 
Eleven Volumes, cfown Svo, cloth extra, 
with gilt eages, price 33J. 

Whispers from Fairy- 
land. By Lord Bratjourne, With 
9 Illustrations. Crown Svo. 3s. 6d. 

Higgledy-piggledy. By 

Lord Brabourne. With 9 lllustra- 



Stories and Tales. By 

EuzABETii M. Sewell. Cabinet 
Edition, in Ten Volumes, crown Svo. 
price 3J. 60'. each, in cloth extra, with 



Amy Herbert. Gertrude. 

The Earl's Daughter. 

The EKperienoe of Life. 

CleveHalL Ivors. 

Katharine Ashlon. 



The Modern Novelist's 

Library. Each work complete in itself, 



Lot hair. 

Couingsby. 

SybiL 

Tancred. 

Venetia, 



Henrietta Temple. 
Contarini Fleming, &0. 
Alroy, Ixion, &c 
The Young Duke, &c 
Vivian Grey, &c. 



ton Part 



Ursula. 



By Anthony Trollope. 

Barchester Towers. 
The Warden. 

By Major Whytb-Mblville. 

Digby Grand, I Good for Nothing 

Genera! Bounce. Holmby House. 

Kale Coventry. The Inlerpreler. 

The Gladiators. | Queen's Maries. 
By the Author of ' The Rose Garden." 

Unawares. 
By the Author ol ' Mile. Mori.' 
The Atelier du L)'S. 
Mademoiselle Mori. 

By Various Writers. 

Alherston Priory, 

The Burgomaster's Family. 

Elsa and her Vulture. 

Tin; Si:<; Sisters of the Valleys. 



POETRY and THE DRAMA. 



Poetical Works of Jean 

Ingelow. New Edition, reprinted, 
■wiOi Additional Matter, from flie 23rd 
and 6tli Editions of the two volumes 
respectively ; with 2 Vignettes. 2 vols. 

fcp, Svo. I2S. 

Faust. From the Grerman 

of Goethe. By T. E. Webb, LL.D. 
Reg. Prof, of Laws & Public Orator 
in the Univ. of UubUn. Svo. i2j. 6rf. 

Goethe's Faust. A New 

Translation, chiefly in Blank Verse ; 
with a complete Introduction and 
copious Notes. By James Adey 
Birds, B.A. F.G.S. Laige croivn 
Svo. I2S. dd. 

Goethe's Faust. The Gfer- 

man Text, with an English Introduction 
and Notes for Students. By Albert 
M. Selss, M,A, Ph.D. Crown Svo. Sj. 



Lays of Ancient Rome; 

with Ivry and the Armada. By Lord 
Macaulay. 
Cabinet EDiTiofi, post Svo. 31. 6d. 
Cheap EniTiON, ftp. 8vo. u. sewed; 
ir, 6d. cloth; 2J. dil. cloth extra 
with gilt edges. 

Lord Macaulay's Lays of 

Ancient Rome, witii Ivry and the 
Armada, With 41 Wood Engravings 
by G. Pearson from Original Drawings 
by J. R, Weguelin. Crovra Svo. ds. 

Festus, a Poem. By 

Philip James Bailey. loth Edition, 
enlarged & revised. Crown Svo. 12s, dd. 

The Poems of Virgil trans- 
lated into English Prose, By JOHS 
CONINGTON, M.A. Crown Svo. 91. 
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The Iliad of Homer, Ho- 

mometrically translated by C. B, 
Cayley. 8vo. t2j. M. 

Bowdler's Family Shak- 

apeare. Genuine Edition, in i vol. 
medium Svo, laige type, witli 36 Wood- 
cuts, I4J-. or in 6 vols. fcp. Svo. 21s. 



The ^neid of Virgil. 

Translated into English Verse. By J, 
CoNiNGTOtj, M.A. Crown Svo. 91. 

Southey's Poetical 

Works, with the Author's last Cor- 
rections and Additions, Medium Svo. 
with Portrait, 14J. 



RURAL SPORTS, HORSE and CATTLE 
MANAGEMENT, &e. 



William Howitt's Visits 

to Remarkable Pliices, Old Halls, 
Eattle-Fieids, Scenes illustrative of 
Striking Passages in English History 
and Poelty. New Edition, with So 
Illustrations engraved on Wood. 
Crown Svo. "js. w. 

Dixon's Rural Bird Life ; 

Essays on Ornithology, with Instruc- 
tions for Preserving Objects relating 
to that Science. With 44 Woodcuts. 
Crown Svo. ^s. 

A Book on Angling ; or, 

Treatise on the Art of Fishing in every 
branch ; incUtding full Illustrated Lists 
of Salmon Flies. By Francis Francis, 
Post Svo. Portrait and Plates, 1 5^. 

Wilcocks's Sea- Fisher- 
man : comprising the Chief Methods 
of Hook and Line Fishing, a glance at 
Nets, and remarks on Boats and Boat- 
ing. Post Svo. Woodcuts, 12J, tii. 

The Fly-Fisher's Ento- 
mology. By Alfred Rokalds. 

Witli 20 Coloured Plates. Svo. 14J, 

The Dead Shot, or Sports- 
man's Complete Guide ; a Treatise on 
the Use of the Gun, with Lessons in 
the Art of Shootmg Game of All Kinds, 
and Wild-Fowl, also Pigeon-Shooting, 
and Dog-Breaking, By Marksman, 
Fifth Edition, with 13 Illustrations. 



Horses and Roads ; or, 

How to Keep a Horse Sound on his 
Legs, By Fuee-Lance, Second 
Edition. Crown Svo. 6j. 

Horses and Riding. By 

GeoroeNevile, M.A, WithsiUlas- 
trations. Crown Svo, 6j. 

Horses and Stables. By 

Major-General Sir F. Fitzwygram, 
Bart. Second Edition, revised and 
enlarged ;with 39 pages of Illustrations 
containing very numeroits Figures. 

Youatt on the Horse. 

Revised and enlarged by W. WatsON, 
M.R.C.V.S. Svo. Woodcuts, 7j. U. 

Youatt's Work on the 

Dog. Revised and enlarged, Svo. 
Woodcuts, 6j. 

The Dog in Health and 

Disease, By Stoneuenge, Third 
Edition, with 78 Wood Engravings. 
Square crown Svo. ^s. 6d. 

The Greyhound. By 

Stonehenge, Revised Edition, with 
25 Portraits of Greyhounds, &c. 

A Treatise on the Dis- 
eases of the Ox ; bebg a Manual of 
JBovine Pathology specially adapted for 
the use of Veterinary Practitioners and 
Students, ByJ.H.STEEL,M.R.aV.S, 
F,Z.S, With 2 Plates and 116 Wood- 
cuts, Svo. iSj, 
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Stables and Stable Fit- 
tings. By \V. Miles. Imp. Svo. 
with 13 Plates, 151. 

The Horse's Foot, and 

How to keep it Sound. By W. 
Miles. Imp, Svo. Woodcuts, 12s. (,d. 



A Plain Treatise on 

Horse-shoeing'. By W, Miles. Post 
Svo. Woodcuts, 21. (id. 

Remarks on Horses' 

Teeth, addressed to Purchasers. By 
W. Miles. Post Svo. u. td. 



WORKS Of UTILITY and GENERAL. 
INFORMATION. 



Maunder's Biographical 

Treasury. Reconstructed willi 1,700 
addilional Memoirs, by W. L, R. 
Gates. Fcp. Svo. ds. 

Maunder's Treasury of 

Natural History ; or, Popular Dic- 
tionary of Zoology. Fcp. Svo. with 
900 Woodcuts, 6j. 

Maunder's Treasury of 

Geography, Physical, Historical, 
Descriptive, and Political. With 7 
Maps and I S Plates. Fcp. Svo. &s. 

Maunder's Historical 

Treasury ; Outlines o£ Universal His- 
tory, Separate Histories of all Nations. 
Revised by the Rev. Sir G. W, Ci3^, 
Bart, M,A. Fcp, Svo, 6j, 

Maunder's Treasury of 

Knowledge and Library of Refer- 
ence ; comprising an English Diction- 
ary and Gramiuar, UniversEd Gazetteer, 
Classical Dictionary, Chronology, Law 
Dictionary, &c Fcp. Svo. &r, 

Maunder's Scientific and 

Literary Treasury ; a Popular Fn- 
cyclopicdia of Science, Literature, and 
Art, Fcp. Svo. 61. 

The Treasury of Botany, 

or Popular Dictionary of the Vegetable 
Kingdom, Edited by J. Lindley, 
P.R.S. andT. Moore, F.L.S. With 
274 Woodcuts and 20 Steel Plates. 
Two Parts, fcp. Svo. I2J, 

The Treasury of Bible 

Knowledge ; a Dictionary of the 
Books, Persons, Places, and Events, of 
which mention is made in Holy Scrip- 
ture. By the Rev. J. Ayre, M.A. 
Maps, Plates and Woodcuts. Fcp. 



Black's Practical Trea- 
tise on Brewing ; with Formulfe for 
Public Brewers and iTistructions for 
Private Families. Svo. loj, M. 

The Theory of the Mo- 
dem Scientiiic Game of Whist. 
By W. Pole, F,R.S. Thirteenth 
Edition, Fcp. Svo. zs. 6d. 

The Correct Card ; or, 

How to Play at Whist ; a Whist 
Catechism. By Major A. Campbell- 
Walker, F.R.G.S. Fourth Edition. 
Fcp. Svo. 21, 62'. 

The Cabinet Lawyer ; a 

Popular Digest of the Laws of England, . 
Civil, Criminal, and Constitutional. 
Twenty.FifLh Edition. Fcp. Svo. gs. 

Chess Openings. ByF.W. 

Longman, Bnlliol College, Oxford. 
New Edition. Fcp, Svo. 21. 6d. 

Pewtner's Compre- 

henave Specifier; a Guide to the 
Practical Spccihcation of every kind of 
Building-Artificer's Work. Edited by 
W. Young, Crown Svo. 6j. 

Cookery and Housekeep- 
ing ; a Manual of Domestic Economy 
for Large and Small Families, By Mrs. 
Hemsy Reeve. Third Edition, with 
8 Coloured Plates and 37 Woodcuts. 
Crown Svo, 7j. 6d. 

Modern Cookery for Pri- 
vate Families, reduced to a System 
of Easy Practice in a Series of careftiliy- 
tested Receipts, By Eliza. Acton. 
With upwards of 150 Woodcuts. Fcp. 
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Food and Home Cookery. 

A Course of Instruction in Practical 
Cookery and Cleaning, for Cliildren in 
Elementary Schools. By Mrs. BucK- 
TON. Crown 8to. Woodcuts, 2r. 

Bull's Hints to Mothers 

on the Management of their Health 
during the Period of Pregnancy and in 
the Lying-in Room. Jcp. Svo. ii. iid. 

Bull on the Maternal 

Management of Children in Health 
and Disease. Fcp. Svo. ii. &/. 

American Farming and 

Food. By FiNLAY Dun. Crown 
Svo. loj. 6/. 

Landlords and Tenants 

in Ireland. EyFiNLAY Dun. Crown 
Svo. 6i-. 

The Farm Valuer. By 
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,wn Svo 



Rents and Purchases ; or, 

the Valuation of Landed Property, 
Woods, Minerals, Buildings, &c. By 
John Scott. Crown Svo. fo. 

Economic Studies. By 

the late WALTER Bagehot, M.A. 
Edited by R. H. Hutton. Svo. las.^d. 



Health in the House ; 

Lectures on Elementary Physiology in 
its Application to the Daily Wants of 
Man and Animals. By Mrs, BucKTON. 
Crown Svo. Woodcuts, zs. 

Economics for Beginners 

Ey H. D. MACLEOD, M.A. Small 
crown Svo. 2J. (,d. 

The Elements of Econo- 
mics. By H. D. MACLEOD, M.A. 
In 2 vols. Vol. I. crown Svo. ^s. dd. 

The Elements of Bank- 
ing. By H. D. MACLEOD, M.A. 
Fourth Edition. Crown Svo. 51. 

The Theory and Practice 

of Banking. By H. D. Macleod, 
M.A. 2 voli. Svo. T&s. 

The Patentee's Manual ; 

a Treatise on the Law and Practice of 
Letters Patent, for the use of Patentees 
and Inventors. By J. JOHNSON and 
J. H. Johnson. Fourth Edition, 
enlarged. Svo. price loj. td. 

Willich's Popular Tables 

Arranged in a New Form, giving Infor- 
mation &c. equally adapted for the Ollice 
and the Library. 9th Edition, edited 
by M. Makriott, Crown Svo. loi. 
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Aiiey &' Ovtrtoa's English Church History : 

Ahtipfs Photography 

Acton's Modem Cookery 

Alpine Club Map of Switzerland : 

Guide (The} : 

Ataais lurisprudenoe 

■ Primer of the Constitution 

SO Years of English Conslitulion 

Anderson's Strength of Materials 

Armstrongs Organic Chemistry 

Arnolds Ifit.) Lectures on Modem History 

Miscellaneous Works 

Sermons ; 

(T.) Enghsh Literature 

Poetry and Prose ... 

.4r»ii«'j Elerncnts of Physics 



Atelier (The) du Lys 18 

Ainerstone Priory 18 

Autumn Holidays of a Country Parson ... 7 

Ayrt's l^reasury of Bible Knowledge ao 

Bacoa's Essays, by WhaUly s 

Life and Letters, by S;^«ifiii»j' ... 5 

Works 5 

Bagchofs Biographical Studies 4 

Economic Studies 31 

Ulerary Studies 6 

Bailey's Festus, a Poem iS 

SfliVjJamesMillandJ. S. MiU 4 

. — — Mental and Moral Science s 

on the Senses and Intellect 3 
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